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PEEFACE. 



In writing the following pag^, I have had in view the 
wants of a rather numerous class of readers — those who 
wish to study the first principles of mechanics before they 
have obtained the knowledge of geometry, algehra, and 
trigonometry, which most elementary books on the subject 
presuppose. Some knowledge of arithmetic and geometry, 
it is true, must be assumed in discussing the most elemen- 
tary questions as to forces ; but I have found on trial that 
a very large portion of the principles of mechanics admits 
of exposition and illustration without demanding of the 
student a knowledge of more than arithmetic, a few rules 
in mensuration, enough geometry to make accurate dia- 
grams with compasses, scale, and protractor, and enough 
algebra to solve a simple equation. No more than this is 
needed for the study of the following pages, with the ex- 
ception of Chap. VI., on motion in a circle, and a few 
articles and examples, occurring, for the most part, towards 
the end of the book. 

It win be proper to observe here that a good deal of 
choice has been exercised both as to the contents of the 
book, and a^ to the order in which they have been arranged. 
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Thus, the methods of finding centres of gravity and 
monients of inertia being in reality branches of geometry, 
have not been treated more fuily than was necessary for 
the purposes of the present volume. Again, any fact or 
theorem has been taken for granted without proof when- 
ever this seemed to conduce to the clear exposition of the 
matter in hand, e.g. the principle of the parallelogram of 
forces has been assumed without proof in Chap. III., though 
further on in the vokune Newton's proof is given. How- 
ever, most of the theorems of elementary mechanics are 
demonstrated, as this was found to be the most convenient 
way of putting tbem effectually before the student. In dis- 
cussing the equilibrium of a body, the cases in which it is 
acted on by two or three forces are fully considered, but 
very little more has been attempted, partly on account of the 
great importance of the second case — that of three forces — 
which marks it out as calling for a full discussion ; partly 
because a complete treatment of the ease of n forces would 
have unduly lengthened, and have been inconsistent with 
the purpose of the present work. The answers to most of 
the examples and questions of the third chapter are intended 
to be obtained by diagrams dra^vn to scale ; even if the stu- 
dent knows enough trigonometry to calculate them, he will 
find it a most useful exercise to obtain them graphically — a 
method which admits of extensive development, and is, I 
believe, largely employed by engineers. In the chapter on 
motion in a circle, something more is given than the motion 
of a point; the treatment is necessarily imperfect, but I hope 
enough is done to throw some light on the motion round a 
fixed axis of a body symmetrical to a plane at right angles 
to the axis — the ease that commonly occurs in machinery. 
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It is not necessary to specify here the contents of the 
book; I will only add that I have endeavoured to explain 
as clearly as possible the leading ideas of the subject, to 
illustrate them by a great number of examples and ques- 
tions, and to get rid of all difHeulties that are not inherent 
in the subject. How far I have succeeded is another ques- 
tion ; but in case any of my readers find the book hard to 
understand, it may be well to add that when all that is 
possible has been done in the way of exposition and illus- 
tration, the subject will still present difficulties to most 
beginners ; in feet, it does not admit of an easy and familiar 
treatment, and ' is not to be understood without that 
degree of attention which the very nature of the thing 
requires.' 

J. F. TWISDEN. 

Jul;/, 1874. 



bt Google 



bt Google 



CONTENTS. 



CHAPTER I. P 

1 of Bodies— Forms of 



CHAPTEK II. 

CeEtre of Giavitj — EqniKbrinmof TwoForeus — Stable and Unstable 
Eqmlibrinm — Elongation and Rupture of Rod Btietched by Two 



CHAPTEK III. 

Equilibrium of Tbrea Forces — Moments — Parallal Forces — Couples — 
Resultant of Three or more Forces — Applications 



CHAPTER IV, 

Wort of a Force — Machines in Uniform Motion — Applications t 
Simple Machines— Efficiency of Agents .... 



CHAPTER V. 

Uniformly Accelerated Motion — Measure of Force : the Absolute 
Unit — Motion on Horizontal and Inclined Planes — Esperi- 
mentttl Verifications : Atwood's Machine, Moriu's Machine — 
Energy or Accumulated Work — Mutual Action of Connected 
Moving Bodies — Impact 



bt Google 



CHAPTEit \"I. F 

Composition of Velocities— Centrifugal Force — Angular Veloeity — 
Simple Pendulum — Energy of Rotating Body — Moment of 
Ineitia— Compound Pendulum — Impact— Centre of Purcuesion — 
Newton's L;™s of Motion and Experimontfi on Collisioa — Deter- 
mination of Aecelerativu Effnot of Gravity .... 



CHAPTEE VII, 

Tranamission of Pressure ty Fluid— Pressure eserted by Fluid 
against Sides of cont.-»ining Vessel— Floating Bodies — Spadfic 
Gcarities — Statrility of Flotation — Rotating Vessel containing 
Fluid — Torticelli's Theorem 



CHAPTER YIII. 

Density, Fluidity, and Elasticity of Air — Homogeneooa Atmospher 
Determination of Heights by Barometer — Siphon — Pump 
Hydraulic Ptoss ........ 



bt Google 



Elementary mecha/nKs, like elemciUayy geometry, is a study actxs- 
)ibk to <dl : bvt, like that too, or perhaps more than that. Hit a study 
whiek requires effort and contention of mind — a forced steadiness of 
thouglU. It is long since one complained of this lahowr in. geometry, 
and was answered that in that region there is no Boycd Boad. The 
same is trm of l!{fechanics, and must le true of aU hrmu^tes of solid 
education. Bui we should repress the truth more appropriately in our 
days by saying that tJiere is no Fopular Road to ihest sciencei. In the 
mind, as in the body, strenuous exercise aione can give strength and 
activity. The art of exact thought can be acquired only by the taiour 
of close thifiking. 

W. Wh 
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THEORETICAL MECHANICS. 



TSTBODUCTOBY. 

1. Matter is generally defined as that which affects 
our senses, as that on which force can be ezerted, or that 
which can exert force : thus air, though invisible, affects 
our senses in various ways ; it can be set in motion and 
form a current of air ; it can exert force, e.g. it can turn 
the vanes of a windmill ; consequently air is a matter. 
The like may he said of water, wood, stone, iron, &c. 
Now, however unlike each other air, water, and iron may 
be, they have several properties in common, and when re- 
garded under the view of these common properties, it is 
convenient — perhaps necessary — to have a common name 
for them all. That comm.on name is matter. 

A limited portion of matter is called a body^ e.g. a 
lump of lead is a body. When a body is so small that for 
the purposes of any discussion the relative positions of its 
parts need not be considered, it is spoken of as a inaterial 
point, or a heavy point, or simply as a point. 

2. Quantity of -matter. — When two bodies, placed 
one in each pan of a perfectly just balance, exactly 
counterpoise each other, they contain equal quantities of 
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2 THEORETICAL MECHANICS. 

matter ; and the two together contain twice the quantity 
of matter that is contained in either. It appears, there- 
fore, that quantity of matter is ascertained by weighing. 
There is in the Excliequer Office in London a lump of 
platinum which is the standard pound, and there are 
four authorised copies of it kept in other pUices,' so that 
the atandaa^d could be replaced if lost, injured, or destroyed. 
This standard pound is the imit by which the quantity of 
matter in any given body is estimated. To say that a 
body weighs 10 lbs., is to say that the body placed in a 
pei-fectly just balance would exactly counterpoise ten 
bodies each of which would separately counterpoise the 
standard pound. As a matter of convenience other de- 
nominations are used in estimating quantity of matter ; 
thus: — 112 lbs. are called a hundredweight, 2240 lbs. a 
ton, the 1-1 6th part of a pound is called an ounce, and 
the l-7000th part of a pound a grain. By a pound is 
meant a pound avoirdupois, unless the contrary is speci- 
fied. 

3. Density.— It is a point of common observation that 
equal volumes of different substances have unequal 
weights. It may be assumed, therefore, that the matter 
in the heavier bodies is more closely packed together 
than in the lighter bodies. Thus, 8 cubic inches of dry 
oak weigh about as much as 1 cubic inch of cast iron ; it 
is assumed that in cast iron the matter is packed together 
about 8 times as closely as in dry oak, and cast iron is 
therefore said to have about 8 times the density of dry 
oak. In most cases it is found that portions of a given 
body having equal volumes have also equal weights ; thus, 
if 2 cubic inches of steel are taken from any different 
parts of the same ingot, they will have nearly or exactly 
the same weight : when this is the case the body is said to 

■ Viz,, tliB Mint, the Ro.vfil Society, GrL>emrii?]i Obscn-atory, nml the 
House of Parliament. B. Stewart, on Heat, pp. 66, G9. 
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DENSITY AND SPECIFIC GRAVITY. 3 

be of uniform density. It is to be assumed that a body 
is of a uniform density unless the contrary is expressly 
stated. By the density of a substance is meant the quantity 
of matter contained in the unit of volume of the substance. 

4. Density of water.- — It has been found as the 
result of very careful weighing that the density of dis- 
tilled water at a given temperature is uniformly constant. 
At a temperature of 60° F., when both water and weights 
are in vacuo, a cubic inch of distilled water weighs 
252-769' grains. It follows from this — and the student 
should verify the statements — that (a) a cubic foot of 
water weighs nearly 1000 oz. or 62-5 lb3.,(&) a cubic yard 
of water is sHgbtly less than jths of a ton. 

5. Speeijia graviti/.— The specific gravity or specific 
density of a substance is the ratio which its density bears 
to the density of some standard substance. In the case of 
solids and liquids the standard substance is distilled water 
at 60° F.^ To say that the specific gravity of cast iron is 

. 7-2, is to say that any volume of cast iron weighs 7'2 
times as much as an equal volume of water— -strictly 
speaking, both the iron and the distilled water being at the 
standard temperature. The specific gravities of a large 
number of substances have been determined with great 
accuracy. Tlie following table gives approximate values 
of the specific gravity of some substances ; the vaines 
given in the table will be of use in working the examples 
that occur in the course of the present work. 
Table I. 

Platinum .... 21-6 I Lead 11-i 

Gold 19-25 Silver 10-5 

Mercury .... 13'5 I Copper 88 

1 B, Stewart, an Seat, p. 70. 

' It is necBHsarj to apeeify some temperature, as bodies expand or con- 
ttact, i.e. their denaitiea decreaaa or inereaae with change of temperature. 
Any temperature might be taken as a standard. 
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Tliia table enables us to determine approximately the 
weight of bodies of known size without weighing; them. 
For this purpose the weight of a cubic foot of water may 
be assumed to be 1000 oz. Consequently the specific 
gravity of a substance multiplied by 1000 gi\es approxi- 
mately the weight of a cubic foot of that substance in 
ounces, e.g. the weight of a cubic foot of steel is about 
7800 oz., the weight of a cubic foot of granite is about 
2600 oz. Hence we have the following rule :^From the 
known dimensions of the body find its volume in cubic 
feet; multiply the volume in cubic feet by 1000 times 
the specific gravity of tlie substance ; the product is the 
weight of the body in ounces. 



ught iron IG ft. long, 2 ft. 
24 cubic feet; the weight is therefore 



Ex. 1.— What ia the weight of a pli 
Ttide, and 8 in. deep ? 

Tlie Tolumc is 16x2x1, 
34 X 7800 oz., or nbout 5 tons. 



6. Remark. — The foregoing table of specific gravities 
gives only average and approximate values ; consequently 
the specific gravity of a given specimen of anyone substance, 
if determined by direct experiment, would probably not 
agree exactly with the registered value. In the case of a 
simple substance such as mercury, when it is in a state of 
purity and when precautions are *aken against avoidable 
errors, a constant value for the specific gravity sboidd be 
obtained ; and it may be mentioned that when both water 
and mercury have a temperature of 62° F., the specific 
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gravity of mercury has been foiiud to equal 13'569.' In 
cases where the substance is not simple constancy must 
not be looked for, e.g. cast iron contains foreign sub- 
stances, such as carbon, sulphur, phosphorus, in a greater 
or less degree, and accordingly when the specific gravities 
of 1 6 specimens of cast iron were determined it was found 
that the highest value was 7-295 and the lowest 6'953.^ 
In like manner the specific gravity of flint glass is said to 
be sometimes as high as 3'78 and that of plate glass as 
low as 2'37.^ With different kinds of wood the variations 
are considerable and depend partly on growth, partly on 
seasoning ; thus the specific gravity of Dahtzig oak is said 
to be as low as 0-756,* while in the case of very old heart 
of oak it is said to be as high as I-IT." 

7. F&rce. — It is a fundamental fact that if a point were 
left wholly to itsplf it would either continue at rest or 
would mo\e uniformly m a straight line. Any cause 
which changes or tends to change either of these states is 
a force. AVhen a pomt at rest is observed to begin to 
move we infer that a foice has acted on the point. M''hen 
a point in motion is observed to move either more or less 
quickly, or to change the direction of its motion, in either 
case we infer that a force has acted on the point. If a 
piece of cork with a needle in it floats on water and a 
magnet is brought near it the cork moves towards the 
magnet ; the magnet, therefore, exerts force on the body. 
If a bullet is held in the hand and is then let go, it falls 
towards the earth with a continually increasing velocity ; 
the earth therefore exerts force on the body ; and that 
force is called gravity. 

There are other kinds of force; thus, the resistance 

' B. Stewart, on Heat, p. 71. 

' Moscley, Mechanical Principles of Enffineeriiig, p. 624. 

= Miiller'a Lehrbuoh der Piysik, p. 14, 

* Moseley, Mechanieiil Principles qf Engineering, p. 624. 

" Young, Natural Philosophy, vol. ii. p. 606, 
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6 THEORETICAL MECHANICS. 

offered by a solid "body to being stretched, compressed, or 
twisted, is force ; the resistance offered by a fluid to the 
motion of a body through it is force ; friction is force ; 
the muscular power of men or animals is force ; the effort 
of a gas to expand is force. A force may be eserted with- 
out actually producing motion or change in direction of 
motion, becanse it is counteracted by another force or 
forces. 

8. Specifieat'ion of a force. — A force is specified when 
we know (a) the point on which it acts, (b) the line along 
which it acts, (c) the direction along the line, {d) its 
magnitude. The conditions (a) (6) and (c) present no 
difficulty. When a bullet is let fall, it moves along a 
vertical line downward ; gravity therefore acts, (n) on the 
bullet, (6) along a vertical line, (c) and downward along 
that line. The term direction of a force is often used so 
as to comprise both the points (b) and (c). This use of 
the word is often convenient and need not — at least in 
many cases— cause ambiguity. The student must, how- 
ever, bear in mind that it is one thing to say that a force 
acts along a certain line, and another to say that it acts 
from right to left along the line, and that it is often 
necessary to keep these points distinct. The fourth con- 
dition (d) presents more difficulty ; but it may be over- 
come by observing that the attraction of the earth at a 
given place on a given quantity of matter is a constant 
force. We may therefore measure forces in miits based 
on this fact as follows : — 

A force of one pound is the attraction of the earth 
on a pound of matter in LoTidon at the sea level. Hence 
when we speak of a force of one pound, we mean a force 
that would by direct opposition support a pound of matter 
in London s^inst gravity ; a force of two pounds would 
just support two pounds of matter under like circum- 
stances ; and so on. The unit we have just defined is 
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THE FORCE OF GRAVITV. 7 

called the gravitation nnit, to distinguish it from the 
absolute unit, which will be defined further on. 

9. The force of gravity is different at different places. 
It must be particularly noticed that the attraction of the 
earth on a given body is not exactly the same at different 
places. If the standard pound were weighed in a spring 
balance at a place near the equator, it would be found to 
be about 22 grains lighter than if similarly weighed in 
London. If it were possible to remove the balance to a 
height of about 4000 miles above the earth's surface, the 
compression of the spring would be reduced to about one- 
fourth part of what it was on the earth's surface, i.e. the 
attraction of the earth on a pound of matter in such a 
position is about the same as that exerted on a quarter of 
a pound of matter on tlie earth's surface. For this reason 
it is necessaiy in defining the gravitation unit to specify 
the place at which the determination is made; and 
though in a large number of questions the attraction of 
the earth on a pound of matter may be taken as a force of 
one pound without qualification, yet the student must 
bear in mind that a mass of one pound and a force of one 
pound are two totally distinct things. The former is 
simply a body which will just counterpoise a certain 
standard lump of matter in a perfectly just balance, the 
earth's attraction being of any amount whatever, provided 
it is equally exerted on both bodies. The latter is the 
actual amount of the attraction exerted on the body in 
some specified place. In short, the mass of the body is 
something that the body is in itself, and continues un- 
changed when the body is moved from place to place ; the 
weight of the body is the force exerted on it by the earth 
and is different in different places. 

10. Action and reoiction. — When one body (a) acts 
on another body (b) the action is mutual ; that is to say, b's 
reaction on a is a force equal and opposite to that with 
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8 THEORETICAL JIECIIASICS. 

which A acts on b. If I press my right hand with a force 
of 5 Ihs. on my left hand, the left hand presses hack 
against the right with an equal force of 5 lbs. ; if a body 
weighing 20 lbs. is placed on a horizontal table, it presses 
downward on tlie table with a force of 20 lbs., while the 
table reacts upward against the body with a force of 20 lbs, 
If we suppose tlie surfaces of the bodies in contact to be per- 
fectly smooth, the mutual action can be exerted only along 
the common perpendicular to tlie two surfaces at the 
point of contact ; thus, let A B (iig. 1) be a smooth plane, 
and M a mass urged against it by any given forces ; draw 
the Hue R Ji e' at right angles to a b, the action (ii') of M 
on the plane can only be exerted iilong Mil', and the reaction 



(b) of the plane against the body can only be exerted 
along St B, and these forces (b and r') are equal. It will 
be observed that the forces acting on m are the given 
forces and li, e.g. if M is urged against the plane by a 
single force r, as shown in fig. 2, tlie forces really acting 
on M are p and the reaction (e) of a l ; E balances the 
part of p which presses the body against the plane ; the 
other part of p is employed iu causing m to move, 

11. The. angle of friction.— If we suppose the sur- 
faces of contact to be rough, instead of smooth as in the 
last article, the mutual action will take place along a line 
inclined to the common perpendicular at some angle or 
other not greater than a certain angle called the angle of 
friction. Thus, let a b be a rough plane, and m a mass 
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THE ANGLE OP FRICTION. 




urged against it by certain forces ; draw m n at right 
angles to A B, and make the angle n m c equal to the 
angle of friction ; with M H as axis 
and n M c as semi -vertical angle, 
descrihe the cone c m d ; the action 
of M on the plane and the reaction 
of the plane on m must take place 
along some line not falling with- 
out the cone, e.g. draw the line 
It M It', then if the action takes 
place along M h', the reaction will 
be exerted along m r. It deserves 
particular notice that the actual direction of M b will 
depend on the circumstances of the question — all that can 
be stated generally is that w a will not be outside the 
cone. If M is on the point of sliding, the line of the 
mutual action will be inclined to the perpendicular at an 
angle equal to the angle of friction, and the reaction of 
the plane will be opposed to the sliding of m. 

If we suppose the forces acting on bodies to be con- 
siderably less than what would crush them, the magnitude 
of the angle of friction is nearly constant for given 
materials. For example, suppose the surfaces planed but 
not made artificially smooth, and the material to be metal 
pressed against metal, the angle of friction is about 10° ; 
thus, if M were copper and a b were iron, the angle N M c 
would be about 10°, and the mutual action could take 
place along any line m e, provided n m n were not greater 
than 10°. If the surfaces are wood on wood, the angle of 
friction is about 18° ; if brick or stone on brick or stone, 
about 33°; if the contact is between metal and metal, 
wood and wood, or metal and wood, but an unguent, such 
as tallow, hog's lard, olive oil, &c., is interposed, the 
angle of friction is reduced to about 5°. Tlie angle of 
friction is sometimes called the angle of repose, some- 
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10 THEORETICAL MECHAXICS. 

times the limitinff angle of resistance ; but these names 
all mean the same thing. 

12. Coefficient of friction^ — In order to complete our 
view of the roughness of surfaces we will anticipate a 
point that will he explained further on : — Let m be a mass 
urged against the plane a b by certain forces, and let the 
reaction of the plane (r') be exerted along Jin'; the 
force h' may be replaced by two forces r and F, one 
acting perpendicularly to and the other along a b, b, 
which is called the normal reaction, equals the force witli 
which M is urged directly against the plane ; F, which is 
called the friction, opposes the tendency of the body to 
slide in the direction B to a. If we suppose the forces 
acting on )i to be such that the 
'*'■ *■ body is on the point of sliding, it 

is easily shown that F equals R x 
tangent of angle of friction ; oi^ 
as it is more commonly written, 
Y=:/j. e; the multiplier /t, or the 
tangent of the angle of friction, 
is called the coefficient of friction. 
If tlie surfaces in contact ai^e metal on metal, the average 
value of the coefficient of friction is tan 10° or 0'18 ; if 
wood on wood, tan 18° or 0-33 ; if brick or stone on 
brick or stone, tan 33° or 0'63 ; if unguents are inter- 
posed, tan 5" or O'l. If the sm^faees are actually in 
motion, the coefficient of friction is in many cases less than 
before the motion begins. It is particularly to be observed 
that for a given normal reaction (e), the friction actually 
exerted will be the force necessary to prevent sliding, 
provided sliding can be prevented by a force less than 
/i E, It is only when sliding is about to take place or 
actually takes place that the whole amount ^ r is called 
into play. Friction always act in a direction opposite to 
that in which the body slides or tends to slide. The 



bt Google 




KESULTAXT AXD COMPOKEKTS. ]1 

following propositions are called the laws of friction ; 
they are approximately true when the forces do not 
exceed tolerably wide limits, and when the surfaces slide, 
or are on the point of sliding : — 

(1) Friction is proportional to normal pressure. 

(2) Friction is independent of the extent of the 
siirfeces in contact. 

(3) Friction is independent of the velocity of the 
motion.' 

13. Resultant and components. — When several forces 
act on a body, one force can, in most cases, he found 
mechanically equivalent to them ; that force is called 
their resultant, e.g. the weight of a body is due to the 
attraction of the earth on each of the small parts of which 
we may conceive the body to he made up ; tlie weight of 
the whole body is consequently the resultant of the 
weights of all its piirts. Similarly when a body is in 
contact with another body, e.g. when it rests on a table, it 
will probably touch the table at many points ; at each point 
the table will react on the body, and consequently what is 
called the reaction of the table is in reality the resultant 
of the reactions at the several points. 

When forces act on a point or body there are methods 
by which their resultant, if there be one, can be found ; 

' The nnmerical values of the angles of friction given in tlio t«xt are 
taken from p. 398 of Prof. Willis's Principles of Mechanism ; on the aamo 
pige is given a graphic reprosentation of M. Moria's esperimeiital results, 
which shows the differencea between actual values and the mean thJucb 
given above. It will be obsen-ed that no esUmate of the angle ia given in 
the case of metiil On wood ; this ia because the values in the case of various 
metals and 'n'oods are so different that an average would be misleading ; 
e. g. wrought iron on oak has a coefficient of friction equal to 062, and an 
anglii cqnal to 32°, ■while cast iron oq elm has a coefficient and angle equal 
to 0-20 and 1 1°. The variations for diffarent kinds of wood are very con- 
sidecable. It appears, on comparing Mi. Willis's diagram with M. Morin's 
tables (Sotions fondammialfs, p. 307). that the diagram and the averages 
refer to the case in which motion actually occurs. 
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on tlie other hand, a single force can be resolved into a 
number of forces, which are jointly equivalent to it and 
are called the components of that force. 

14. Foi-TRS of Tuatter. — For our present purpose we may 
consider two kinds of bodies, solids and fitiUls. Solids 
may be either rigid, as an iron crowbar, or flexible, as a 
silk thread ; fluids may be either incoinpressUjle, as 
water, or compreseible, as air. \Ve will consider the 
point with regard to these four examples : — 

(a) When an iron crowbar is said to be rigid we 
mean that under tlie action of the forces ordinarily brought 
to bear upon it, its change of fonn is either insensibly 
small, or at all events so small as to render the consider- 
ation of it unnecessary. It is only in this sense that 
pieces of wood, stone, metal, &c. are spoken of as rigid 
bodies. The distinctive property of a rigid body is that 
it transmits a force in the direction of the force and in 
that direction only, whether it be a pull or a push ; thus, 
if p acts on a point a, and a second point b is taken in its 
line of action, we may suppose p to act indifferently at a 
or B as may be most convenient, provided a and B are 
points of a rigid body, or, as it is sometimes stated, pro- 
vided they are rigidly connected. 

{b) If one end of a silk thread is fastened to a hook, 
and we pull the other end, it must be drawn straight 
before the force is transmitted to the hook. If we 
suppose the thread to have its direction cbanged by 
passing over a smooth peg, its parts severally become 
straight, and the force is transmitted undiminished to 
the hook. 

(c) The characteristic property of a fluid is that it 
transmits force equally in all directions ; this is true 
botli of water, which is nearly incompressible, and of air, 
which is highly compressible. 

(d) Besides the property mentioned in the last para- 
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graph, air enjoys this in addition — that if any quantity of 
it be enclosed and subjected to a varying pressure, its 
Tolume will vary inversely as the pressure. These pro- 
perties of fluids will be niore completely discussed further 
on in the volume. 

The student must hear in mind that the above state- 
ments concerning bodies are only approximately true. In 
theoretical mechanics questions are solved on the sup- 
position that bodies possess these properties because, in a 
very large number of cases, the solutions could only be 
obtained on these suppositions ; and when thus obtained 
they are sensibly, or at all events approximately, correct. 
Still it is quite true that a perfectly rigid body, a perfectly 
flexible thread, a perfectly incompressible fluid, and a 
perfectly elastic gas, are abstractions, just as a line 
without breadth or thickness is an abstraction. Strictly 
speaking, aU solid bodies are compressed, stretched, or 
distorted, when forces are applied to them, and sensibly 
so when the forces exceed a moderate amount ; the most 
flexible body requires some force to bend it ; water is 
in reality compressible ; and when the pressure applied to 
a given quantity of air exceeds a certain amount-, its 
volume sensibly ceases to be inversely proportional to the 
pressure. The various forms in which matter may exist 
suggest questions with which we are not here concerned ; 
it is, however, well known that we may have solids as 
little rigid as lead or tallow, threads as little flexible as 
hempen ropes, liquids as little fluid as treacle or honey ; 
and generally that matter may exist in almost every form 
intermediate to those forms which we have considered 
above as typical ; and further that, at all events in some 
instances, simple substances may be made to pass through 
various states, from that of a highly rigid solid to that 
of a perfectly aeriform fluid, by mere change of tempe- 
rature. 
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QUESTIONS. 

1. Dofine tlie terms iivitl^r, hndy, point. 

2. WTiat is nipant wheii it is Assarted of two iradics thnc they coufcdn 
equal qtmntitiaa of matter ? Wtiat is meant hy tlie staadarJ pound ? 

8. A lump of lead ireiglis 2J lbs., a lump of butter weiglis 8 oz. ; wlijil 
ratio does tlie quantity of matter in tlie lead bear to the quantitj- of mnttef 
in the butter? Aas. : 2. 

i. WiicQ is a body said to be of uniform density ? 

5. Three enbie iiiehea of mercury are found to weigh IJ lb,. ;i eubio 
inch of east iron ^ lb, ; compare the densities of cast irou and mecoury. 



7. What is meant by tJie speeifle gravity or specific density of a snb- 
Btnnee ? State how the weight of a body of girun size can bo iuftrred when 
its speoifli; gravity is known. 

8. Assuming that a gallon of watj^r weighs 10 lbs., what is the weight 
of a pint of mercury? What of a pint of petroleum? 

Am. (1) lo'Slbs. (2) !■! lbs. 

9. A plate of glass 8 ft. long and i ft. wide weighs 100 lb?. ; wliat is 

is the diameter of 
Alls. 0-238 in. 

11. Whtit is meant by a force? Give examples of forces. 

12. Whiit points must be known when a force is completely specified? 
' . the gravitation unit of 

13. Give iUnstrations of the fact that tlie force eserted by gravity on a 
pound of matter is different at different places. 

14. lUnstrate the fact of the equality of action and reaction. 

15. If bodies in contact are smooth, in what direction mus^ tlieir matnal 
action be eserted ? 

IC. Wlien one body is pressed against another, tlieir suvfaeos being 
rough, what is meant by their angle of fnctiou i* 

17- A piece of copper it, urged agti st a anrfico ol iron hy certain 
forces; to what estent is the direction ot tht mutu d letjon between the 
bodies known ? 
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10. la Q. 17 and 18 what is the direction of (be mutud action when the 
pioeo of copper is on tie point of sliding ? 

20. What ia meant Ly frietion, and by the coefficient of friction ? 

21. A piece of copper is urged directly against a plane of iron by a 
force of 100 lbs.; under what circumatanceB will the whole friction be 
called into play ? 

22. State the laws of friction. 

23. Define the terms resuliatit of two or more forces, and compomntt of 

24. Give instances of a rigid body, a flesible body, an incompressible 
fluid, and a compressible fluid. What limitations ara understood when 
Ihesa terms are applied to actual bodies ? In what ways do these bodies 
(SBTerally) transmit force? Give instances of states of matter intermediate 
to these typical forms. 

N.B. It will frequently happen, both in the test and eiamples of the 
following pages, thnt numerical results are merely stated without being 
worked out ; the student should in erery case verify these statements, e. g. 
he should verify the statflment as to tlie weight of a cubic foot iind a cabic 
yard of water in Art. 4, p. 3, and that in Ei. 1, p. 4, that 24 x 7800 oz. are 
about 5 tons. Ho will find in subsequent chapters that the Terification of 
many of these statements will bring to his notice points of considerable 
interest He must also bear in. mind that some of the answers to questions 
are exact, while others are appcoiimate, e.g. the Answers to ft. 3, 5, 9 are 
exact, whUe those to Q. 6, 10 are approximate, and if given to five places 
of decimals would be 1001282 and 0-23671 respectively. He will observe 
that in the latter case the nearest decimal of three places (0-236) is entered 
as the answer, not 0-23y. 
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CHAPTER II. 

CBSTRE OF OKAYITV, AND E(jmLIBRlUM OF TIVO FORCES, 

15. Centre of gravity of two points. — Let a and b 
te two points whose masses are m and n respectively ; 
divide the line a B at G into two parts in the inverse ratio 
of the masses, i.e. find the point G from the proportion 

AG : GB ::n : 7n. 
The point g is called the centre of gravity (or the centre of 
inertia) of a and b. 

Ex. 2. — Let the mass of A be 12 gmins, ami that of b 8 gmins ; the 
masses aro in tlie ratio of 3 : 2, and if ico <li\-iile a b into 5 equal parlif,' 
rtniitakfi i. a, equal to two of them (and therefore gb equal to the remaining 
three), o will be the required centre of gravity, 

Pio_ 3_ If the distance of g from 

, I- — _,-_- , some point (o) in the line 

A B is required, it is easy to 

' TliB divjsioa of a, given stmight line into any required number of equnl 
parts may be effected by Euclid, vi, 9, 10 ; but in practice the following is 
a better method : 'A diatance taken in the compasses by eatimation, »s 
nearly equal to one of the required pirts hs pcBsible, is to be stepped along 
the line very lightly from one on<l ; if the distance iras by chance taken 
correctly, tlie line n-ill be ilirided by it at once, but if not, the point of the 
compasses will not fall into the other extremity of the line, but will either 
esixai or fall short of the point, according as the estimated distance was 
taken greater or less than the true one. 'WithoMt raising the instrument 
ftom the paper, this error is to be divided by the eye iuto as many parts he 
the irhole line is required to be divided into, and the eompiissea opened or 
shut the quantity of one of these smaller divisions, according as the first 
itssnnied distance was too Email or too large.' The trial must now be re- 
peated until the reaulting error is oseeedingly small ; this error can be 
. corrected by the eye. See Bradley's Practical Geometri/, p. 25. 
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Bee that the above proportion is equivalent to tlie equa- 
tion 

G (m + n^ = o A , -nt + o B . n, 

which can be used with advantage in many cases. 
If we suppose o to coincide with A, we see that 
AG (m + D.) = A B . n. 

Es. 3.— If AandBaro 12 in. apart, and the masses of A and n are 5 oz. 
and 3 oz, respectively, we have 

therefore ag equals 4i in. 

16. Centre of gravity of three or move points.— U 

A, B, and C are three points whose 

masses are severally m,, n, and 'p-, ^''°' '''' 

their centre of gravity can he foun(i 

tlius : — join any two of them, as a 

and B ; find F the centre of gravitj- 

of A and B ; join F c, and divide it 

in G in such a manner that 

FG : Gc::p : m + n^ 
i.e. suppose the whole mass of a and B to be at F, and 
find the centre of gravity of r and c. This method is 
equally applicable whether a, b, c are in one straight line 
or not. 

Ex. 4.— Let masses 3, 4, and 5 be placed at A, n, c, the angular points 
of a giren triangle ; find their tentre of gravity. ^ 

Divide a e icto seven equal parts, and take a f 
equal to four of thera ; P is the centra of gravity of 
A and D. Join f c ; it is now as if we had a mass 
7 at F and a mass 5 at c ; divide F c in twelve 
equal parts, and talce f e equal to five of them ; 
o is the required centre of gravity. It is a useful 
exercise to combine the points in a different order, 

B. g. to b^n with b and c ; it TriU be found that . 

the i>oint thus obtained eoineidea with that given by the former conetpic- 

17. Centre of gravity of several points in the same 

c 
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18 THEORETICAL MECHANICS. 

straight line. — Let o be a point of reference in the 

straight line; let the masses of A, B, c, d, be denoted 

by mi, wij, in^, in^, and their 

distances from o by 3;,, x^, x^, x^ ; 

o — _ ™— g — . — — tlien if is their centre of gi^avity, 

it can be easily shown that 

and the like is true of any number of points, 

Ex. 5, — Suppose there are four points, witli masses lU. 8, G. 4 uz. ri;- 
spoctirelj, anungeJ at distrtiieus 1, 2, 3, 4 ft. from 0, we .=hall ImTc 

OG (10 + 8 + 6 + 4)^10x1 + 8x2 + 6x3 -fix 4, 
or, (>o = 2^fL, 

i. 0. tlieir -eontte of grarity is 2} ft. from o. The student should verify 
this by combining the points as in the last article ; this can be done in 
fieveral n-ajs, but iilways with the same ultimate result. 

1 8, Centre of gravity of a body of given form. — Since 
any body may be conceived to be made up of a number 
of points, it is possible to find its centre of gravity by an 
extension of the method above applied to several points ; 
a few simple cases in which the bodies are assumed to be 
of uniform density will now be given : — 

(a) A straight line is maJo np of a number of equally heavy poiutB dis- 
tributed uniformly along it ; it is pliun that their centre of gravity, auJ 
there ore that of the line, will bo at its middle point, 

(i) Any n.coa may lie conceiroil to be made up of a number of parallel 

straight lines, each having its centre of grai'ify at its middle point ; if the 

area is such tliat these middle points range in a 

R". 9- straight line, we then know tlia.t the centre of 

1. . gravity mnet be somewhere in that line. "Sov 

suppose that by a simihir process wo can Bad a 

\ set-ond straight line ia which the centre of gravity 

jst be ; we then know that the centre of gravity, 

ing in each of the two lines, must bo at tlieic point 



Thus, let the area bo a circular platfl, ilcaw any 
chord a b ; the plate may be conceived to be made 
I'cry large number of parallel straight lines, as a 4, erf ; die middle 
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points of all these chords will be in the diamoter, iB, which bisects them 
at right angles, fiy reasoning in a, similar way on a set of chords parallel 
to y J, we Bee that the centra of gravity must bo in a second diameter, 
and consequently at the point of intersection of the two diameters, i, a. at 
the centre of the circle, 

(c) By similar reasoning it may be shown that the centre of gravity of 
any parallelogram is at the point of intersection of the diagonals. 

i_d) It can bo shown in like manner that 
the centre of gravity of a triangle can be thus F'"' !'■ 

found :— Let i u c be the triangle, D and E ^ 

the middle points of b c and cA ; draw id and 
B E intersecting in a ; tliia point is the centre 
of gravity of the triangle. It admits of an 
easy proof that Dais one third of a d. 

A similar method can be extended with- 
out much diiliculty to a few solid bodies ; on 
doing so the following results are obtained ; — 

(e) The centre of gravity of a prism or cylinder is althe middle point of 

(/) The centre of gravity of a pyramid or cone is found thus : — Find o, 
the centre of gravity of the base, and draw a 
line from o to a, the vertex ; take o o, one-fourth 
part of oa; a is the required centre of gravity. 

(g) The centre of gravity of the sphere is at 
its geometrical centre; and it may be noticed 
that the same ia true of the circumference of a 
circle and of the surface of a sphere. 

It must be borne in mind that the above 
rxiles are not generally true unless the bodies 
are of unifonn density. 

19, Other cases of centre of g^-avity. — The centres of 
gravity of many bodies may be found by the following 
method : — Let a B be any body divided into two pai-ts by a 
boundary c D ; let m and n denote the ^^^ ^^ 

raasaes of a c d and b c d respectively, 
then m + 7!. is the mass of the whole 
body ; let f and h be the centres of 
gravity of the parta, and G that of the 
whole body ; these tbreo points must 
be in one straight line which we will suppose to be a B 




bt Google 



20 



THEORETICAL MECHAXICS. 



Now we may treat the mass of A C D as if it were a heavy 
point at r, and that of B C d as if it were a heavy point at H ; 
consequently we can find oby the proportion tg : GH::71 : 
m. Or, which is generally more convenient, we may use 
the equation 

A& (m + 7i) = AF . TJl + AH . Ti- 
lt will be observed that in this equation there are five 
quantities, viz. m, ■)!, a f, a g, a ii ; if any four are given, 
we find the fifth by the above equation. 

Ex. 6.— The head of A hammer weighe 15 llis. and its handle 5 lbs., the 
centre of gravity of the henil (f) is 32 in. from i, the end of tlie handle, 
that of the handle (h) is 16 in. from n; find the position of (a) thu cei:tre 
of gravity of the hammer. Oa drawing a figure it irill be seen that 



x2i> = 



i«.5 + 



G>;20 = [ex5 + 32jcia; 



Ec. 7.— Two balls (a and b) iiang from the same point of the e 
A weighs 12 lbs. and b 7 Ihs. ; A is 1 ft. above the floor; where must 
placed that tile centre of gravity (g) of the tn-o may bo * ft. above tlie 

Siuee a o eijtials 3 ft., we must have 



therefore n G equals o^ ft., or E is 91 ft. above the floor. 

Ecc. 8. — A square is divided into four equal sqiuires, and one of them is 
taken away ; And the centre of gcaiitj of the re- 
Tia. n. maining three equares. 

, &BCD the square divided qs indicated; the 

I 1 y centre of gravity of tlie whole square is at g, and 

^/ that of the small square (a b) at r; hence the 

P / * centre of gravity of the three remaining squares 

' ~7 " must ho at some point, h, in tho diagonal a c. Now 

/i' the masses of the whole square and of the parts are 

/ proportional to the Dumbere 4, 3, and 1. Hence 



But A F equals f a c, and A fi- equals j A c ; tlierefore A H must equal y~ of 
Em. 9. — The rod AC lias a unifo-m section throughout; it consists of 
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tiro parts, AB andiic; the former ie 5 ft. long and has a sp. gr. 6; tha 
latter is 3 ft. long and has a sp, gr. 8 ; required the centre of gravity of 
the rod. 

Let F and h be the centres of grovitj ' ' 

(jf the parts, anJ n thn.t of the whole roiL ; A ^ — g-- ^— - c 

ve have the mass of tJie parts propor- 
tional to 5 " 6 and 3x8, i.e. to 5 and 4 ; eonsequemlj, 

»»«(St4).i,«5i-»K«l. 
Now a F equals 2J ft., and 4 h equals 6i ft. ; therefore a g equals 4^ ft. 

20. Property of the centre of gravity.- — It may be 
assumed that when a body of moderate dimensions is near 
the earth's surface, the force of gravity acts on its 
parts along parallel lines ; this is equivalent to assuming 
that vertical lines when near each other are parallel. 
This being the case, it admits of an easy proof that the 
resultant of the forces exerted by gravity on the parts of 
the body will act vertically downward through the centre 
of gravity. This is true when the body is turned in any 
way whatever ; thus, in the case of a triangtdar board 
(fig. 10) the force of gravity on it will act vertically 
downward through G in whatever position the board is 
placed. This property is sometimes treated as a defini- 
tion of the centre of gravity, and accordingly it is often 
said that the centi-e of gravity of a body is that point 
through which its weight always acts in whatever position 
it is placed. 

21. Condition of the eqvAlihrvti'm of two forces. — 
When two forces act on a point, it is necessary and suffi- 
cient for equilibrium that they be equal and act along the 
same line in opposite directions. If, instead of acting on a 
point, they act on a rigid body, the same rule holds good. 
Simple as this rule is, we shall find that it includes a ntun- 
ber of particular cases of interest and importance. It is 
worthy of remark that the rule is, strictly speaking, a result 
of experiment : — Suppose that P is a force of any kind 
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(e.g. the muscular force of an animal), and suppose it juet 
sufficient to support a mass of m lbs. against gravity at a 
certain place. Let q be another force {e.g. the elastic 
force of a metal spring) which would support an equal 
mass against gravity at tlie same place. The rule asserts 
that the force r would exactly balance y if they acted in 
direct opposition. 

22. Body resting on a horizontal plane. — Let G be 

Fio. 13. the centre of gravity of the body which 

rests on the horizontal plane A n, under 

the action of gravity. Its weight (w) 

will act vertically downward through 

G, and will be balanced by the reaction 

of the plane (r), which must therefore 

be a force equal to W and acting vertically upward through 

G. There are 'levenl point=( connected with this question 

which call for notice 

(a) The plane must be able to exert the reaction (ii), 
in other words it must be strong enough to support the 
body. This pomt ib always taken for granted unless the 
strength of the plane is m question. When solving ques- 
tions in mechanics, the student should bear in mind that 
he is assuming the fixed planes, fixed points, &c., which 
enter the question to be sufficiently strong, and that tbia 
assumption, which he is apt to make without a second 
thought, suggests other mechanical questions of great 
difficulty and importance. 

(i) The reaction is treated as a single force acting 
along a specified line. It must be borne In mind, how- 
ever, that the body presses against the plane at many 
points ; at each of these points a certain reaction is exerted 
the amount of which depends on the degree of compression 
which the body undergoes at that point. The data of the 
question are commonly such that there are no means of 
determining these forces sevei'ally ; all that is known is 
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that thej must be such as to liave a resultant (e) acting 
as specified above. 

(c) As all the reactions act upward, their resultant r 
must act through some point between A and B. If then 
the body is shaped in such a way that ^^^ j^ 

a vertical line through G passes outside 
the base (as shown in fig. 16) the re- 
action cannot act in a direction exactly 
opposite to the weight, and the body 
(unless supported) will not continue in 
the position shown. In other words, a 
body cannot rest without support on a horizontal plane 
unless a vertical line drawn through its centre of gravity 
cuts the plane within the base. 

(d) If the body touches the plane at three, four, or 
more points, the base is the figure formed when the points 
are joined by straight lines ; thus, a fom-legged table 
touches the floor at only four points, and consequently 
the base is the rectangle formed by joining the points ; 
if there were a fifth leg touching the floor within this 
rectangle it would not count, and similarly in other cases. 

23. Body resting on an inclined plane. — Let g be 
the centre of gravity of the body which rests under the 
action of gravity on a plane ac 
inclined to the horizon a B. Draw 
the vertical line G D w ; draw D E 
at right angles to A C. The only 
two forces acting are the weight of 
the body (w) and the reaction of 
the plane (b) ; they must therefore ~ 
act in opposite directions. Now w acts vertically down- 
ward along GB, and consequently K must act upward 
along DG. This presupposes that two conditions are 
fulfilled : (a) v must not fall outside the base of the 
body ; {h) the angle e d g must not exceed the angle 
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of frictioD. If tile first condition were not fulfilled, the 
body without support would topple over; if the second, 
the body would slide down the plane. It will lie observed 
that the angle e n & equals the angle cab; in other words, 
tlie body will slide if the inclination of the plane to the 
horizon exceeds the angle of friction. If the plane were 
perfectly smooth the body would slide, unless the plane 
were exactly horizontal. 

24. Body suspended from a 'point. — Let ab be fiie 
pjj, ,^ body suspended from a point c round wiiich 

it can turn freely. Let G be its centre of 
gravity. The weight acts along a vertical line 
tlirough G. and is balanced by the reaction of 
c ; consequently, if the body is in such a 
position that the vertical line through ft 
passes through c, the condition of equilibriiun 
is fulfilled. This general statement includes 
t\yo cases : (a) when g is vertically below c, {(*) 
when G is vertically above c. These two cases 

differ from each other in an iinpoitant point, which is the 

subject of the next article. 

25. Stable and unatahle equUibrmm. — When a body 
is acted on by forces which fulfil the condition (or condi- 
tions) of equihbrium, and is in such a position that, if it 
receive any very slight displacement, the forces tend to 
bring it back to its original position, that position was 
one of stable equilibi'ium ; thus, in the last article when g 
is helovj c the equilibrium is stable, for if the body weiv 
sligliUy displaced, it would swing back to its original 
position. If, however, the position of the body were sucli 
that on being slightly displaced the forces would tend to 
make the body laove further fi-om its original position, 
that position was one of unstable equilibrium ; thus, in 
the lost article, if O were vertically over c, the smallest 

■ would cause the body to come into the 
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position shown in fig. 18. A third case is possible, viz. 
that when the body is slightly displaced, it has no ten- 
dency to leave its new position ; its position in this case 
was one of neutral equilibrium ; if, in the last article c 
were to coincide with c, the body would be in neutral 
equilibrium ; for, let the body be turned in any direction, 
the reaction and the weight would be in equilibrium. 

Ex, 10. — The Btutlent alioulJ consider tho following case : — A tphera, 
whose centro ia c, ie loadsil ia anch a way that its ceatre of gravity (o) is 
not at c ; let A B be tlie <liamut«r drawn through u. If the spliere is placed 
oa a horizontal plane, the weight of the Indy and tliE nuiction of the plane 
fulfil the condition of equilibrium when a u is vertical ; the eqnilibriun:! is 
stable when b is below c, and unstable when o ia above c. If o coincides 
with c, the eqnilibrium is neutral. 

26. Beiwar&s. (a) It must be noticed tliat stability admits of degrees, 
e.g. a box standing on its largest, face is in stable equilibrium ; it is also iu 
st-able equilibrium when standing on its smnlleBt iace; but it is clearly 
more stable ia tlie former case than in the lattor. It may easily happen 
tluit a body may be in a position which is, strictly speaMng, one of stable 
cq^uililmum, and yet it would hardly stay at rest in it, eg. a cylinder of 
wood thirty or forty inches long, standing on a bass whose diameter is one 
inch, would be very liable t« fall, though ita positjon is, strictly speaiing, 
one of stable equilibrium. 

(4) A body may be io stable equilibrium with rigard to displacements 
in some directions, and in unstable equilibrium in regard to displacements 
in other directions, e. g, a thin rectangle, such as a card, placed on its eilge, 
is ia stable equilibrium with reference to displacements in its own plant, 
aud in unstable equilibrium with reference to displacements at right angles 
to its plane. Aa a matter of feet, a body left to itself in a position unstable 
in any direction will not stay in that position, c. g. a card pluc^ on its 
edge will fall flat. We see, therefore, that when a body is in a position of 
unstable equilibrium it will not, practically speakiug, stay in that position, 
though the forces acting on it fulfil tlio condition, or conditions, of equi- 

27. Rod stretched by two forces. — -When forces are 
applied to a solid body and lieep it in equilibrium there 
are three questions to which answers may be required : Jirst, 
what relations must exist between the forces ? Secondly, 
what alteration will they produce in the form of the body ? 
, tmder what circumstances will they break the 
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body ? Our investigations in the present work will be for 
the most part limited to the first of tliese questions. The 
case, however, of a rod stretched by two forces admits of 
very simple treatment, and as the case is of great im- 
portance, we shall consider it from all three points of 
view. Let a b he the rod acted on by forces r and Q, 
tending to stretch it. We Ijave 
akeady seen that they will be in 
~f — 1 . J ^ -^ — ^ equilibrium if they are equal 

and act in opposite directions 
along the line of the rod. These forces are transmitted 
through the rod from point to point, so that if any 
cross section a 6 is considered, the forces tending to sepa- 
rate the rod at that point are the equal forces p and Q. 
The same is, of course, true of any other cross section e d. 
If, therefore, any small portion of the rod is considered, 
such as ah c d, we find that it is stretched by the two 
equal opposite forces p and Q, just as the whole rod is 
stretched by those forces. 

The section of the rod has some definite magnitude, but 
it may he assumed that the greatest thickness, i. e. the 
greatest diameter of its cross section, is small when com- 
pared with the length of the rod. The forces are distri- 
buted over the cross section. In the neighbourhood of 
their points of application (a and b) the distribution will 
depend on the way in which they ai'e applied ; but, assum- 
ing the rod to be of uniform texture, at a moderate 
distance from a and B, the distribution will be uniform. 
A force thus distributed is called a atresst and is generally 
reckoned at so much per unit of area, e. g. in pounds per 
square inch. Thus, if r were a force of 5000 lbs., and the 
area of the cross section 4 sq. in., the stress is 1250 lbs. 
per sq. inch. 

The forces p and q may have any physical origin 
wliatevcr, e. g, p may be a weight listened to the end a ; 
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the end B may be formed into a loop or eye, and tlie rod 
may hang suspended by that eye from a fixed point ; the 
reaction of this fixed point is the second force Q. In 
such a case the rod is frequently said to he stretched 
hy the forcer; but though there is no objection to 
this way of speaking, the student must bear- in mind that 
two forces at least are necessary to keep the rod in equili- 

28. Elasticity. — In considering the second point we 
come upon one of the most important properties of bodies 
■viz. elasticity. When force is applied to a solid body, it 
produces a change of form or volume or both. If we 
suppose the force not to exceed a certain amount, the 
body tends to recover its original condition, and when the 
force is withdra%vn, actually resiunes its original form and 
volume. The tendency of the body to recover its original 
condition is called elasticity. When two forces are ap- 
plied to a rod, as in the last ai-tiele, they lengthen 
it, though ordinarily by a very small amount; and, 
if the forces do not exceed a certain magnitude, the 
rod retimas to its original length, when they cease to 
act. 

In the case we have supposed the elongation (l) is 
proportional to the length (l) of the rod, and to the 
tensile stress, i. e. to the force estimated per unit of area of 
the cross section. If then p denotes one of the stretching 
forces and a the area of the cross section, we must have I 
proportional to i, and r-^A, or 



where E denotes a number depending on the material of 
the rod, which is called the tnodulus of elasticity for that 
material. It is commonly estimated in pounds per s<juare 
inch ; when this is done, p must be reckoned in poimds, A 
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in square inches, and then l and I may be in any units, i.e. 
both iu inches or both in feet, &c. The mean niunerical 
values of b for different materials have been ascertained 
by careful experiment. Some of the values are given in 
■ the following tabie : — 

Table II. 
MOrJULJ OF ELASTICITY.' 



Cast sttiel . 


. 31,000.000 


Teak . 


. 2.400.000 


Wrought iron 


. 28,460,000 


Re,! pine . 


. 1.S40.000 


Cast iron 


. lO.oaO.OOO 


EugUslioak . 


. I,4o0,000 


Dmwii copptr 


. 17,870,000 


Rifflh . 


. l,3o0,0C0 


Dmwu brass 


. 15,580,000 


Eiga fir 


. 1,330.000 


Flint glass . 


. 8,32S,000 


Elm 


. 700,000 


Be. n.— A in 


■ought-iron locl 60 


it. long and S sq. 


n. in eeoticm is 



Btretcllcd l>y a force of tons ; find the elongation. 

Here tlio vulnes of k, a, p, l, in tJio above formulit are given, viz. 
28,450,000 lbs. per sq. in., 3 sq. in. 13,4-10 lljs. aud 50 ft. Coflsequeiit]_v 
the elougation in feet is 

50 y 13 440 
3x2H,+J0,000' 
Le. betn-eeii ^th and ^fh of nn inch. 

Ex. 12.— AroilofHTOughtiron 1 ft. long and 1 sq. in. in section, when 



Since AB^^pt. and p, 4, t, i are rctspectively 1262 lbs., 1 sq. in.. 
120 ill., !ind 00053 in., vra find e x 00052 = 1263 x 120, and therefore E 
must (Kjual 29,120,000 lbs. pur eq. in. 

Ex, 13. A copper wire hitugs vertically, being suspended from one end; 
it is found that near tlie point of suspension a portion of the wire, whicli 
when uustrelched was 1 ft. long, is now I'OOl ft, long ; what is the length 
of the wire? 

If a' 16 the length in inches of the part irliicli streteliee tJie portion under 
consiiitnition, .^nd A the area of the cross section in square inches, the 
volume 01 the copper whose weiglit proiluces the alongation is xa cubic in., 

' The first eolnmn of til© alwjvo tiilile is taken (with a change of units) 
from Prof Everett's Table, Froceedinge E, S., vol. syi. p. 2i8. The second 
colmnn from Barlow's Strength of Materials, p. 82. 
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01 :r4 + 1728 cubic ft., and its weight (Table I.) is 530 EA,-i-172S lbs. 
Hence we obtain the eq^uation 

lxSfiO;tA-t-1728_ 1 
4x17,870,000 lUOu' 
whicli gives a=4679 ft. 

29. Remarks on the inodulus of elasticity. —The 
numbers entered in Table II. are, it must be borne in 
mind, mean numerical values, and consequently experi- 
ment with different specimens of any given substance 
must be expected to give results varying more or less 
from the registered value. An instance of this is given in 
Ex. 12, where the data are those of an actual experiment. 
The variations from the mean are apt to be large in the 
case of different kinds of wood. To put the fact of the 
variation and its amount in a clearer light, we will give 
a few particulars respecting wrought iron and steel. 
Thei'e are two ways in which the modulus can be esperi- 
mentaUy determined: — (1) by placing a bar of the 
material horizontally on two points and loading it in the 
middle, and then measuring the amount of its deflection : 
(2) by exposing the rod to tension and measuring the 
elongation actually produced. The modulus of wrought 
iron registered in Table II. was obtained by the former 
method. The modulus has also been obtained by the 
second method, and with this result— in the case of 
eleven different specimens of wrought iron the modulus 
was found to range from 31,976,920 to 26,761,800 lbs. 
per square inch.' In the case of five different kinds of 
steel, experiment by direct tension gave values of the 
modulus varying from 29,918,320 to 31,359,340 lbs. per 
square inch.^ These results closely agree with those ob- 
tained by Mr. Fairbaim, who determined the modulus for 

' SpacimeaB 10-20, Table ii. p. 148, of ^ Treatise on the ESasUdty, Ex- 
lemibilitl/, and TensUe Strength of Iran and Steel, bj Knut Stj-ffe. ■ 
' Ibid. Table ix. 
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steel bars by bending, and in forty-eight different specimens 
of steel found its value to range between 33,446,000 and 
28,353,000 lbs. per square incli. In four specimens, how- 
ever, the modulus had a much smaller value.' 

30. The limit of elasticity. — In Article 28 the state- 
ment of the law of elasticity was limited by the condition 
that the stress should ' not exceed a certain amount,' 
This certain amount is the elastic limit, and is a point 
that has been a good deal discussed, Tlie simplest view 
of the question amounts to this : — Conceive a rod of steel 
exposed to the action of a gradually inci-easing tensile 
stress; the elongations are at first to each other as the 
stresses which produce them ; so long as this is the case 
the stress is within the elastic limit ; but when the 
stresses exceed a certain amount, the elongations increase 
more rapidly than in proportion to the stresses. The 
stress at which this change in the proportions definitely 
begins is the elastic limit. Any stress decidedly in ex- 
cess of the elastic limit would impair the elasticity of the 
bar. Thus, Mr. Fairbaim * found tliat the average 
elastic limit in the case of nine steel bars was 12,136 lbs. 
per square inch, the greatest being 15,586, and the least 
11,581 lbs. per square inch, i.e. up to between 5 and 7 tons 
per square inch the elongations were proportional to the 
stress. For sti-esses in excess of this the elongations were 
greater than in proportion to the stress, and by such 
stresses tlie elasticity of the rod was decidedly weakened. 

31. Tenacity. — ^^^'hen a rod or bar of a given substance 
is exposed to the action of a gradually increasing tensile 
stress, a limit is at last reached at which the stress 
cannot be supported, and the rod is torn asunder ; the 
tensile stress, reckoned in poimds per square inch of the 
original cross section of the rod, which, when gradually 

' Fiiirbiiim on Tron, TiiLlo 1. 

' Report of British Associatiott for 1867 or Trculis^ oii Iron, Tabic i. 
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applied, just tears the rod, is called the tenacity of the 
suhstance. In different specimens of the same substance 
the value of the tenacity is liable to considerable variation ; 
consequently the numerical values of the tenacity given 
in the subjoined table must he talien as meau values from 
which the actual values in various specimens may differ 
very considerably. 





TENACITIES, 


,».^„.,.. 


Steel 


115,000 English oak 


. 17.600 


Wrought iron (liars) 


60,000 Elm . . . 


. 13,SO0 


Iron (wics ropes) 


90,000 Riga fir . 


. 12,000 


Copper wire . . 


60,000 Lurch 


, 10,000 


Cast brass 


18,000 ' Hempen rope 


. 6,500 


Cast iron . 


16,000 , 





In illustration of the variations in the value of the 
tenacity of different specimens of the same substance, the 
following cases may be quoted : — In nine specimens of 
steel the average tenacity was found to be 90,379 lbs. per 
square inch, the extreme values being 116,183 and 
59,538 lbs. per square inch.' The former value is by 
no means excessively large, and by different processes of 
hardening tenacities of 168,530, 173,951, and even 
195,018 lbs. per square inch of the original area have 
been imparted to steel.^ Again, in the case of cast iron 
the mean of nine determinations of the tenacity was 
16,720, the extremes being 21,907 and 13,434 lbs. per 
square inch.' And similarly in other cases. 

32. Workmg stress. — -In practice rods are never 
subjected to stresses nearly equal to the tenacity or ulti- 
mate strength ; as a rough general rule, they should not 
be permanently exposed to a stress exceeding -^th or -j^uth 

> Fairbaim'a TaLlo, Treatise on Iron, Table ij. 

■' KnntStyffu, p. 136. 

' Fairbaim on Iron, p. 217. 



bt Google 



33 THEORETICAL MECHAKICS. 

of their ultimate strength ; such a stress is called the 
working stress. The reason for iixing on this particular 
proportion becomes evident on considering the facts 
mentioned atove. In the nine specimens of steel men- 
tioned in Article 30 the average elastic limit was 12,136 
lbs. per square inch, while the average tenacity of nine 
specimens of the same kind was 90,379 lbs. per square 
inch ; we see, therefore, that a stress of |th or -^ih of the 
tenaeity is well within the limits of elasticity. This rule 
applies very generally to other cases besides that of rods 
exposed to tensile stress. 

33, Set or permanent elontjation. — The condition of 
a rod when exposed to stresses inteiTnediate to the elastic 
limit and the tenacity demands notice. Confining our 
remarks to a rod or bar of iron, the chief point is this— 
the effect of the stress is not merely to stret«h the rod 
more tlian it would have been stretched had its elasticity 
continued perfect, but when the stress is withdrawn the 
rod is found to have been permanently lengthened, or in 
other words to have imdergone a ' set.' The mere fact of 
a small set having been produced does not prove that the 
elasticity has been injured, and it may happen that stresses 
less than the elastic limit may produce small sets.' 
Beyond that limit, however, as the stresses increase the 
magnitudes of the sets increase, and in a continually 
increasing proportion. Thus, in a very carefully executed 
experiment on an iron rod, until the stress reached 
25,952 lbs. per square inch, no permanent elongation was 
produced, and then it amounted to l-250,000th of the 
length of the rod ; when the stress reached .'i3,733 lbs. per 
square inch, the rod had been permanently lengthened 
by l-2800th of its length. From this point the sets 
rapidly increased until at 56,488 lbs. per square inch the 

i. p. 181, &(■., of Mr. FairLilira'a lieport 
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rod broke, after having been lengthened by nearly l-5th 
of its original length.' Similar phenomena are presented 
by other substances, such as steel ; but in the case of brittle 
i, such as cast ii-on, there is little or no permanent 
ition before the stress ec^uals the tenacity. 
34. Case of a flexible thread. — Before leaving the 
subject of tensile stress it will be well to notice the case 
of a thread or rope as distinguished from a rod, A thread 
like a rod can transmit a force tending to stretch it, but 
is incapable of transmitting a force tending to compress 
it— it can transmit &pull, but not a tkrusU Moreover it 
will transmit a tensile force in the direction of its length, 
even when that direction is changed by passing over a 
fixed point. Let a thread A B c be 
fastened to a, and pass over a fixed 
point B ; let it be pulled by a force p 
applied to the end c ; the effects of r 
are, that the parts A B and B c will be 
straight, and that p will exert on A a 
force in the direction A to B. If we suppose the thread to be 
perfectly flexible, and the point b to be perfectly smooth, 
the force p is transmitted without diminution to A. In 
the present work we shall always make these suppositions, 
but it will be well, for the information of the student, to 
make two remarks. (1) If we suppose the tliread to be 
a strong but fine silk thread, and the point b to be a 
small pulley on a fine steel axle, the above conditions 
are very nearly realised. (2) Even if we suppose the 
thread to be flexible, if there is a moderate degree of 
roughness between the fixed point and the thread, 
only a part of p is transmitted to A. The student may 
easily convince himself of this by observing that when 
a weight is raised by means of a rope passing over a 
pulley, much less force is needed if the pulley turns 
1 Knot Stjffe on Inm and Sttd, p. 13i, and plate v. 
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than if the asis were jammed and the pulley kept from 
turning. 

35. Cmnpression. — 'WHien a body is placed on a fixed 
plane or table and a heavy weight is placed upon it, it is 
under the action of two forces, or rather of two stresses 
i.e. distributed forces, viz. the weight acting downward 
and the reaction of the fixed table acting upwards. We 
have here a case of the equilibrium of two forces, though 
it is very usiial to speak of the body as compressed by one 
force, viz. by the weight, and the body is sometimes said 
to sustain a thrast of the same amount. When a solid 
undergoes a small compression, it resists with a force 
proportional to the compression, and when the compressing 
force is withdra-wn, it recovers its size and shape. In 
short, the same law of elasticity holds good as in the case 
of small extensions. When the compressing force is large, 
the body undergoes a permanent change of shape ; and 
when the force is still further increased, the body com- 
pletely yields or is crushed. The way in which the body 
yields depends upon its texture, and may be either of 
the five following- : — ' 

(a) Cntshing bij spUttmff, when the substance divides 
in a direction nearly parallel to that of the pressure ; this 
takes place in hard homogeneous substances of a glassy 
texture. 

(b) Crushing by shearing, when the substance divides 

aloi5g a plane inclined at a certain 
, ' '. -. angle to the direction of the force, 

n^ T"^ the upper part of the substance 
/\ sliding upon the lower ; this takes 

^ place in substances of a granular 

* ^ texture such as cast iron, and most 

kinds of stone and brick. Thus, if a and B ure two blocks 
of cast iron wliose heights are about twice tlie tliickness 
' Eaakine, Applied Mcciaxics, p. 302. 
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of their bases, the fracture will take pkcs along one 
inclined plane, as in A, or along two, as in n. The inclina- 
tion of the planes of fracture to the direction of the 
crushing force is about 40°. 

(e) Crushing by bulging, in which the sides of the 
block swell out, as in the case of ductile and tough 
materials such as wrought iron. It also characterises 
steel, though this metal sometimes cracks as well as 
bulges. 

[d) Crushing by buckling or crippling occurs in 
fibrous substances under the action of a thrust along the 
fibre ; it consists in a lateral bending and wrinkling of the 
fibres, wliich are sometimes split asunder ; this takes 
place in timber, in plates of wrought iron, and in bars 
longer than those which give way by bulging. 

(e) Crushing by cross breaking takes place in long 
coliunns or struts whose leng;th is from ten to twenty times 
the diameter of the cross section ; in these cases the sub- 
stance bends in the middle and the fractiu-e is produced 
by cross breaking in the same ^vay as an overloaded lever 
is broken, 

Tlie following table gives an average value for the 
stress in pounds per square inch for which short blocks of 
the several materials yield by crushing. It may be 
assumed that a substance should not be exposed to the 
long or oft-repeated action of a thrust exceeding 1-lOth of 
its ultimate strength. 





Table IV. 




EESISTANCE TO COMPEESSIOS. 


Steel 


. 225,000 


pounds pt 
Drj-oak . . . . 


Cast iron . 


. 110,000 


Riga fir . . . . 


Wroiiglit iron 


. 36,000 


Granite .... 


Cast brass 


. 10,000 


Sandstone .... 


Elm 


. lO.OOO 


Brict .... 
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Qri:;sTioss. 

1. Give t^vo mcthoils of finding thfi centre of gravity of two lieuvy 
points. 

2. If a weight of 12 lbs. is 4 ft. from one end of a rod, nnd uncight of 
18 lbs. is 10 ft. from tliat end, their centre of gravity is 76 ft. from that 
end. Show that this resalt can le arrived at by both methods. 

3. Give a, method of finding the centre of gravity of three or more 
heavy points. 

4. Draw a square and mart its corners in suecession a. n, c, n ; let a 
weight of 3 oz. be placed at i, one of 4-o oz. at b, one of 7'5 oz. at c, and 
one of 6 oz. at b. Find the centre of gravity of the four weights. Work 
this out Ijy constmotion in at least two different ways, and show that the 
same result is obtained in Loth ways. 

6. In the last question show where a weight of 10'5 oz. mast he placed 
so as to bring the tenlre of gravity of tlie five weights to tlio intersection of 
the diagonals of tlie square. 

6. Give a formula for finding the centre of gravity of any niimbcr of 
points ranging in a straight line. 

7. A Bis a rod 10 fL long, a weight of 3 lbs, is placed at a, one of. iibs. 
four feet from a, one of 8 lbs. at e ; show that fho centre of gravity of tlio 
three weights is 6^ ft. from A. 

8. In the last question where must a weight of 4 lbs. be placed to bring 
Die centre of gravity of the four n-eights to the middle of the rod f 

Ans. At A. 

9. StDtB the rules for finding tlie centre of gravity of a straight Hue, a 
circle, a parallelogram, a triangle, a, prism, a cylinder, a pyramid, a cone, 
a sphere, all the bodies heing of uniform density. 

10. In Es. 8 {p. 20) show that tlie res^ilt may be obtained by treating 
the body as if made up of three heavy points at the centi-es of tlis three 
small squares respectively. 

11. A circular plate of wood or metal 1ms cut in it a circular hole of 
given size and position ; show how to find its centre of gravity. 

12. Inthelastquestion, if the radius of the hole is ird of tlio radius of 
the plate, and if the centres of plate and hole are 18 in. apart, show that 
the centre of gravity is 2^ in. from the centre of the plate. 

13. A wire is lient into the form of a triangle whose sides are 6, 10, and 
8 in. ; find its centre of gravity. 

14. A cross is made up of sis eqiial squares ; find its centre of 
gravity. 

IJ. Two laUs of equal radius are of cast iron and copper; they are 
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pkijed in contact ; show that their centre of gravity— which is in the line 
joining thsir centres— is at a distance of -^tha of the radius from tJie centre 
of the copper ball. 

16. State the nieohanioal property of the centre of gravity, wMdi le often 
called a definition of the centre of gravity. On what Bupposition as to tjie 
action of gra,vity does this point enjoy this property ? 

17. State the condition of the equilibrinm of two forces acting on a 
point or rigid hody. Show by an illustration that this rule is not a mere 
truism. 

IS. State the condition lo be fulfilled when a bc>dy under the action of 
gmrity will rest: — (1) on a horizontal plane; (2) on a rough inclined 
plane ; (3) when suspended from a point round which it can turn fireelj. 

19. A parallelogram ' a foot wide and afoot in height will jnst stand 
on a horizontal plane ; show that its angles must equal 45° and 185°. 

20. A rhombus in a vertical plane will stand witli one edge on a hori- 
zontal plane, whatever be the size of its angles. 

21. A rectangular block of stone, whose baao is ft foot wide, rests on 
an inclined plane also of stone ; it is found to be on the point of sliding ; 
why must the inclination of tlie plane to tlie horizon be 33°? If the 
bloct is also just on the point of toppling oviir, why must its height bo 
1-54 ft.? 

22. A rectangular block put on an inclined plane just falls over when 
the plane is indined at an angle of 10° ; if its base is 2 ft. wide, what is its 
height? Am. 11-34 ft. 

23. If a piece of iron is made into the form of a brick, and placed on an 
inclined plane, it is found — due precaution being taken against accidental 
adhesion — that it just slides down when the plane is at a certain inclina- 
tion, whichever face it rests on ; what law of friction does tiis fact illna- 

24. A triangular hoard weighs 4 lbs., a weight of 2 lbs. is placed at one 
corner; if the board is suspended by another comer, find the position in 
which it comes to rest. 

25. In tlie last question, if the weight of 2 lbs. were hung by a thread 
from the comer, instead of being fastened to the corner, show that the 
position of the triangle would he unaffected. 

26. Two balls weighing 4 lbs. and 1 lb. have their centres joined by a 

' In this question the parallelogram maybe supposed to be the end of a 
right prism presented endwise to the plane of the jiaper ; or, which comes 
to the same thing, the equilibrium of the body with regard to other planes 
besides the plane of the paper is not to bo considered. A similar remark 
applies to many of the examples and questions. 
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rod witliout weight 50 in. long; if they ace eiispoinlc?d hy n point 8 in. 
from the centra of tlie larger liall, in irli^^t position uill thty como to 
rest ? 

27. Stato the distinction hotn-ecn stable, unstable, and neutral equi- 
librium, giving an esi'.mploof each. 

28. A reetauguliir bloct is placed on iho ground; which aco its positions 
of stable and which of iinslablo equilibrium? lu which position is its 
equilibrium raost and in which least stable ? 

29. In Queslion 26 havo yon considered whetlier your answer gives a 
pofiilJon of stable or of unstable equilibriiim ? Why ouf;ht you to eunsider 
that the secoud position is eseluJcd by the terms of the qnestion ? 

SO. Why does an egg-shaped Lody (unless weighted) rest on a tnblo 
witll its long axis horizontal f 

31. A rod is stretched by two forces; how are the forces transmitted 
through the body? What is a, stress ? 

32. A rod with a cross section of ^rd square in. is suspended liy one 
end, and hns a weiglit of one ton fastened to tlio other; what is the tor.sile 
stress at any cross section ? Wlmt are the tiro forces wliieli stretch this 
rod? 

33. Define the modulus of dnstidty. Wlicn a rod is stretched, what 
is the relation betncen the original length, cross sectiun, elongation, and 
modulus ? 

34. A copper wire ^^th in. in diameter sustains a ireiglit of 20 lbs. 
What will be tlie length of a portion of the wire whieli, when unstretchcd, 
was a. yard long 7 Aiis. 300171 ft. 

35. A bar of iron of uniform cross section hangs suspended by one end ; 
it is known that one foot of its length is lengthened liy 0001 ft. Wliat 
leogtll of the rod must hang below that foot ? Am. 8,401 ft. 

36. In what sense can it bo stnted that tha modulus of elnsticitj of a 
given material— such as wrought iroa, copper wire, &c. — is a, coastant 
number? 

37. What is meant by the elastic limit of a giren material ? Desctilio 
briefly the behaviour of a steel bar under a gradually incrcnsing tensile 
Btraes. Wliat is (about) theelastielimit of a steel bar? 

38. What is meant by the tenadty of a substance? Can the tenacity 
of a given substance bo assigned mUi any great osactaess without actual 
trial ? Contrast in this respect tlie tabular value of the tenacity of steel 
witli that of the modulus of elasticity of steel. Wliat is meant by a working 

39. A copper wire is listened to a weight of 200 lbs, rettiog on tlio 
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any jorkiii";) ; tho weight is just raised off the floor, and then the wire 
breaks ; what may be presumed to be the diametcF of the wire ? What 
weight ought such a wire to bear siifoly? K the wire were eiposeJ to the 
greatest weight it conld safely bear, wh^t would liu its elongation per 
yard? Ans. (1) 0-06jI5iD. (2) 20 lbs, (3) 0121 in. 

40. A ■weight of one ton has to be lifted by a hempen rope ; what ought 
to be tho circumfBrence of the rope? Ans. 7g in. 

41. Wbut is meant by a ' set?' Give an example of the beliariour of 
an iron rod under a gradually increasing tensile stress. 

42. Describe briefly how a fbroe is transmitted along a flexible thread. 

43. When a small prism of any substance is placed on a table, and a, 
weight, say of 100 lbs., is put npon it, what forces act on the prism? 

44. Describe briefly the various ways in which a body may yield to a 
Eompressing force. 

4o. A rod of cast iron 10 ft. long, and 1 sq. iu. in section, when com- 
pressed by a force of 2100 lbs., was shortened by 0'01875 in. What was 
its modulus of elasticity? Aiis. 13,440,000 lbs. per sq. in. 

46. Show that the greatest height to which a brick wall can be carried 
with safety, so for as the power of biick to resist crushing is concerned, is 
ftbont 02 ft. How ia it that brick structures are often raised to a much 
greater height than this? 

N.B. In several of the above questions {e. g. Q. 4, 6, 13, &c.) it is 
intended that tho student should obtain the solution bj drawing the proper 
diagrams to scale; performii^ the required operations with compasses, 
scale and protractor, in a way like that indicated in Ex. 4, p. 17. It is, 
however, in the following chapter that tlie student will have most occasion 
to use constructions, and he should do this in all cases where the need of it 
is indicated either in the teit or ciamples, or iu the questions at, the end. 
Ho should use as large a scale as his paper will allow ; the numerical results 
thus obtained ought to agree dosely with those given in the book, bnt eiact 
agreement is not to be espected. The results given in the book have been 
obtained by calculation, and are presumed to be correct. 



bt Google 



TIIEOBETICAL MECirAMCS. 



CHAPTER III. 

EQUILIBRIUM OF TlIIiEB OB MOKE FORCES. 

36. Hepresentation of forces by linss. — Let a force 
act on a point A along a lino b c in the direction b to c, 

Pjg „j^ and let it contain any given 

■' > — - number of units of force ; from 

A towards c set off a line A K 
containing as many units of length as the force con- 
tains units of force — -e.g. if the force is one of 5 lbs., 
and we iise as a unit of length half a quarter of an inch, 
then we must set off A N equal to |ths of an inch. The 
line A s will completely represent the force. For (see 
Art. 8) a force is completely specified when we know 
(([) the point on which it acts (a), {b) the line along 
which it acts (b c), (c) the direction of its action along 
the line (towards c),{d) the number of units of force it 
contains. Now a N is set off from a, along b c, towards 
c, and contains as many imits of length as the force 
contains units of force. It is plain, therefore, that an 
represents the force in every respect. The student will 
be kept from making many mistakes if, when representing 
forces in a diagram, he indicates by an an-ow-head the 
du-ection in which he supposes each force to act. 

37. Parallelogram of forces. — When two forces act 
upon a point their resultant can be found by the following 
construction : — Draw two lines to represent the forces (as 
explained in the last article), using the same scale for both, 
and with these lines as sides construct a parallelogram ; 
draw the diagonal of the parallelogram which passes 
through the given point; that diagonal represents the 
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t (Art. 13). The reason of this rule will be given 
in a subsequent chapter. For the present we shall a 
it to he true as a matter of fact. 



irgle of 50° ; find Uie r 



ing four units of length 

; complete the paral- 
; this Une repi'e- 




anda. 

SotoffOACi 

(say *ths of 

ing |tlis of Bi 

lelogram oic 

Bants the resultant (h). It will ba found 

by nieasurement that o c is 8l-eighths of an 

inch h>Dg. and that a o c and :b o c are 

angles of 28° and 22° reepectavely, Con- 

aequently the resultant it is a force of 3} lbs., 

and a^ts as sliown in the figure. The student should veriff these results. 

If a large scale is used, or if the rosulta are obtained by calculation, it irill 

be found that the resultant is a force of 8-I7 lbs., and that p o a and b o a 

are anglts of 27" 58' and 22' 2' respoctively. 

38. Components of a force. — If a force R acta on o 
along the hne o k (fig. 24) and is represented by o c, and 
if through o we draw any two lines o p, Q, and complete 
the paraUelogram o a c B, the forces represented by o a and 
o B are equivalent to it, and can be used to replace E. These 
forces are called the components oSs. (Art. 13). It will be 
observed that two forces acting on a point can have only 
one resultant ; bnt one force acting on a point can have 
any number of pairs of components acting on that point. 
If the lines op and OQ are 
at right angles to each 
other, the components of 
11 along these lines are 
caUed rectangnlaT com- 
ponents of B. 

Ex. IS.— Letoe, oo, OB, 
be three lines drawn through o, 
and let P o n and n o n he an; 
from o to B ; find its componuuts along 
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Take uc, coutQining 7 units of length, complete the parallelogmm 
OAcn, tlicn ox nnil on represent the components in C[uestioii, wMoh aro 
forces of 10-6S and 9-62 units respectivelj". The Rtuilent should verifythis 
by a construction drawn carefully to scale. It iriU be obserrcd that each 
of ttic components separately ia greater than thagiren force ; tins is dne to 
the fact that tlie components act in ench a manner us to a groat extent to 
noutmlise each other, so that Jointly they aro only ei^uitalont to a force of 
7 units. 

Seniari. — The particular units both of longtli and of force employed ia 
the last article are quite arbltraty. All that ia necess.ir)- being that in any 
giTcn question the same unit of length Le used throughout the solution, imd 
litcTi'isB the same unit of forco. It is oft«n convenient not to use any 
partjcnlar units, bnt to express the results in ratios, thus : — In Art. 38 we 
may say that P : q::oa ; on, and then 04 : oc::p : n ; in lite manner, in 
Ex. 15 we might take oc of any length, .ind then, on completing the 
parallelogram, we sliotdd have o c : oa;:r ; the component along or, and 
similarly oc : o BT.'a I the component along oo^e. g. if oc were 2 in. long, 
oi would be found to he about 3-Oi in. long, and then 2 : 3-01.: 7 : 1064 
the force reqiiirod, 

39. Equilihnum of three forces actbig on a point 
— If the resultant of any two of the forces be found by 
Art. 37, the three are reduced to two forces, and these 
■will be in ecLuilibrium if they are equsd and act in oppo- 
site directions along the same line (Art. 21). Consequently 
the condition of equilibrium of three forces acting on a 
point is that any one of the forces be equal and opposite 
to the resultant of the other two, as determined by tlie 
parallelogram of forces. Thus, in Ex. 14 the two forces 
of 4 lbs. and 5 lbs. acting on o, from o to p and o to (j, 
would be balanced by a force of 8-17 lbs. acting on o from 
c to 0. It is a very common mistalie to confuse the 
resultant of two forces with the force that balances them ; 
the one force is equal and opposite to the other. 

40. The triangle of forces. — The condition of equi- 
librium of three forces admits of being stated in a 
somewhat different form, commonly called the ' triangle of 
forces,' as follows ; — Let P, Q, B be three forces which keep 
the point o in equilibrium. Draw any three lines parallel 
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to P, Q, B respectively, bo aa to form a triangle 
The forces acting on o will he in equilibrium if two 
ditions are fulfilled, viz. (1) 
supposing 1' to act iu tlie ^ig. s.;. 

direction B to c, Q must act 
in the direction c to a and R 
in the direction a to b; (2) 
the forces must be propor- 
tional to the sides of tlie q^/x,^ /^*.p 
triangle to wliicli their lines ^^ 

of action are severally paral- 
lel ; i.e. we must ha\'e 

p : q:: BC : CA and q : r::c A : a b. 

Tiiis is evidently true, for if o a' be taken equal to 2 c, 
and the parallelogram o a' b' c' bo completed, the triangle 
a' c' is in all respects equal to c b A, and consequently 
o c', which represents the resultant of p and q, represents a 
force equal and opposite to E ; so that the forces r, Q, B, 
acting in the way supposed, are in eqiulibrium. 

Ex. 16.— Forces of 15 and 20 units net in dirpetions containing Hnangle 
of 120"; And tLe force wiicli balances them. 

Drawpoa an angle of 120°, in o P take any length OA (e.g. 3 in.), and 
in oa take onequal to irdsot oa(4: in.) OAimdoB represent forces of 15 
and 20 nnita; completo tlie pnriillelogram oicn, and join oc, the length of 
■wHcli willhe found to bo 1-2 times o » (3-C in.) and cooaequpntly the required 
fores (e) is one of 1^ units; the angles a o it anil 
aop will hefound to equal 133° ol'and 106° 6'. riG. :g. 

The student should verify tlicso riisults by actually 
making t}ie construction. 

Ex. 17-— Show how to arrange tliree forces 
of 4, 10, and 13 units, tliat thay may he in equi- 
Ubiium when acting on a point- 
Draw a triangle a b c whoso sides are in tlio 
proportion of 4 : 10 ; 13(e.g.4, 10,Rnd 13 quarter 

inches respectively). Take any point o, and iiraw op, o a, oh, rcapec- 
tirely, pajallel to n c, c i, ab; the forces of 4, 10, and 13 unitH act 
along these lines respectively. Tho stuilont must obfierre that if ha 
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supposes the larco f to net oq o iu thu direction b to c, he must maka <t 
Hct in t]ie dirt'ttiou c to A, and b in tlm direction a to b.' TIid stndent 
sliould make this coiiEtruction, and also exnmino the effect of supposing 
(lliit P acts on o in Uie direction c to :i. He wii! find in Iwtli eflseB lliat the 
angles pou, qob, and bop, firo wspaitively IS" 80', 166° 40', and 114" 
50'. These angles aiu, of course, the supplemunts of the angles of the tri- 
angle ABC. 

41. Three forces in equiUbnum ivhen acting oil a 
rigid body. — In this case tlie lines along whieli the forces 
act must, when produced, pass through a common point. 
It is not necessary that this point he a part of the hody ; 
it may in fact he situated at any distance from the hody. 
When this preliminary condition is fulfilled, it remains 
that the forces also fnliil the conditions of equilibrium of 
three forces acting on a point (Art. 
^'°- "■ 39, 40). Tims, if i-, q, n, are three 

forces acting on a rigid body at 
the points a, b, c respectively ; 
the first condition of their equi- 
librium is that the three lines 
A r, B Q, c E, shall, on being pro- 
duced if necessaiy, pass through 
; the second condition is that they shall 
he in equilibrium if the forces are supposed to act at the 
point o along the lines or, o q, ok. It may be noticed 
tliat these conditions cannot be 
fulfilled imless the lines along 
whicli the forces act are in one 
plane. 

Ei. IS. — A7i is a rigid rod acted on Ijy 
tvo forces (p and u) of 10 and 15 units 
respectively; tho angles p a b and qua aro 
JSo" auit 120° respectively; findtheforee 
■ffhicli must act on tho rod to balance them, 
!et in o; takuoa, ob, of 10 and 15 units 



1 common point 




' The student mnst 1>ear in mi 
of a force and its tine of action (si 



III tho distinction 1> 
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respectiToly (e.g. 1 !ind I J in.) ; eompleto the parallelogcamonci ; join oe 
niul produce it to meet a b inn ; on measiuing o d it will be found that 
the resultant of p uud q is a force of 20-07 units. Tile force which balances 
p and a must therefore be one of 2007 units, and must act throi^h o along 
the line » o in the direction D to o. It will he found that a d is (about) 
^hs ofiB, and the angle ado is 88' 47'. If wo suppose » to baa fixed 
point tyrfularam, round whicli the rod is eapiblo of turning, tben tlie forefl 
we have just determined is the reaction of the f olccuro against the rod. 
Tlie presBuio prodnced hy p and a on tho fiUcrum is, of course, esactly 



i! and o] 



.otherf 



Ex. 10. — Let A B he a rod capable of turning' round a fixed point o: 
fnlcrum c ; it is acted on at a and n by 

forses p and Q in known directions o A, o B ; ^"^ ^^- 

givea tlie force p, flnii the force q and tlie 
presBuro on tlie fnlcrum. 

Join oc ; tslte o a contnining P units of 
length, draw ac and C J pflrallol to on and 
OA, then oft and 05 will serve to deter- 
mine Q and tho pressure on the fulcwiin ; 
e.g. if AC is grda of ab, o a h a right angle, 

OB A an aiiglo of 30°, and P a force of 50 units, it will be found that <t 
must be a force of 200 units, and that the proasuro on the fulcrum ia a forco 
of 229 units. 

En. 20.— Forces of 8, 10, and 1 
middle point of a straight rod ; 
find their directions when they are 
in equilibrium. 

Draw a triangle a he whose 
sides are proportional to 8, 10. 15. 
Take any point o, and draw o p, 
o «, o B, parallel to h c, c a, and 
ab respectively; forces p, o, a, of 
a, 10, and 15 units, would balance 
if they acted on the point o. In 
OP bake any point A, draw A Jim 
at right angles to h o produced, 
and make m a equal to n A ; draw 
m E at right angles to a m, cutting 
o ij in n; join AS, cutting HO produced 
c B, and consequently tlic forces 
and c B, as shown in (he figure. 

42. Motnent of a force. — Let p be any force acting 
along the line A B and o any point ; from o let fall a 
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perpendicular o b, on a b. Tlie number of units of length 
in K multiplied by the number of imits of force in p— - 
or, as it may be more briefly stated, 
tlie product of the line o :< and the 
force v—ie called the moment of 
p with respect to the point o. If 
the line A B be taken to represent 
the force p, the product of the lines 
N and A B is twice the area of 
the triangle a o b. So that the moment of p, with respect 
to o, is represented by twice the area of the triangle 
A B. And Tvhen tJie moments of two forces with respect 
to the point o ai^e under consideration, they are in the 
same ratio as the areas of two such triangles. Suppose 
the body on which p acts to be capable of turning round 
■ a line or axis passing through o at right angles to the 
plane of tlie paper ; the moment of the force with respect 
to is the measure of its tendency to make the body turn 
round this axis. P'or the sake of brevity, however, it is 
itsual to speak of the force as tending to make the body 
turn round the point o. As a body can tmn round a point 
in only two directions,' it is necessary to have some way 
of distinguishing these two directions; this is very con- 
veniently done by reference to the hands of a watch 
supposed to be placed on the paper viith its face upwards. 
It is plain that a body may turn round a point either 
in the same direction or in the opposite direction to the 
hands of the watch; thus, in fig. 31, the tendency of p 
is to turn the body on which it acts about the point o, iu 
the direction contrary to that of the motion of the hands 
of a watch. 

It is frequently convenient to indicate this difference 
of direction of rotation by a difference in the sign of the 

I ;. e. Wlicn its niol 
CBpnMo of lorniiig in iii 
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moment which measuies the tendency, according to the 
following niie:^When a force tends to turn a body round 
a point in the same direction as that of the motion of the 
hands of a watch, its moment with regard to the point is 
reckoned negative; when in the contrary direction, its 
moment is reckoned positive. 

43. The principle of 'moments is the name of a 
fact or theorem which may be thus stated :■ — If any 
forces act on a body in one plane, the sum of their 
moments with respect to any point in that plane equals 
the moment of their resultant with respect to the same 
point. It must he observed however that, in forming 
the sum, each moment must be written down with its 
proper sign, and then the sign of the sum will give the 
sign of the moment of the resultant, and will show the 
direction in which the resultant tends to turn the body 
round the point. 

Ee. 21.— Letpimduboforccsof B nnd 10 units; and let a point o te 
taken Buclitliat tlio pctpcndievilacB o jr, ox, let fall on tlieir directions, are 
3 and 2 units of longtJi respectirelj. 
These foreee tend to turn tlie piano 
round o in the contraiy direction to 
tlutt of the motion of tlie Imuds of a. 
watch ; their moments (24 and 20) are 
therefore positive, and the moment of 
their resultiint is 44, which, hcing _ 
positive, sliowB that tlicir ceaultimt i 
also tends to turn the plane round o 
in the eontmrj direction to that of 
the motion of the hands of a irotch. 

Ex. 22.— li in tho last case wa 
take a point within tho angle piQ, 

such that the perpendiculars on a p and a a are 5 and S-5 units of length 
respectively, the moments severally are —40 and + 86 ; coasequently the 
moment of tho resultant ahoat that point will Lo— 6. and tho resnltant will 
tend to turn tlie body round that point in tlio same direction as that of tiio 
motion of the hands of a watch. 

Ex. 23. — If in tho lost case a point is taken so that the former perpen- 
dicular is fihut the latter 1-5 units, the moments sereralty are — 40and +45 
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coniioquontly tlie moment of tlie reeultant atimit tlint jujiiit is + 6, and Iha 
rasultnnt tends to turn the plane ronnd tbis jwint in tlio contrary dirwtion 
to thnt of the motion of tlio hnnds of ii wntpli. Tlio points reforrod to in 
Ex. 23 and 23 aM indiontod in the diiigiMm hy n and c. 

44. The jjroof of the principle of inoments in Hie 
case of two forces and their re- 
sultant can be easily derived 
^^ from the principle of the paral- 

b/ ^' ^ lelogram of forces ; tlms : — Let P 

and Q be two forces whose direc- 
tions intersect in a ; let o be the 
point with reference to which the 
moments are to be tsiken ; draw 
o B parallel to A Q, and take a o such that 

AC : AB :: Q : r; 
tlien A B and a c will represent the forces r and Q ; con- 
sequently if the parallelogram a B D c is completed, A D will 
represent the resultant (r) of r and Q. Join o a, o c and 
B c. The moments of p, Q, and E are proportional to the 
areas of tlie triangles o a B, o a c, and o a n (Art. 42). Now 
o a CIS equal to B ac, which being halfof the parallelogram, 
is equal to a b n. But o a d is made up of o a b and bad. 
Consequently, 

moment of ii = moment of PH- moment of Q. 

In this case all the moments are positive ; we will 
therefore take a case in which o is so situated that the 
moments of P. and Q with regard to it are positive, and 
that of p negative, and in which consequently we have 
to show that 

moment of b= —moment of p + moment of q. 

In this case draw o B parallel to a d, and find A c from 
the proportion 
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SO that A B and a c represent the forces p and q, and on 
completing the parallelogi^am A B d c, ad will represent 
their resultant (e). Join o A, o c. We see that o A c is 
half the pajallelogram, and consequently equals A D B, 
which is made up of o a d and fio, si. 

o A B ; lience 

A D = AC — ab; 

and as these triangles are propor- 
tional to the moments of the forces 
with respect to the point o, we have 

moment of it= —moment of p + moment of Q. 

Similar results are obtained for any other position of the 
point o ; Mid the student will find it instructive to con- 
sider one or two other cases, e.g. that in which o falls 
■within the angle R a Q, in which case the moments of p and 
R are both negative and that of Q positive. He will 
observe that, by the aid of the rule for the signs of the 
raoments, aU possible cases of two intersecting forces 
are included in the one statement given above. And we 
shall see in a subsequent article that the proposition is 
true in the case of two parallel forces and their resultant, 
45. Equilihriv/m, of a body ca'pahle of turning round 
' a fixed axts.—'L&t p and q be two forces acting on a body 
A B, capable of turning freely round 
an axis passing through o at right 
angles to the plane of the paper, 
o is a fixed point in the sense 
already explained (Art. 42). As 
p and Q keep the body at rest, their 
resultant must pass through o ; 
consequently if moments are taken 

with respect to o, the moment of the resultant must be 
zero, and therefore the sum of the moments of p and Q 
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with respect to o must be zero ; as the nioments miiet have 
contrary signs, this condition is equivalent to the equation 

PXON = QXOM, 

N and o M being lines drawn from o at right angles 
to the lines along which v and Q act. The same reason- 
ing will apply to the case in which there are three or more 
forces, and thus we obtain the conclusion that the sum of 
the moments of the forces with respect to the fixed point 
is zero, each moment being written down with its proper 
sign. It is, however, frequently con\ enient to state the 
same result thus : — Take the sum of the momenta of the 
forces which tend to turn the body fiom ri^ht to left 
round the point, and also the sum of the moment'* of the 
forces which tend to turn the body from left to iight 
round the point ; these two sums are equal Thit ride is 
true whether the forces ai^e or are not parallel 



Er. 24.- 



a rectangular block of hnndbtono 10 ft. bgh with n 
Ijnse 3 ft. square ; ivhat forcu, p, auting along c D 
will ovorthrow it ? 

Tlio forces nro P nnd tho weight of the lilock 
(w) acting vertically Jownwnrd through its centre 
of gravity G. If p is just not suffieiLnt to over- 
throw the body, tho forces will bo in equilibrium 
on tlio point i ; and we seo that they tend to tnm 
tlic body in opposite directions round A. Conse- 
quently 



Ex. 25. — AJi ti .1 ;od of uniform section weigliinf; 13 lb", and 10 ft. 
, ... long; it can turn freely "bout .i point {c} 3 

'"* ■ '' ft. from A ; n weight of 30 lbs. is hung at ii ; 

5 g t- A , what weight must bo fastened to a that the 

r rod may bo in equilibrium? 

an j^ " Let r bo theiequired weight, itsnioment 

is 3 p; the woightofthorodmaybe supposed 
3 act vcrtienlly through tlic centre of gravity g (Art. 20), and its 
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moment is 2 x 12 ; tho moment of tlie weight at b is 7 x 30. Noiv p lends 
to turn the roil in one direction round c, ■while the foTces 30 and 12 tend to 
turn it in the opposite direction ; coaacquentiy 

3p = 2k 12 + 7x30, 
or p = 78 lis. 

If the proper signs irere prefixed to the moments they would be —3? 
+ 2 X 12 and + 7 x 30 ; and then the equation would bo 

-3r + 3-< 12 + 7x30 = 0, 
■which 19 plainly tlie same as the equation used above. The student 
would find it a useful cxereiss to solve Ex. 19 in tlie sutaa mannisr. 

46. Mesultant of tivo parallel forces. — When two ■ 
forces act along parallel lines tJiey are called parallel 
forces ; their resultant is found ^^^, ^^ 

hj the following mles : — {a) 

Let p and q be any two parallel i 1 ' "1 

forces acting in the same direc- Jt J/ l^j 

tion ; ' draw the line a b at right 

angles to a p and E Q, and in it take a point o, such that 



draw R parallel to A r and b q ; the required resultant (a) 
is a force equal to r + Q acting along o R in the same 
direction as p and Q. 

(6) Let p and q act in opposite directions ; and let P 
be the greater ; in b a produced ^^^_ gg 

take a point o, such that ^ 



draw o a parallel to a p and n* ■ip 

B Q ; the required resultant 

equals p — Q and acts along o R in the same direc 

' The student Hhould notice this uso of the ■word direction 
If t^wo forces net along parallel lines from left to eight, tfiey act 
diraetion; botif one acts from left to right and the other from i 
thoy act in opposite or contrary directions. 
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Ex. 26.— Suppose that iu cnso (fl) p iinil n are forces of 10 nnd 8 units, 
and tlwt Aii is 4o j», lonp ; tlio rpsultnnt irill hv n forcB of 18 units, and 
fie point o ivill be at n distance of 20 in. from A, and thertfure of 26 in. 

Ex. 27- — Evcrj'thing else licing as in tlio last example, suppose the di- 
rection of q to be rei-crseil so tliat the forces act aainca5o(i); the resultant 
■will DOW l>e a force of 2 units, acting in the same iliroetiou as p througli a 
point o, distant 180 in. to the left of a. 

Er. 28.— Ill the last case suppose a to bo a force of 0-0 units, other 
conditiona continuing tlie same ; the rusultant trill be a forte of ^th of a 
unit, acting at a distance of 4455 in. to the left of o. TJie stuiJent irill 
olissTTB tiat n-hen p and q are very nearly fqual, tlio resultant is a vocy 
small force acting along a very distant line parallel to the lines along which 
the forces act. 

47- The rules stated in the last article can be easily 
shown to follow from the parallel ogi'am of forces. It must 
be premised, however, that it is open to us to reason as 
follows : — Suppose pat (fig. 40) to be a line fixed in posi- 
tion, and suppose a second line q li drawn tlirough a fixed 
point B to be produced to cnt the former line in x ; suppose 
X to be moved further and further from a towards Y, making 
the line x e q turn round B ; as s gets more and more 
remote from a, the line x B Q will continiially approach a 
state of parallelism with a t ; and if we suppose x to 
become indefinitely remote from a, the lines will become 
actually parallel. Bearing this in mind, let P and q be 
two forces acting along lines a p, b q which intersect in x, 
and let their resultant (n) act along the line x E ; also 
suppose B to be so chosen that a b is at right angles to A r ; 
draw lines a n and a M at right angles to X R and x Q. 
Now if moments are taken with respect to the point a, the 
moment of r is zero ; consequently we know that A m. d 
equals A N- n (Art. 44). 

Again, draw the triangle a b c, whose sides be, ca, are 
parallel to a p and B q, and proportional to the forces p and 
Q ; then we know that a & is proportional to the force that 
would balance r and q ; and therefore also to their resul- 
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tant (Art. 40), It follows, therefore, tliat the sides of the 
triangle ab c are proportional to the three forces p, q, e. 
So far we have stated nothing 
but what has been laid down in '^_ 

preceding articles. Now all this 
is true irrespectively of the po- 
sition of X ; suppose then that x 
is moved further and further from 
A along A T towai-ds t, the figure 
will undergo no essential change, 
birt B Q will become more and 
more nearly parallel to a p, and 
A M and A N will more and more 
nearly approach coincidence with 

A B, while in the triangle ab c, the angle acb will 
continually approximate to two right angles and a b 
become more and more nearly equal to 6 c + ca. When 
X becomes indefinitely distant from A, p and Q will become 
parallel forces acting towards the same part, and we shall 
now have (I) b c + ca = ab, i.e. p + q = b; and if we 
suppose the point N to come ultimately to o, we shall 
have (2) A o . e=ab . q, i. e. a o {p + q) = ab . q or ao. P 
= OB.Q. These results coincide with those stated in 
first Tule (a) of the preceding article. If we suppose the 
point X, instead of moving towards t, to move in the 
contrary direction towards i', the results obtained will co- 
incide with those stated in the second rule (b) of the pre- 
ceding article ; and consequently these rules are proved to 
he true. 

48. It follows immediately from the last article that 
the sum of the moments of any two parallel forces with 
respect to any point in their plane equals the moment of 
their resultant with reference to the sanae point. Let p 
and Q be two forces acting along parallel lines, as shown in 
the figure ; take any point c in the plane of the paper ; 
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draw the line c a b at right angles to a p and b q. If b is 
the leaulfcant of p and q, we know that B equals r + Q and 
acts along a line O R at right angles to A B, the point o being 

ao chosen that P ■ A O equals q . o n. 

Now 
f t 1* 

[ I I C ■ R = CO . P + CO . Q 

= (CA + A0) F + (CB — OB) Q; 

and since ao . p— o B . <j=o, 

we have co .h = ca .p + cb . q. 

But c o . E, c A ■ p, and c b ■ q are the moments with 
respect to c of B, p and q respectively, so that the above 
equation shows that the moment of R eqnals the sum of 
the moments of r and q. There are several cases, hut all 
can be included in one common enunciation, by a method 
Eimilar to that employed in the above case. The student 
should work out some of these cases, e.g. (1) Suppose c 
to be between a and o, the point to be proved will be that 
CO . R equals— CA . p + c B . Q. (2) Suppose p to be 
greater than q, and q's direction to be reversed, R will 
equal r— q, and o will fall to the left of a ; if we suppose 
further that o is between c and a, the point to be proved 
will be that c o . R equals CA . r— CB . Q. 

49. Condiiion of equilibriwm of three parallel forces. 

— The three forces will be in equilibrium if any one of 

them is equal and opposite to the 

resultant of the other two. Accord- 

T I iiigly> let p, Q and B be the three 

aI 1 1b forces, of which H is the greatest, 

4a ^'^'i 'st 3. line be drawn at right 

angles to the lines along which they 

act,cutting themia a, b, c, respectively ; then, that the forces 

may be in equilibrium, the following conditions must be 

fulfilled; (1) P and Q must act in the same direction, and B 
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in t]ie opposite direction ; (2) n must equal P+Q. (3) The 
moment r ■ c a must equal Q . c B ; it is also necessary 
that these moments have opposite signs, and this is equi- 
valent to a fourth condition : (4) the point c must fall 
between a and b. It is to he observed that, instead of the 
third condition, we may have either K . a c equal to q . a B, 
or R . B c equal to r . B A ; but these are not independent 
conditions, for any two of them may be deduced from the 
third; and it is an instructive exercise to deduce them, 
Another deduction of some importance may also be left as 
an exercise for the student : — In Articles 46-49 it has 
been assumed that the line a B is drawn at right angles to 
the lines along which the forces act; if, however, a b were 
inclined at any angle to those lines, we should still have 
p , c A equal to Q . c B. Of course in this case f . o A is 
not the moment of p with reference to c ; it is, however, 
a quantity proportional to the moment. 

Ex. 29.^I£ p and q are forces of 5 and 7 units acting at & and n along 
parallel lines in the same dii^ection, and balanced by a force k acting 
through c then (1) u mast act in the opposite direction to p and q, (3) it 
must lie a force of 12 nuits, (3) c must be between a and b, and (4) c a 
must lie .^tliB of A B. All these points must hold whether the line a b is at 
right angles or not to p a, a B, and n c. 

50. Centre of two parallel /wees.— -Let P and q be the 
forces acting at a and B ; join A B, and let c be the point 
in A B through which their resultant acts. Now suppose 
that AP and bq are turned round rrs.M. 

A and B through any equal angles j ^ ,- a 

into the positions A p' and B q', so ,/| 7 

that the forces continue parallel and ^'"^^ "i *q 

otherwise unchanged ; their result- 
ant will stiU pass through c. This point, which remains 
fixed relatively to a and B, in spite of the change in the 
direction of the parallel lines, is called the centre of the 
two parallel forces. If there are three or more parallel 
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forces acting on points relatively fixed, they will have a 
centre, i. e. there will be a point fixed relatively to the 
other points, through which the resultant will act in 
spite of a change in the direction of the parallel forces. 

If p and Q were the weight of two masses placed at A 
and B, c would be the centre of gi'avity of the masses ; 
the centre of gravity of the masses, therefore, coincides 
mtli the centre of the two parallel forces, viz, their 
weights ; and the like is true of three or of any number 
of points. 

51. Statical couples. — Two equal forces acting along 
parallel lines in opposite directions make a combination 
which is called a conple, or a statical couple. A couple 
has the property that, if the moments of the forces 
composing it are taken with respect to any point in their 
p,^ ^^ plane, the sum of the moments is con- 

stant both in sign and magnitude; 
thus, let the couple consist of the 
two equal forces r as shown in the 
'^ figure; draw any line nKLat right 
angles to their direction, and cut- 
ting the lines of action of the forces 
in A and b ; the sum of the moments 
of the forces with respect to any point in the plane is a i . 
p, and in the case shown in the figure is positive. This 
is evidently true since the sums of the moments of the 
forces about h, k and L are respectively 

— HA. p + Hii. P, KA . P + Ki!. p, and L A . P— LB . p; 

and each of these is clearly equal to a b , P. If the 
forces had their directions reversed without undergoing 
any other change, the sum of their moments ivith respect 
to any point in their plane would be— ab.p. The line 
A B is called the arm of the couple, and the product a b . 
p with its proper sign is called the moment of the couple. 
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A couple has the property that the forces composing it 
cannot be replaced by a single resultant force ; this can 
be deduced from Art. 46 (6), from which it can be easily 
shown that if p is larger than q by an exceedingly small 
quantity, their resultant would be an exceedingly small 
force acting along a parallel line exceedingly distant from 
p and Q (compare Ex. 28) ; consequently when the forces 
become actually equal, the resultant becomes zero and acts 
along an infinitely distant line ; in other words, no such 
resultant exists. It will be observed that a couple is the 
only case of two forces acting in the same plane which can- 
not be replaced by a single resultant, 

52. Equilibrium of two couples. — If two couples 
acting in the same plane have equal moments of opposite 
signs, they will be in equilibrium ; this can be easily 
proved as follows: — Let p and 
y be the forces forming the one 
couple, and Q and q' the forces 
forming the other ; the lines 
along which they act will, by 
their intersection, form a paral- 
lelogram A B c D ; and as the mo- 
ments of the couples have opposite 
signs, the forces must act as shown in the figure. 
Draw Cm and CN at right angles to AP and aq, then 
P . C M is the moment of the one couple and q . C N 
is the moment of the other, and these moments are 
equal. Now if p is represented by A B, the area of the 
parallelogram represents the moment of P, and therefore 
it equally represents the moment of Q ; but as the area 
equals a n . c s, we see that the force Q is represented by 
A D. Now, as A B and a d represent the forces p and Q, A c 
will represent their resultant. In the same way, by 
drawing perpendiculars from a on c p' and c q', it may 
be shown that the resultant of p' and q' is represented by 
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c A. Heace, the four forces are equivalent to two equal 
forces acting in opposite directions along the line a c ; and 
consequently these four forces, which make up the two 
couples, must be in equilibrium. This result is true ir- 
respectively of the magnitude of the parallelogram, or of 
that of its angles ; the case, therefore, in which the four 
forces act along parallel lines is included as an extreme 
case in the above proof, and the statement at the head of 
the article is true in all cases, 

£r. 30. — Ajjcn is a rectangle whose siilca i ii ami no are 3 in. and. 
5 in. long respectively, equiil forces (p) of 15 
units act from 4 to ii and c to d, and equal 

A <t p forces (q) of 25 units net from 4 to o and 

c to n. Why mast those four forces bo in 
equilibrium? 

Wo SCO that tlio forces p mako up n 

couple witli 11 momeut + 7j, whilo tlio 

forces o mate up a conple irith n moment 

— 75 ; as these couples have equal mo- 

jtito signs, they (i.e. tlio four forces) must be in equilibrium, 

53. Equivalence of two couples. — If there are any 
two couples whose moments are equal and of the same sign , 
acting on a rigid body in one plane, either would be 
balanced by a couple of equal moment and of opposite 
sign ; it follows therefore that any 
^"'' *'■ two couples of equal moments of the 

same sign and acting in the same 
plane are equivalent to one another, 
however else they differ. The 
same fact may be stated thus : — 
'ih ^ — -^ A couple maybe transferred to any 
c 0.' position in its plane, and its arm 

may be lengthened or shortened 
in any way, provided its moment and the sign of it re- 
main unchanged, e.g. if p and p" are two forces of 12 
units forming a couple whose arm a B is 5 units (say 
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inches) long; and Q and q' are two forces of 10 units 
forming a couple whose arm cD is 6 in, long; these 
couples have equal moments of the same sign (viz.~60) 
and consequently the one coidd be used to replace 
the other, whatever positions they may occupy in the 
plane. 

Ex. 3 1 .—Let a K c D be a rectangle of tlio snrao dimensious as in Es, 30, 
and let it be act*d on by two forces of 12 units, the one fcom. a to e, the 
other from c to ». "We might take nwuy tliese forces, and use instead of 
them two forces of 20 units, ouo acting from b to c, the other from t> to A. 
This is plain, since each pair of forces in a couple, the moment of the former 
being +12x5 and of the latter +2UK3,i.e. +60 in both ciises. 

54. The resultant of two couples is a couple whose 
moment is the sum of the momenta of the two couples, 
their si g;ns heing taken into account; thus, if the moments 
of the separate couples are + 60 and + 50, pounds and 
feet being used as units, we may take an arm (a b) 10 feet 
long, and suppose forces p and r' each of 6 lbs. to act at 
A and B, as shown in the figure ; they are equivalent to the 
former couple, since their moment 
is + 60. If we suppose two forces Q 
and q' each of 5 Ihs. to act at a and ! , 

B, they are equivalent to the latter ^-^ J 

couple, since their moment is + 50; ^i 
the two together are equivalent to r' 
two forces of 11 lbs. each, acting at 
A and B, i-e. to a couple whose moment is 1 10 or 60 + 50, 
If the moments of the couple had been — 60 and + 50, we 
must suppose the directions of p and p' reversed, and the 
four forces will be equivalent to two forces of one pound 
a piece acting at a and B, forming a couple whose moment 
is —10, which is equal to —60 + 50, i.e. the sum of the 
two moments taken with their proper signs. As the same 
reasoning plainly applies to any other case, the statement 
at the head of the article is manifestly true. 
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55. Transfer of a force along a parallel line. — Let 
p be any force acting along the line A d ; draw any line 
B c parallel to a d, and let A n be at right angles to both. 

Suppose forces p' and p" equal to p to act 
p, in opposite directions along bc; these 

.^ forces will be in equilibrium. Conse- 
]» quently, the three equal forces are 
A equivalent to r. iN'ow as r and p" form 
a coTipIe whose moment is a b . p, it 
follows that r acting along a d is equiva- 
lent to an equal force acting in the same direction along 
B c, together with a couple whose moment is a b . p. The 
couple in this case has a positive moment ; if the line b c 
had been on the other side of a d, i.e. to the right of a 
person looking in tlie direction of p's action, the couple 
introduced by the transfer of p would have had a negative 
moment. 

On the other hand, if a force and a couple act on a 
rigid body in the same plane, they are equivalent to a 
force equal to and acting in the same direction as the 
given force ; but along a parallel line whose position is 
determined by the magnitude and sign of the moment of 
the couple. Thus, suppose the units are pounds and 
feet, and that a body is acted on by a force (p') of 8 lbs. 
and a couple whose moments is + 40. The couple will 
be equivalent to two forces (r" and p) of 8 lbs. each, act- 
ing in opposite directions along parallel lines 5 feet apart ; 
the couple may be placed in such a position that one of 
the forces (p") may act along the same Hne, but in an 
opposite direction to p', as shown in the 6gure, the line 
A B being supposed to be 5 feet long. When this has been 
done, it is plain that the force p' and the couple are 
together equivalent to the single force r, which is a force 
of 8 lbs, and acts as above stated. 

56. Resultant of three or more forces. — When three or 
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more forces act in one plane on a rigid body, they may te 
in equiii'brium ; but if not, they can be replaced either by 
a single resultant or by a couple. Thus, if p, Q, E are 
three forces acting in one plane on 
a rigid body, we may produce the 
lines along which r and Q act to 
meet iu A, and by Art. 37 find 
the resultant s of p and Q ; the 
three forces are now repla<;ed by 
the two s and r ; we can produce 
the lines of their action to meet 
in B, and then, by Art. 37, find 

the resultant t of s and B ; this force is the required 
resultant of p, Q and E. This process may be varied in 
several ways, e.g. we may begin by finding the resultant 
of p and R, and then find the resultant of the force so 
found and q. It may happen that r and q are parallel 
forces ; in that case the force s must he found by Art. 46. 
If s and R are found to be equal parallel forces acting in 
opposite directions, they will form a couple ; under all 
other circnmstaucea p, Q and R acting in one plane can be 
replaced by a single resultant or wdl he in equilibrium. 




Er. 32.— Let A BCD be a equiire, and 


ct three equiil forces, p' p"' 


each of 20 units, net from A to c, from n t 


c, and from c to b; find th 


resultant. 




Since P' and p" are a couple, they eim 1 


placed in sucli a way that o 



of them shall actalongCB in an opposite ilireetion 
the other will act as indicated by q, thrmigli a, 
point B so tfttea that b b eqnals a n. This force, 
■which will equal 20 units, is the resultant re- 
quired. The student should maku this out, and 
Uien consider the following results: — (a) Let 
1^ = 1^' r^I* nnits, and p"'=7 imits, the resnltant 
will bo a forcfi of 7 units acting lika a, but n b 
wiEbethedouhleofiB; (*) let p' = p"=p"'=U 
units, but let p"' act in the opposite direcnon, 
riz. from to B ; the three forces are eqniTalent to 



Ai(.)ii 



i, if I' 



i, the three forces 
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Ex. 88. — Let aucd lie !> square, ami let forces of 6 units aet fram A to 
n, c to D, and a to d respectively, and let one of 8 units sxt from c to h ; 
what ifl the resultant of tlia four fortes? 

Sines tho forcoe actln? from A to n and c to d are a couple, thej can lio 
transferred so as to .let along da and i!C respectirely ; we now hare these 
forces ; — 6 units from a to i>, 6 units from d to a, 6 traits from n to c, aod 
8 units from c to n, irhicli ai'c clearly equivalent to a force of 2 units acting 

1)0 a tiiiingle wlioso sides, PC, ca, ah, are re- 
n. long. Let forces P, Q, n, of 15, 18, anil 21 units, 
act from n to c, c to a, and a to n, as sliown in 
tile fignto. Find their resultant. 

Tlie forces are proportional to the sides of the 
triangle ; this suggasta tJio fdlowing solution : — 
Suppose two forc58 (p" p") of 15 units apiece to 
act at A in opposite directions along a line parallel 
into nc; as thase are in equilibrium, (lie five, 
p, p'. p", Q, H, are equivalent to the original three 
T forces ; Lut hy Art. 40, p", a, b are in equilibrium ; 

consequently the original three forces arc equiva- 
lent to tn'o forces (p and p'} of !5 units each forming a couple. As the 
perpendicular let fall from a oq nc is 5-879 in., tho moment of the couplo 

If the sides of the triangle id this example arc of any length, and each 
foreo proportional to the side along Tchich it acts, a similar result will be 
arrived at, viz. that the three forces are eqtuvalent to a couple whose 
moment is proportional to tivico the area of the triangle. The student will 
easily prove tliis, and he should note carefully the difference between tbis 
case — in which tho three forces act along the sides of tho triangle — and 
that discussed in Art. 40, where the forces act on a point along lines 
parallel to the sides of a triangle. 

57. Remarh. — When three or more forces are given it 
will commonly happen that several means maybe adopted 
for finding their resultant, e. g. any of the Examples from 
32 to 34 might be treated by the method suggested in Art. 
56, and the student will find it an instructive exercise 
to work out some of these examples by that method. ' We 
here add one example which diffei-s from those referred to 
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in this respect, that its solution does not admit of obvioi 
simplification by the properties of couples. 

Ex. 35. — Draw an equilateral triringle ahc, and let forces p, «, r, of 
12, and 4 units act along its sides from c to b, i to c, and b to a i 
BpectiTelj ; find their resultant. 

In B A produced take A n of any length, and ^'°- *^- 

from A C cut off a i equal to 3 A fi ; these lines 
represent the forces b and e, and their re- 
sultant is repreaentfid by Ac; produce A c 
and K c to meet in o, make d d equal to a c, 
and oe to 2 a n ; xin may suppose r and the 
resnltant of q and r to act at n, consequently 
p and that resultant are reprosanted by d e "'' 

and 1) d, and by completing the paiallelogram 

D efd, the required resultant of v, a and r, will be rapreaentod hy oj', and 
■will bo found to te a force of 6'93 units. The resultant can also be found 
thus : — Draw c d parallel to a i!, 

and resolve T into two compo- fig. 54. 

nenta, p'and p", along cAandco ; a 

these will he foreea of 8 unit! 
apiece. "We now have a force u — p 
of 4 units acting from a to c, r 

force B of 4 units from Ji to A, and rj-p' "^ ^ q-p' " 

a force p" of 8 units from c to 

». As E and p" are parallel forces acting in opposite directions, we can 
(by Art. 46) find their resultant to be a force p"— k of 4 units, acting 
through E as shown in the figure, b being taken so that-c e equals a c. The 
forces are now reduced to two forces (p"~e and «— p') of 4 units each, 
acting as shown in the figure. Their resultant t can now bo found, and 
the resnlt is that t e a is an angle of 30°, and t a force of 6-93 units. The 
student should carefully work out Loth cases to scale, and ascertain that 
the same resnlt ia obtained by either method. 

58, We will now apply the principles ah'eady explained 
to the solution of a number of questions of practical 
interest, which may he comprised under the foUowing- 
heads : — (a) Tensions of threads. (6) Thrusts and 
tensions of rods, (cj Equilibrium of levers, including the 
balance, {d) Equilibrium of bodies resting on planes, 
(e) Tendency of forces to bend and break rods, and some 
other applications of couples. We shall discuss each par- 
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ticular question briefly, and in many cases merely indi- 
cate the method by which the student may obtain for 
himself tiie desired solution. 

59. Teiishns of threads.-— Tt will be assumed that the 
tlireads are perfectly flexible and without weight. 

Ex. 3C.— A iveight -n' ia fastoiipJ by a knot to ii piint c of a. tlirciul 
whick liaiig? from two points, i ami b ; find tha tensions of tlie thread. 

.. As A and Jt nra known points, anil a u 

■"''■ „ mill jtc of blown Ifiigtlis, the positions 

of ic and cii are known; also cw Ir 
Tcrtic^il. If p anil q nre tlio reactions of 
the fliod points A and n, they ■will he 
tmnEnuttod to c, nnd thu point c will bo 
kept at rest by the focces p, Q, w, as shown 
in the figure. Draw n /', he, ca pnrallel 
to cw, CA, nnd en; if all contains as 
many unils of Itnjjth ns w cintiins linita 
(say lljs.) 6 c nnd c a contiiin ns many units of length as P and a 
ponnds. These are therefore known, and are the tensions of a i' 




of force 
Ex.S 



—In the above case let a n he horizontal and 10 ft. long, a c and 
CH 8 ft. find 6 ft. long respeotivcly, and w a weight of 
'■ 100 lbs. It will be fonnd that p and q are forces of 

60 lbs. and 80 lbs. respectively. 

The student will oleerve that the thread ac: is 
stretched by two equal forces of 80 lbs., one the reae- 
tjon of the fixed point a actmg at a, the other at c due 
to the miction of w ; these forces net ns shown in fig. 
o6. It is tho fnnner force transmitted tlirongh the 
thread to c wliich is shown by p in fig. 65. In like manner n c is stretched 
by two equal forces of 80 lbs. 

Ex. 38.— A thread ia suspended from points a and n ; weights w and w, 
are hung from points ii and oof it ; the positions of An, nc, cd are known, 
and also tho weight tt ; it is required to find w,, and the tensions of tlin 
yirts of the thread. 

Lot p and B he the reactions of the points A and n ; the former is irnns- 
jnitted through the thread to B; so that tlio point B is acted on by two 
forces, p and v, in the directions shown in the figure. Similarly tlie point 
c is Beted on by the forces n and w, in the directions sliowu in the figure. 
Now the tendency of p and w is to mako ji move to the left, vhile that of 
H and w, is to make c move to the right. Thfsti opposite tendencies exactly 
neutralise each other by transmission along the thread cc. Let q ho tho 
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force transmitted from c in consequcneo of the action of n. and -w, ; th^a 

the point E is kapt at rest by the tkreo forces p, q, w. In lito manner.Jf 

Oi is the force transmitted from n in 

consequence of tha action of p and w, 

the point c is kept at rest bj the 

forces a, w,, Qj. As Ihe thread n c is 

at rest, we most have a equal to aj. 

Draw a vertical line dab; let a 6 

contain as many units of length as w 

contains pounds ; draw ic, en parallel 

to BA, Bc ; these lines give p and a; 

consequently a e also gives q,. Draw 

cd parallel to en, then ed and da will give n and Wj. 

Ex. 39.^If B c is horizontal, and Ait and d c inclined to'the"_borijon at 
angles of 67" and 25° respectively, and if w is a weight of 100 lbs., it will 
befoundthatp,Q,B,andw, are forces of 119-3, 65, Tl-7,and 30-3 lbs. The 
Btndont will observe that in this case w and F act on b c at b in the direction 
ctoBwithaforoeof eslbs., whilew, andfiact on jicatcin the direction 
B to c also with a force ot 85 lbs. : b c is therefore stretched by these two 
forces. Similarly ab is slretelied by two eqnal forces of llS'S^lbs,, and 
CD by two of 71-7 lbs. So that the tensions of ab, bc, cDare 119-3 11)3., 
65 1!m., and 71-7 lbs. respectively, 

Ex. 40. — A thread of given length (a) is fastened to two given points ; 
it passes through a smooth ring carrying a weight (w) ; find^the piffiition in 
which it will come to rest, and the tension of the thread. 

The tension of the thread must be the same throughont, so that the 
reactions at a and n must be equal forces, which, being transmitted through 
the thread, support the weight w. The thread must therefore come'into 
such a position that the angle between its two 
parts shall be bisected by a vortical line, "' 

Let A and B be the two points ; draw a vertical p 
line E c ; with centre A and. radius a describe a 
circle cutting B c in c ; make the angle ced eqnal 
to A C E ; then n -a will equal D c (Euel. i. 6), and 
ABB is the position of the thread. For if a 
vertical line h b w be drawn through D, it Is plain 
that the angles ADN and DB M are eqnal. If p is 
the tension of the thread, n is in equilibrium nnder w o 

the action of the three forces w, p, and p. Also 
it is pl^n that these forces aro proportional to the sides of the trianglo 



Ex. 41.— Let A 11 be horizontal and 1 2 ft. long, the length of the thread 
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20 ft., anil IT a weight of 150 lbs.; it will ta fouud that the tension of tin 
thread ia a force of 93S Iba. 

Ex. 42.— A tlirenil is fosteiieil to the point ii, nnd has B weight P (o: 

10 Its.) fastened to tilt other end; it passes over a smooth point A, anc 

through a smooth ring carrying u weight n- (o: 

~ " 15 Iba.) ; find the position in which the whole ivil' 

Here a weight of 15 ll«. is supported by twt 
forces of 10 lbs. Draw any vertical line ah. con- 
taining 15 unite of length, and construct the tri' 
angle abc, whose other sid«s are ID units apiece; 
three forces of 15, 10, and 10 lbs. apiece acting 
on a point parallel to the sides of this triangle 
will keep the point at rest ; draw e c and k c 
porallel to i c and a e, and draw the vertical lines 
A P and c w ; then p a c n is Che position of the thread, and c that of the 
ring. The forces acting oo the ring at c are (1) the forco traosmitted to 
c from T {10 lbs.) in the direction ca, (2) the force transmitted to c from 
the reaction of b (10 lbs.) in the direction en, (^ the weight w(15 Its.) 

Sx, 43. — Suppose the line A e to be inclined at an anglit of 30° to the 
horizon, and suppose p and w to be fiO and 80 lbs. reapectively ; find (1) 
the position in which w will come to rest, (2) the ma'gnitude nnd direction 
of tlie pressure on A ; and show that if a and n are 12 fL apart the thread 
must be more thnn 17-3 ft. long. 

60. Thrusts and teiisions of rods. — In questions re- 
garding a framework of rods we make the following sup- 
positions : — (1) that the rods are without weight; (2) 
that they are without thickness ; (3) that the joint con- 
j,^^ ^j, necting any two rods is made hy means 

of a perfectly smooth rivet. The conse- 
quence of these suppositions' is that the 
force transmitted from joint to joint passes 
wholly along the rod ; e. g. suppose a B to 
he a rod capable of turning quite freely 
round the point A, suppose it without weight, and suppose 
, it to be acted on at the end b by a force p. The only 
forces keeping the rod at rest are P and the reaction of 
a; these must act along ab. If the force p were to 
act as shown in the figure, it would make the rod turn 
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iight of oOO Iba., tLere will lie a pressure 
g AE, aiul a pressure of 36@ lbs. i 
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round A. If the rod were heavy, the resultant of P and the 
■weight of the rod would have to pass through a. If the 
rivet were exceedingly rough, the force p might act along 
a line passing considerably to the right or left of A without 
causing the rod to turn. 

Ex. 44. — Let AH and ac Tie two rode loosely joiutod at a, aud let tteir 
ends rest at b and o ; a weight p is hung at A ; 
find the pressurBB produced at B and c. 

Take i.p to represent P ; complote tlie paral- 
lelogram xqpr; i.q and Ar represent the 
components of p along A n and A C ; these can 
be transmitted only in the direction a to b and 
A to c ; consequently they aro the pressures 
exerted at b and c. 

Ex. 46. — If A B and A c arc inelioed to the vertical at angles of 4S° and 
eO° respectively, and if 
<t{ 448-3 lbs. exerted a 

Ex. 46. — A triangular fninio ABC conaisting of rods loosely Jointed 
the angles is in equililiriitm under th« action of three forces acting 
each angle ; it is required to find the thci 

subjected. 

Let the forces P, a, e act at the 
angles a, b, c respectively, and suppoEe 
their directions to pass through a point 
^^. In the first place they must be in 
equilibrium, or otherwise they would 
make the frame itself move ; draw k k 
parallel to o a, then we know tliat the 
forces p, Q, B are proportional to ha, 
ok, and AS. Take a a, b&, cc equal 
ta oh, oi, and i:h respactivelj, and 
■complete the parallelograma ia'aa", 
sb'b h", c c' c o" ; it will be found that 
Ao"-!)*', B6"=ec', and cc" = A<t'. 
"We SOB therefore that eachrod is under 
the action of a pair of &qual forces 
which tend to crush A c and A e, and to " 

Btcetch n C ; these forces are severallj 
proportional to A a", cd', Einds'/'. These lines therefore mi 
tpf AB and A c and the tension of bc. The magnitudes of these forces eau be 
obtained by a more simple construction, thus ;— Draw he parallel to OA, 
and containing as many units of length as p contains units of force ; draw 



which each rod \i 




■X the thrusts 
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; draw tlie lines on, o c, making 
mi\ 40' respectivolj, o and a lining 
to be a framfiffork of ihrea fqu.il 
along the lino AO, 



e It, o S parallel to o n and o c respectively ; draiv a d parallel to n c, rf e to 
A B, and join b d (the line bdhs parallel to a c, as the etudeiit can prore), 
and ire shall haveeir, aS, nrf, dc, bd containing as many units of length 
leapectdTely as the forces q, b, tha tension of i>c, and the thrusts of ah ami 
c A contaJQ units of force. This is plain from an inspection of the figure. 
Since « i c ia the triangle of forcea for the thr« forces i:i c>qnilihriura at 
the point o, oda for the three forces at the point -i^dah for the forces 
at c, and bcdSov those at a. 

Ex. 47- — Draw an equiUteral A ii C 
with E c angles o b c and o c i; of 30° i 
on opposite sides of it c ; snppose A s c 
rods, and that b force of 1,000 lbs. aci 

balanced by forces a and n acting on the angles b and c along the linfs 
o c ; it Trill be found that a is a force of 865 lbs., n of 878*2 Ib^., and that 
the tension of nc equ.ils 998'8 lbs., the thrusts of ae and a c 499'4 lbs. 
and e.51'9 lbs. respeetiTcIy. 

The student will particularly obsen-e that in this case the lino hc is 
Btretched by two forces of 098-8 lbs. apiece, one produced by Q and the other 
bys; the line ae is compressed by two forces of 499-4 lbs. .ipiece, one 
produced by p and the other by a ; and the line a c is compressed by two 
forces of 6ol'9 lbs. apiece, one produced by P und tlie other Ly n. 

Ex. 48. — Let ABC be an isosceles framewort sufitaining a weight w ac 
the point a, and resting on two points n c in the same horizontal line ; find 
"le points Band o, and the forces trnnamittod along the rodsj 
Take An to represent v ; draw ab parallel! 
to A c ; draw be parallel to sc; tlien aS 
will giro the thrust of ab, be tlie tension 
of n c, and ac the pressure on the point of 
support n. It is plain that the thrust of 
A c equals that of A n, and the pressure on 
L- equals that on n; audsinco i.c = ca, tlie pres- 
sure on B equals J w. This is evident, since 
A a i is the triangle of forces for the three 
forces in equilibrium at a, and Ahv the tri- 
angle for the three forces at e. 
If a line is drown through b parallel to A c, cutting a w in k, it will bo 
evident that the weight w, the tension of m c, and the thrust of cither a r, 
or AC, are proportional to the lines A£, ed, and ae. The figure repre- 
sents a roof, the feet of the rafters of which arc tied by the tie-beam e c ; 
WB see therefore that the weight at the summit of the roof, the thrust of 
the rafter, and the tension of the tie-b*am are respectively proportional to 
2 A B (twice the pitch), a e (the length of the rafter), and } B o (5 span). 

Ex. 49.— If 4 B and A C are eacli 20 ft. lonR, and e o 32 ft. long, and the 
weight at a half a ton, we find tliat the thrust yf tht rafters equals 933 lis.. 
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iinil the tension of the tie-beam 747 lbs., while the weight supported by 
each \eaJl is 560 lbs. 

If the tie-beam were cut there woulii (in this case) be ate and ca hori- 
zon al 1 ward pressure of 747 lbs. eiorted on each Ttall and tending to 
overthrow it; the nso of the tie-beam is to enable these two forces to 
ne tralise each other ; so that the wall maj be relieved froni eTerypreBsura 
except the vertical pressure due to the weight of the roof. 

El 01 — AH is B block firmly fixed in the ground, to which two rods 
A c and B c are attached ; A b, n c, and c a are 8 ft., 30 ft., and 24 ft. long 
respectivelj ; a weight of 6 tons is hnng at c ; required the forces trana- 
niitted along tho rods. 

As tlie forces which support, w must be transmitted along the rods, we 
1 h D ft dl I 

gth, 



riG, 6 




ac ts g orus un the action of two forces of 1 8 tons 

•each tending to stretch it. The two former forces are tho reaction of tho 
'fixed prant B and the part of w reEOlvcsl along bo; tlie two latter forces 
are the reaction of tho fixed point A and the part of w resolved along 
AC. Since the triangle abc is evidently similar to flic, we might have 
determined tho forces at once from the former triangle. The triangle in 
this case is of the kind which occurs in a crane ; foe a complete diecnssion 
of the eqnihiiriaro of a loaded crane several other points would have to be 
taken into aceonnt which our limits will not allow ns to enter upon. It 
may be mentioned, however, that two tension rods (such as \c) are used 
to CBSure stability in other vertical planes besides that coirespocdirig to the 
plane of the paper, 

61. Levers. — A lever, considered as a statical imple- 
■ment, is merely a rigid rod kept in equilibrium by the 
action of three or more forces ; in most cases it rests on a 
fixed point or fulcrum round which ifc can turn, the 
leaction of this point being one of the forces. If the 
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relation between the forces, other than this reaction, la all 
that is required, it is at once given by taking their 
momenta with respect to the fulcrum, as in Ex. 23. A 
lever is commonly used to raise a weight or overcome 
some other resistance ; accordingly, the two forces which 
act on the rod in addition to the reaction of the fulcrum 
are commonly called the power and the weight (see 
Art. 73). If the fulcrum is between the power and the 
weight, the lever is of the first order ; if the weight is 
between the power and the fulcrum, the lever is of the 
second order ; if the power is between the weight and the 
fiilcmm, the lever is of the third order. 

Er. 51.— A B and c d sra two lerer?, turning round fnlcruma h and d ; 
the ends b and c are connected by n link b c ; a weight (-w) of 3000 lbs. at 



^, 



is supported by p acting at 
p, having given the following diniei 



W tends to make the end c fiill, 
it therefore tierts a for^e (h) at c 
which is transmitted alone the linfc 
"' "' to jt, Hnd IS balanced by p conae- 

quently the moments of r and p 
nith regnril W B must bo equal, i.e. 60p = 6e or B = 10 p. In lita 
manner p tends to make n rise ; it therefore oi«rts a force b' at B which is 
transmitted along the link to c and is balanced by w ; consequently the 
momenta of a' and w with regard to d must, be equal, i.e. eOn'^iw or 
e' = ^w. Now as the lick is at rest the forces n and n' must be equal, 
and therefore 10 p-^ w or p = 30 lbs., and b or b' equals 200. Tlie link 
ifl stretched by two forces of 200 lbs. apiece. 

In tbe case of the lever & d the force p would be reckoned as the power 
and Baa the weight, A B is therefore a lever of the first order; in the case 
of CD the force e' is the power and w is the weight; CD is therefore a level 
of the second order, 

62. rs« fteeft/ard is merely a lever a b weighted at the end a, near the 

p^ 5^ fulcrum (f) on which it turns. At b is a 

I % J f hook or scale-pun, from which to hang tUlB 

p. I_ i_ ' ji 1 'ji g r '^ BBbstancewhose weight is required ; there 

1 *" is B weight which can be moved backward 

• and forward along the arm a r ; when tha 

arm ( p is properly graduated, the weight of the substance in the scale-paii 
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ifl aaoertaiaeii by the position of thp moveatle weigbt ; and tie gradna* 
tions mada for this purpose mast be equal, as we shall proceed to show. It 
will be supposed that the lerer exactly balances on the fulcrum when tli9 
moTeable weight is taken off, and the scale-pan is empty, so that tha 
weight of the instrument can be put out of the qneBtion, Suppose the move- 
able weight to be I lb., and that f a is seven times f b ; if a mass is put 
into the scale-paaandbalancedbjllb. at A, it is plain that the mass weighs 
7 lbs. ; for by taking moments about e we find that 

(weight of mass) ;< e b = (weight of 1 lb,) x p a, 
and we know that fa is seven times fb. Now divide fa into seven equal 
parta at a, b, c, d, e, f. Each part will be equal to F n ; then the body must 
weigh 1 ib., if when placed in the seale-pan it is balanced by the moveable 
weight at a ; it must weigh 2 lbs. if balanced by the moveable weight at b, 
and so on. Suppose, for instance, that the body were balanced by tha 
moveable weight when placed at if ; we have from the principle of moment 

(weight of body) x f h = (weight of I lb.) x f d. 

How V Q equals 4 . F B ; and therefore the weight of the body mast be i lbs. 
It is plain that if each division were subdivided into quarters, the weight 
of a substance could be ascertained to quarters of a pound by the one move- 
able weight, provided it did not exceed 7 lbs. 

Suppose now it is required to ascertain the weights of substances with 
this instrument up to 1 cwt. ; take three weights each of 4 lbs., three weights 
each of 1 lb., and the one moveable weight, these will be suiBcient ; each 
of the first thiee when placed at a will balance 28 lbs. at b; each of ths 
second three will balance 7 lbs. at b, and the remainder will be ascertained 
by the position of the moveable weight. Thus, when a certain body is in 
the scale-pan, suppose that it is counterpoised by three of the former weights, 
two of the latter, and by Ihe moveable weight midway, between e and /; 
the weight of the body must be 3 k 38 + 3 x 7 + 55 lbs,, or 3 qrs. 19J lbs. 
Of course if the first three weights were marked 28 lbs., and the latter throa 
7 lbs., the weight of the body could be read off just as easily as when the. 
weighing is performed by hti ordinary balance. In this case the instrument 
enables us to weigh a hundredweight by weights amounting in all to 16 Iba, 
Any other division of fa might be adopted; e.g. if it were made long^ 
enough to admit of 28 principal divisions, it would enable us to weigh a 
hundredweight by a weight of 4 lbs. 

We have assumed that when all weights are taken off, the instrument 
balances upon the fulcrum. This need not be the case ; it is enough that 
the zeio of the graduation should be at the point at which the moveabls 
weight must bo placed to balance the instrument when the scale-pan is 
empty. The student should prove this, 

63. The ba!aiiee is, in principle, merely a lever of the first order with, 
equal arms, to each of which a scale-pan is altaehe'l, so that the whola 
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exactly balances on Ihe fulci'iim ; it of course folloits tlwt if a mass ifi put 
into each Eim.le-pnn, and tbe whole continues in exact eqnililnium, the 
nlasBes miist]lje equal. Nothing can be simpler; but in pmctice there is a 
difficulty which maybe explained thus: — Tate an ordinary IsUauce eucli as 
is used for weighing letters, and put n 2-oz. weight in one seale-prm, and 
balance it hy^utfing a pile of paper in the other ; it will he found that a. 
small piece of paper, weighing perhaps nbout a grain, ciu he added to or 
taken from^the pile with scarcely any sensible effect on the bidanee ; we 
cannot therefore affirm that the pile of paper weighs 2 obs. (87o grains), 
but only that^^it weighs hctwccn 874 and 876 grains. With a less perfect 
balance we might cot be able to affirm more than tliat the sulistnnce weighs 
between 872 and 878 grains ; with a more perfect balance we might bo 
ahle to affirm that the weight was between 874"9 and 87a'l grains, and so 
on in other^cases. When the beam of a balance is caused to he distinctly 
inclined to tlie horizon by a very small difference between tlie weights, tbe 
instrument is said to be sensitive or to possess groat sensibility. 

Want of sensibility may be due to friction at the points of suspension ; 
to avoid this source of imperfection, the balance is made to turn on tlie edge 
of a hard steel wedgo resting on a hard smooth surface, and the scale-pans 
are hung on similar wedges — these wedges, we may remark, are often called 
k'nifC'edges. If we suppose friction to he thus put out of the question, the 
leniiuning conditions of sensibility may be investigated as follows ;— 

Let A It be the heam of a balance, a and n tlie knife-edges from which 
the scale-pans arc suspended, c the knife-edge on which tlie balance rests ; 
let G be the centre of gravity of the beam. We 
"^' '■ will denote liy w the weight of the beam, by 

F + p and p the weights suspended at a and n, 
iucluding tlie weights of the scale-pans, and by 
e the angle at which Ait is inclined to the 
horizon when the whole is in equilibrium. We 
will also denote the lengths of the equal arms 
' ' AC and Bc by n and co by /i. We have to 

determine tbe relation between these quantities. Through c draw the hori- 
zontal line h k, cutting the vertical lines through a, ti and a, in A, k and I 
respectively. How since the forces are in equilibrium about c, the principle 
of moments gives the equation 

But C A is equal to C A ; we therefore have 
p.ci-w.c/. 
We might reason upon this equation, but it will be convenient to write it 
in a slightly different form. It is plain tliat a c i and c a i are equal to the 
angle we have denoted by fl, and consequently c A^a cos Band c ; = 5sin fl ; 
the above equation is therefore eqaivalent to the following — 
fan = ^4. 
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It is plain from this that tan e(aiid therefore also the angle fl)is greater 
for a given value of p, when a is greater, w leas, and b Ibsb. Now for a 
given value of p, the sensibility is greater the greater the angle, and conse- 
qiientljthe Bensiljility of a balance is increased, other tbinga being the same, 
(1) by increasing the length of the arm, (2) by diminishing the weight of 
Uie beam, (8) by diminishing the depth of the centre of gravity of the beam 
baloTT the point of support. These conditions to a certain extent conflict 
with each other; o.g. Hsthe beam must not sensibly bend under the weight, 
it is not easy to lengthen the ami, without increasing the weight ; again, 
if Q is brought too near to c, flie stability of the machine may be too much 
diminished. It is possible, however, to combine these conditions in such a 
manner that the instrument will render manifest a, difference between the 
weights amounting to l-500,00(lth of either; e.g. it will enable an experi- 
menter fo distinguish between a pound and a pound plus a, seventieth part 
■of a grain. 

64. Cases of a body resting against a fixed plane or 
planes. — Before entering on this series of examples it will 
.be only necessary to remind the reader that when there 
is one plane, its reaction is one of the forces which keep 
■the body in equiUhrium. If we suppose the plane to be 
smooth, the reaction will be exerted in a direction at right 
.angles to the plane. If we suppose the plane to be rough, 
■the direction will often be indeterminate, unless we know 
something more than merely that the body is at rest. 
This indeterminateness arises simply from deficiency of 
data ; if we know that the body is on the point of sliding 
in some assigned direction, the direction of the reaction is 
then known. A similar remark applies when the body rests 
-against two planes. The student picea. 

should reconsider Arts. 10. 11, 12 
before going further. 

Ex. 52. — A body of given weight rests on 
■■ a, plane a ^, inclined at a given angle to thu 
.horizon ; it is acted on along a given lino c p 

by a force (p) ; it is required to find p when 

on the point of making the body slide up tlie 

Draw the figure to scale and find o the centre of gravity of tl 
through G draw the Tertical line ow, cutting PC produced in n ; as tha 
ibrces p and w are balanced by the reaction (b) of the plane, that force 
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muat act thFOHgh t!ie point n ; driw □ e nt right angles to i-B, and nmke 
the angle E d f equiil to the angle of friction ; the reaction must act along 
the line FD (as shoirn in the figure). That it must art along this lias is 
plflin— as the body is on the point of sliding, it's direction must make 
nn angle irilh the perpendicular equal to the anglu of friction, nod as the 
eliding is about to take place in the direction 4 to b, f must be between m 
end B, as Mction ahvays opposes motion ; if the sliding were about to taka 
place in the opposite direction, p would be between ji and A. Tlic question 
is thus reduced to a case of the eqallilidum of three forces acting on a. 
point. Draw to scale be a Tertical line proportional to w, and mnke ca 
and ab piir^llol to D r and DP, then ca and a!/ to tho same scale will 
give the forces e and p. 

Ex, 53.— Suppose the body to weigh 4C0 lbs., the plane to Iio inclined 
to the horizon at an angle of 20°, the Hue c P to be ineliaod to tlie plane at 
an angle of 10°, and the angle of friction to bo that proper to wood on 
■wood (18°). It nill be found from a construction similar to that given 
in the last example that p and b are forces of 2487 lbs. and 349*8 lbs. In 
other words, a force of 2487 lbs. acting in the specified direction would 
Just be enough to make tlio body slide up the plane ; the mutual action 
between the plane and the body takes pl.ice along the line BF, and equals 
349'8 lbs.; i.e. in consequence of the joint action of f and the weight, the 
body is urged against the plane by a, force of 34B8 lbs. in the direction D 
to F, and the plane reacts against the body with an equal force in the oppo- 
site direction. In this determination there is only one pcunt open to doubt, 
viz. the exact value of the angle of friction, about the magnitude of which 
we can say nothing more exact than this; — if tlie body were a mass of 
wood urged against a wooden plane, the angle would ha about 18°, and if 
the angle were exactly 18°, tlie result arrived at in tho present question 
would be strictly correct. 

Ex, 6i. — Other things being tho same as in the last example, except 
that the mass and the plane are snpposed to be both of mela!, find tho 
valnes of p nnd r. 

In this case the angle of tHction is 10°, and it will be found thftt p is a 
force of 200 lbs. and s. of 346-4 lbs. 

Ex, 55. — In the last example let it be required to determine the forco 
which will just support the body on the inclined plane. 

In this Cttsi^, as tho tendency of the body is to slide down the plane, the 
line FSB must be drawn on the side of n e, opposite to that shown in 
fig. 68, and (since in this case the angle of friction is 10°) makiuf* an angle 
of 10° with DE. Tho results arrived at will be that p is a force of 73-9 lbs. 
and B of 368'7 lbs. On compariug tliis result with that ohtained in tha 
last eiainple the student will see that any force intermediate to 73-9 lbs. and 
200 lbs. acting in tlic specified direction will support the body ; the only 
effect produced by varying the force within these limits will be to changa 
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tile Binonnt ancl direction of Ihe nmtual aclion between the Wly and the 
plans. TLus, if p were a, force of 100 lbs., it would be fouad that B tcouI^ 
be a force of 361 lbs., and acting along a line inclined to s is (tig. 68) at aa 
angle of 6° 6', and catting the plane between a and b. On tbe other hand, 
if the plane were perfectly smooth, tho mutual action would taie place 
along the perpendicular b d (fig. 68), and with the same data as before it 
-wonldbefound thatPvillboafoTceof 138*9 1bs. andRof 3Sl'71bs. Ifp 
were greater than 138'9 lbs., it woiiM make the body slide up the plane; if 
less, it would not keep Ihe body from sliding down. The student should 
Terify these results, and should notice particularly the effect of the rough- 
ness of the plane in rendering eqailibrium possible when the force p lies 
between certain limits ; whereas, if the plane were smootll, equilibrinm 
would be possible only when p hsa exactly one value. 

One point connected witii the previous examples deserves notice. It 
has been assumed that the point f falls within the base i b ; if (bis were 
not the case, the body would be overthrown ; e. g. suppose the force p tj> act 
along the line DC (fig, 68), and to be gradn^y increased, for every in- 
creaee the direction of the mutual action is changed,and the point s will 
wove towards s ; if the body is shaped in such a manner that f reaches B 
before p has the value necessary to make the body slide, the body will be 
overthrown before it slides. 

Ex. 56.— A cylinder of wood stands on a horizontal wooden floor, a hori- 
zontal force is applied to it and gradually increased ; 
if the force is applied at a distance above the floor of 
more than §rds of the diameter of the base, the body „ i, r. 
will topple before it slides ; if otherwise, the body 
will slldo before it topples. 

Draw the aiis a h, and in it take a point o. such 
that the angle hob may equal 1@° ; then no will he 
nearly 3J times an, or nearly ^rds of the dia- 
meter A B. Lot p be the force applied to tho body, 
and let its line of action cut n i in p ; join r n, and }t i- i 

suppose P to be increased till the resultant of p and \ yf 

tlie weight (w) acts along P e ; as the angle a f B is 
less tiian aoB, i.e. 18°, it is less than tho angle of Motion in this case, 
and conseqnentiy p is not large enough to mate the body slide ; but the 
smallest addition to P would overthrow it. 

Ex. 57. — If the height of the cylinder in the last example were twice ita 
diameter, and its weight were 100 lbs., a horizontal force of 25 lbs. applied 
to the body through h would be just sufficient to overthrow it ; but if the 
horizontal force were applied so Ihat its line of action cuts the axis at H, a 
point BO chosen that nH equals « D, Ihe body would not move unless the . 
force were equal to 33 lbs., and then it would slide; in tho latter case, if 
the force exceeded 100 lbs., it would cause both sliding and toppling. 
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Ex, 58. — If the plane is perfectly smooth and tlio force nets iu a direction 
parallel to the inclined plane, show that the force, rcnction, and n-eight are 
proportional to tliu height, hase, nnd lengtli of plitne. This reault, tlioiigli 
easily proi-ed, is of^mportnnco, and the studeot should mnko it out «ire- 
fully ; he should idso notice that it follontt that when n lioily is placed on a 
■perfectly smooth horizontal plane the smallest possible liorizontal force will 

Ei^, fi9. — A hodj is placed on a, n>ngh hoiizontal plane, and a lino is 
dra,wn upward from tlio plane, mating with it an angle equal to the anglo 
of friction; show that tliis is the direction of the smallest force whicli will 
make the lioily slide. 

Ex. 60. — A sphere or cylinder rests Jietweeu two smooth, inclined planes ; 
to find tlie pressure sustiiined by each plane. 

Let o be tlie centre of the sphere placed 

■^"'- '"■ between the two planes Ci and cb, ami 

touching tliem at D and e respectively ■ if 

E and n, ace the react ons of t) o pi ne 

thoy will act alo g do n 1 e o re«pec 

tivt'ly, iind the thr o forces m n n u>*t 

bo iu equilibrium Dr w on scale th 

vertical line a/i proport on 1 to w anl 

dmiv So and cop rallcl to do anl fo 

be and ca will give on scale the magnitudes of E and n, wl ch are equ 1 

and opposite to the pressures on tlio planes. 

Ex. 61. — If CA and en (on opposite sides of the vertical tliroughc, as in 
fig. 70) are inclineil to the horizon at angles of 50° and 70° respec- 
tively, and if w weighs 100 lbs., the ceaelions e and h, are lOSS lbs. and 
88-5 lbs. The pressures on the planes are equal and opposite to these 
-reactions. 

Ex. 62.— If c A and en (Ex. eO)acc on thsEnme side of the vertical through 
c, and are inclined to the horizoa at angles of 40° and 70° respectively (bo 
Fio. 71. that the angle betivecn the planes is 

i of 30°), when the sphere weighs 
) lbs. Hie reactions will be re- 
spectively 225-5 lbs. and 154-3 lbs. ; 
1 pccBsores on the phtne being 
equal anil opposite to these forces. 

Ex. 63.— A uniform rod is placed 
IjetBeen two smooth inclined plfliUeH j 
tind the position in which it comes 



iddle point of the rod A 
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acted on by three forces, its weight acting Tetticnllj- through o, and the 
reactions b and n, of tho pinnes nhich act at right angles to c a and c k 
respectively; nowwhen the tod is in its position of rest, the directions of 
these tliree forces must pass throngli a common point (Art. 41); the 
position can therefore bo found as follows :^jU!aio the angles cco^ 
and yo2 equal ta the inclinations of ca and ck to the horizon; take 
o c any length, and complete the parallelogram oacb; draw tJie diag- 
onal ab, and produce it till ae equals the length of the rod; diaw«K 
parallel to o iT, and X H piiallel to a « ; draw l h and l k at right angles to. 
ox and o^; then if ca and cb were taken equal in length to tB and tK, 
A B would bo the required position of the rod. The student should care- 
fully make out that this construction givea tlis required position. 

Ex. 64.— If the inclinQtions of c A and c ii are 30° and *5° respectively, 
andif AB is rod 8 ft (96 in.) long, it will be found that when CAand cb 
are taJcen 41'8 in. and 76*3 in. long respectively, tho rod will be in its 
position of equilibrium. 

Ex. 65. — A rod (ab) with its centre of gravity in a given point (o) is 
placed at a given inclination with one end on the ground and tho otlier 
against a vertical wall ; ascertain whether it will continue at rest, the angle 
of friction (ip) between the lower end and the ground and that between the 
upper end and wall (^,) being given. 

Draw the vertical and horizontal lines da, » b ; make the angle b a o 
equal to ^, and let a o out the vertical lino through 
Gino; joinoB; if obd isle^than ^, thsrodwill Fio,7Z, 

continne at rest. There is nothing, however, in the 
data to show that the reaction of the ground at A acts 
along A o, or that the reaction of the wall at n acts 
along B ; in fact, with the data, these reactions and 
their lines of action are indeterminate. If obd 
equals ^1, the rod ia just on the point of sliding. 
In this case the directions, and therefore also the 
magriitudes, of the reactions are determinate. 

Ex. 60. — If the angles of fiiction at a and n are eaeh 33°, find how far 
from the end A of tho rod its centre of gravity must be if it stand just on 
the point of sliding when inchned at an angle of 45° to the horizon ; the 
length of tho rod being 40 ft. A diagram must be drawn like %. 72 ; the 
angles bag, dao, dbo, being made equal to 45°, 33° and 33° respec- 
tively ; a vortical line drawn through o will cut the line A b in o the centro 
of gravity, which will be found to be slightlj m th n 30 ft from the end a. 

Ex. 67.— With the data of Ei. 65, fi 1 wh t pos t on the rod will 

Draw AE the rod and mark a its t f g vity on ab describe 
a segment of a circle containing an angl eq It 90 -H^— ipi. At o tho 
centre of the circle make the angle a e eq 1 t <j join oe; if aob. 
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■equals or osccoils a riglit angle, the rod will not sliile in any position 

*OB ia less tli-iD a right angle, (Irnw Ai> at right nnglca to ge, tlien i 

is tlie itidination of Clio rod t 




the 



iionzon when on the point of sliil- 
ing. WociineaBiljpcovetMs,foTif 
ve (Iraw iic at right angles to AD. 
thu rehitiro positions of the rotl, the 
ground, and tlio wall, when the ro<l 
ia on the point of sliding ought to 
be givon by i n, a c, and b c ; and 
tliat this is the case is evident, for 



join 






, the h: 
a that EI 



11 = 00-^1, 

i.e. CBF''90 + f,. Ifthu roaetiona 
come along these lines they will 
balance tho weight, and hb they 
net along tlieae lines, tliu points a 
iind E are both in tho act of sliding, by wliat was shown in Ex. 6.5. 

Ex. 68. — If tha angluB if and $, are equal {i.e. ground nnd wall uqunlly 
Tough), and if the rod is of uniform density so that its centre of gravitj- is 
at its centre, the roil will begin to slide at an ineliniition of 90 — 3 $ to tho 
horizon. 

Ex. 69.— If AB is 40 ft. long, and its contra of gravity 10 ft. IVom a, and if 
the angle of friction at a is 18" and tliat at b 33°, it will be found tluit the 
Tod will begin to slide when inclined at an angle of 19° SI' to the horizoa. 

65. Body in eqvAlihrium oti a rough axle. — It is 
usual to suppose that the axle may be treated as a 
geometrical line, or, which comes to the same thing, that 
there is ao friction between the axle and its bearing ; it 
■will be instructive, however, to consider a case in vhich 
the friction is taken into account, 

Er. 70. — Let a n be a lovoc of the first order, capable of turning on an 

aslo c of given rjdiu?, tho cci-efBcient of friction botwoen which and its 

P,g jj bearing is known ; roquirad the re- 

, -B. lation between tho forces p and o — 

supposed to act rerticallj- domiwanl 

— — when p is on tho point of prepon- 

,^| Z 3 C j - jj derating. Draw tho vertiefll radius 

!j , N (Ly . M c h, make the angle J c A equal to 

Jt ^ i the angle of friction, and draw 

ia a vertical line euttiug A e in o, 
"When p is on tho point of making the ailo slide on its bearing, the re- 
action of the bearing, and therefore thu resultint of p and e, will iii't along 
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its. This is BTident ; for if the reaction nets from h to a, the friction irill 
BCt in die direction from * to A, i.o. in the oppoeita direction Ifl that in 
which sliding \s on the point of taking place. Not, since o is a point in 
the resultant of P and Q, and the forces tend to turn the body in opposite 
diiGClJons, the momenta of P and Q with respect to o must be equal, and 
therefore o a . p equals O B . a. The distance c O may be detenniiied by draw- 
ing the aile to a large scale; but ifc can be found with sufficient accuracy 
ae folloirs : let r denote the radius of tlie axle and p the co-efficient of fric- 
tion between asle and hearing ; c o is strictly equal to r x sine of angle of 
friction, and this, at all events when an unguent is used, will not sensibly 
differ from r fi. If. therefore, c A and c B are denoted by ji and 5 respec- 
tively, o A equals j> — J" ji and o b 5 + rfi; so that we obtain the relation 

If tj were tiio preponderating force, o -would fall between b and c, and ive 
should obtain the relation 

Mx. 71. — Let the lever be a mass of 5 tons whose centre of gravity is 
15 in. from the centre of the nsle, and let p act at a distance of 4 ft. from 
the same point ; also suppose the radius of the ajle to bo 6 in., and the co- 
efSdent of friction between axle and bearing to he 01. Tlien p, when on 
tbe point of overcoming the weight, must be a force of 8886 lbs., and when 
it only just prevents the weight from falling, it must be a force of 3318 ILs. 
If p has any magnitude between 3S1S and 8B86 lbs. it will support tlie 
■weight. If the axle were smooth, p must be a force of exactly 3500 lbs. to 
balance the weight. Two other points call for notice; (1) Suppose p to 
change gradually from 3319 to 3686 Ihs., the weight may be slightly raised 
during the change in virtue of the rtMing of the axle on the beaiing, pro- 
Tided the radius of tlie uxle is smaller tliau that of the bearing. (2) The 
axle will, in reality, rest on two bearings, as in fie case of the trunnions 
of a gun ; one bearing supporting one half of the wholo foi-ee P + a, while 
the other bearing supports the other half. 

66. ApplicatioTis of couples. — In the following ex- 
amples use will be made of the properties of couples ; the 
student wiU therefore find it advantageous to go cai'efully 
, through Art. 51—55, before considering what follows. 

JEr. 72. — A rod ab without weight rests on two points, one under each 
end ; a given weight (r) is suspended from __ 

a given point of it (c) ; find the tendency of 
the weight to break the rod at any specified .^ .b.^ 

point (d) between c ,ind b. p j, j 

The rod is nnder the action of three ■*■ 1 ' *b 

forces, P and the reactions b and b, of the p 

' fnlcrnmB A and n. Assuming tliat the rod 
bends but slightly, n will equal pxbc+Ab, and Bi will equal p xic-=-AB. 



......etv Google 



80 THEORETICAL JIECHAXICS. 

How tlie forco n, acting nt b is equivalent to !i farcu n, acting at d in the 
Esmo direction, tJigotlior witJi a couple whosa moment ia + Bj. u d ; in the 
same manner tlio forces a ami p, aetjng at A and c, are equivalent to equal 
forces acting in the anmo direction nt D, togetliei.' iiilli couples whoso 
moments are — b. ad and p. CD. Let fig. 76 repraeent a, 
'^' ' ' portion of the rod in tJie neiglilioiirhood of tlio point D. 

. n.. Wb see in the first place that the tflntleney of the tnma- 
ferrcd forces is to divide the roil Iiy making tlie parts a a 
[I iiud ED slide in opposite dircolionB over the lino at n : 

II since li + n, equals p, tlio tendency to ma^o on slide 

upward is eqnnl and opposito to the tendency to make d a 
slide downward. When two forces Imvo this tendcnej- So 
mate two parts of the same liody slido over eaeli other 
in opposite directions, tliey are eaiil to lie shearing forces ; 
nud the tendencj' to produce shearing may ho measuiod hy either of tliem, 
in tha same Wiiy that either of the equal forces which stretch a thread 
measures its tension. In tlie neitt place tlio tendency of tlio one couplo 
+ H| . D B is to turn ii n round b in the opposite diicction to that of the 
motion of the hands of a watch ; that of tlie other couples (which are- 
equivalent to a single conplo — n.n a + p. nc, and this to a couple — Bj .Dn) 
is to turo ]> A round D in the siimo direction as that of the motion of tho 
hands of a n-atcli. H the rod is anfEciently ptrong, these two tendencies 
neutralize each other, and the rod is slightly, perhaps imperccptihly. hent. 
The measure of this tendency is the moment of either couplo, which is there- 
fore called tha bending moment. Since e, equals P j( AO-t-A b, tho bending 
moment at » plainly equals 



On tha whole, therefore, the forces tend to Lreat the rod at o in two ways, 
(I) by shearing the rml across at n, (2) by bending tho rod at n. Tho 
shearing force equals e a Ac-f-AB at all points of tho rod between b and c. 
The bending moment equals pk ac xdb-!-ab at s, and increases from zero 
atntOPxAcxc b^a b at c, where it has its greatest mlue. 

Ex. 73.— If the lengtlis of a e and a c are 1 2 ft. and 4 ft. respeetively,. 
and p is a weight of 180 lbs,, tho shearing force at B in 60 lbs, and tha 
bendinir moment 60 X nu ; the greatest value of the bending moment is at 
c, where it equals *80, feet and pounds being taken ns units; if bb were 3 fL, 
the bending moment would be 180, or only fths of that at c. 

Ex. 74. — If we take b, any point between a and c, the shearing force at 
E is PXBC+AB. and the hending moment pxnc x ab-s-ab; the lattee 
having for its greatest value px ncx ac-j-ab, the same as that fonnd in 
Er.72. 

67- Remark. — The nature of the resistance offered by the rod to the 
bending moment will be rpaJily understood by considering the following 
case ;— ^oppose the rod to be completely separated at a, and tha parts 
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united by two ahort pieces of any strong and elastic snlistance (ae tihowu al 
» and D, in fig. 77, where, for convenience, the thickness of the irod is ex- 
aggerated). As already explained, the effect of 
the couples is to bend the rod alightly, and eon- Fio- ^T- 

sequently to compress d and stretch d, ; let us » , 

denote the distance o d, by ft, and the resistance jj .^. ^ \ 

offered by d to compression by q. and that offered ^ r~l '' -^ 

by D, to eitension by q,. Then the reactions of \M 

D and Qi ngaiuet o n will be g and g,, as shown "< 

in the figure ; these two forces balance the couple 

H, -D B. and consequently must form a couple of equal moment, i.e. g musi 

equal </i, and 



Thus, if we tako the data in Es. 73 and suppose Uie rod to bs 1 in. (ift.) 
thick, we see that when D is 3 ft. from B ^ n 5=180, or 5 = 2,180 lbs., i.e. 
□i is stretched and d compressed by forces of 2160 lbs ; and in lifee manner, 
if » were taken at c (fig. 76), 5 would equal 5760 lbs. Of course in the actual 
ease the matter between d and d, is continuous, and each portion bears its 
part in resisting the bonding moment ; but this example is sufBdent to show 
what very large forces must be called into play to resist the bending 
moment when the thickness of the rod ia Bmall in comparison with its 
length. It accordingly happens in the ea^e of rods and beams that the 
Khsaring force in of but little importance in comparison with the bending 
moment ; but when the rod is short and the forces applied to it are large, 
the shearing force becomes of most importance. This is the c.ise with the . 
rJTets by which boiler plates are joined; the forces which they have to ' 
resist are sh nng f cea 

Ex. 7fi.— I a pa f p rs th j w meet t H f m th t 

tJifl handle grasped wtl f nes t 80 lb at a d ta oe f 6 n 

from the ri t th n t will ha to as t tw h ng f rtes each f 
260 lbs. 

Ex. 76.— Ltt th 1 Es 72 1 
except by t wn w ht tl h g 
wiUbei-n(l- ^ nd^w (l-^-) wh rewJ te th w ght f h 
rod, 2a its length, and th d tan f d from 

Ex. 77.— A weight p hanga from a point (n) connected by two rods 
AB, CD, with a third rod ad, which rests in a vertical position with the 
end E on the ground, and is kept from turning oyer by two fixed paints e 
and r ; required the pressures on the points supposed to be smooth. 

Let the perpendicular distance of n P from 4 be denoted by a, the re- 
actions of B and F by K and E,, and the distance bp by ft; afi tJiere is no 
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friction between tho points and the rod, tie forces b and B, must net in a 
direction at right angles to ah. The forcn p aetiag at n is Gquixnlent to a 
force p acting along a b and a oouple irlioso mo- 
ment is UP, the former force is wholly supportpd 
' by the groUDcl, the couple is balanced by iho 
forces B and b„ which must therefore form a couple 
of equal moment and opposite sign; consequently 
M must equal K, ; the forces must act as fihown in 
the figure, and in must I "■" "•" — '^■■■^'■ 

stance, that the weight 
^ PD is horizontally 15 ft.t 

E and r are 2J ft. ap 
"* tons will hnve to be bot 

L- E anil p -H-ill sustain bo 

tons apiece; these press 
opposite to the reaction shown in the figure as 
into account the weight of the rods, nothing t 
in principle ; it would be equiralent to a weight 
couple. This case reEembles that of the eqtiilil 
and it will be obserred that the solution is olita 
the actual forces transmitted along a b ami c ». 
be 4 ft. and 26 Si. long, and therefore c d to be i 

that the joints i, C and D are without friction, the lorccs ^T una o; [ranp?- 
raitted along i n and c d ivill be found, as in Es, 50, to equal I8J tons and 
21^ tons. ConBequently in this case the rod ah is acted by tl:e five forcofi 
n, H|, s, T, o shown in the figure. In practice these' residts might not be 
exactly correct, Rs they would be to some extent modified by the friction nt 
the points b and f, and by partial rigidity at the joints a, c. n. There are 
ordinarily no data for determining the extent of these modifications ; and in 
designing any stracture of this kind it would be nssumedthatAB sustains the 
tension of 18J tons, c n the thrust of 21^ tons, e and 
F the pressures of 18 tons, and ab the five forces in- 
dicated in the figure, and the parts would be made 
sufficiently strong for that purpose. 

Ex, 78. — A swing gate tests on a hinge and 
against a turning-point; what are tlie conilitiojis of 
its equilibrium ? 

Let k be the hinge and b the turning-point ; a the 
centre of gravity of the gate, whose weight is w ; 
the horizontal distance of f* w from A or E we will 
denote by a. Now nltimitely w must he supported 
by the ground, and as w acting along o w is equiva- 
equal force w acting along the gate-post, and a couple whose 
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moment is a w tending to tnra the post in the same waj aa the hands of a 
watch move, the reaction of the ground against the lower pact of the post must 
be Bneh as to produce an upward force equal to ■«, and two equal horizontal 
focees STicti as k and ti,. forming a couple whose moment will equal a w ; 
but we cannot say exactly how much of the reaction of the ground is 
eierted at each point ot the part of the post that is ■within the ground. 
In the nest place, the force most be transmitted in some way through 
the hinge and the turning-point. To ascertain the forces exerted at these 
points we may reason thus : — w is supported by reactiona at A and n ; that 
at B, which we will denote by Q„ will be eierted horizontally; the reaction 
of the hinge (q) must bs eierted in such a 
manner and be of snch an amount that it will P""- ^O- 

balance w and 0,. Let the horizontal line 
through B cut aw in o ; join ao; a must 
act along o a as shown in fig. 70- ab o is a 
triangle fulfilling the condition of the triangle 
of forces, and consequently e : w::ao ; ab 



^, 



ffff'ft'. .. 









The forces thus fonnd are t 
hinges against the gate, 

The actions of the gate on the hinge and 
tnming-point are of conree eqnal and opposite to tl:e reactions ; if then we 
put the weight of the gate-post out of the question, the forc^ acting on 
the post are those shown in fig. 80. The forces b, Bj and w are to a 
certain eitent indeterminate as above mentioned; this indeterminateness 
arises from want of siifScient data. The resistance offered by the cohesion 
and friction of the earth at various points is nnknown ; only its total 
effect is known. 

Ex. 79. — If the distance between the hinge and the tnming-point is 
i a., the horizontal distance of centre of gravity of gate from hinge 6 ft., 
and weight of gate 112 lbs., the pressure on the turning-point will he 
140 lbs., and the pnll on the hinge 179 lbs., the inclination to the hocinon 
of the line along which the latter force acts being 38° 40'. 

Ex. 80 — In the last case, if the gate is wide enough to allow a weight 
of 100 lbs. to hang on it at a horizontal distance of 10 ft. from the hinges, 
there will be an additional horizontal pressure on the turning-point of 
250 lbs., and an additional pull of 270 lbs. on the hinge exerted at an 
angle of 31° iS' to the horizon. 

[If the gate is allowed to swing, the centrifugal force of the gate will 
increase the poll on the hinge, but diminish the pressure on the tuming- 
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Ex. 81. — If the giite hangs oc two hinges, instead uf a hinge and a 
turning-point, there -will tie a horizontal pull on the upper binge, and a 
horiBOutal pressore on the lower hinge, each force being equal to aw-r-i; 
there will also be vertical pFessares on the two hinges, togetJier amountii^ 
to w ; the amount of each separately is uninown. This indetecminatenesg 
arises from the fact that, with the data, the lines alongwhich the reactions 
of the hinges are exerted are unknown, except that the; must intersect 
somewhero in tlie rertical line drawn through the centre of gravity of the 



QUESTIONS. 

1. What is meant when a line is said to represent a force ? 

2. Sepresent on paper two forces of 40 and 60 units respectively a* 
along lines inclined at an angle of 37°. Assumingtlie poin 
and the position of one line to be given, in how mRiij different ways may 
the forces act in conformity with the above directions ? 

3. State the principle of the parallelogram offerees. 

4. Draw two lines. OA, OB, containing ai 
12 units act irom o to a, and one of 10 uni 
sultant. . 

5. Find the resultant in the last question, supposing the direction of the 
force of 10 units is reversed. 

6. Define the components and rectangular components of a force. 

7. Through a point o draw four lines, 04, OB, oc, OD, in order such 
thatAOEisaa angle of 30°, A 00 of 90°, aod of 120" ; a force of 8 units 
acts on o from, o to b; find its components, (1) along o A and oc, (i) along 
A and o D, (3) along o c and d produced. 

Jns. (1) 6-93 and 4, (2) 9'24 and 4'62, (3) 16 and 13'86. 

8. State the condition of equilibrium of three forces acting on a point. 

9. Draw a square a b c d ; a force of 5 units acts on A from d to A, one 
□f 3 units from A to B ; fiad (1) their resultant, (2) the force which balances 
them. 

10. Stat* the principle of the triangle of forces 

11. Three forces of 12, 16, and 20 units respeaively act on a point; 
show how they must be adjusted when in equilibrium 

12. State the conditions of equilibrium of tJiree forte- acting on a ri^d 

13. A rod (a b) without weight can turn freely round a fixed point or 
hinge at one end (b) ; it is held in a borizontal position by a force (o) of 50 
units, which acts vertically downward through its middle point, and by a 
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force (p) which acts at the end a in euch a mamnsr that the angle bap 
equals 30", Detomine p and the pressure on the fixed point. 

Ana. There are two cases ; in both p and pressure on flied point aro 
50 units apiece. 

14. Suppose that instead of the last qnestion we had the fallowing: — 
A rod of uniform density (a b) weighing 50 lbs. can tarn freely round a 
filed point ar hinge at the end b ; it is held in a horizontal position by a 
force p acting through A along a line which makes aa angle of 30° with 
ab; find p when it will just support the rod, and the presanre on the 
fixed point. Why would these two qaestions be in effect the same? 

15. "What is meant by the moment of a force with respect to a point ? 
What does the moment measure? What is the meaning of the signs + 
and — when prefixed to moments ? 

18. Draw a square abcd whose side is 4 in. long; let » force of 7 units 
act from i to b, one of units from c t« B, one of 3 units from D to c, and 
ons of 5 units from A to n ; writs down with their proper signs the moments 
of these forces, (1) with respect to the point of intersection of the diagonals, 
(2) with respect to the angle A. 

Aat. If the letters abcd follow each other in the opposite direction 
to that of the motion of the hands of a watch, (1) +14, —18 
-6, -10; (2)0, -36, -12, 0. 

17. State the principle of moments. 

18. In both cases of Q. 16 find the moment of the resnltant of the forces. 

Ana. (1) -20, (2) -48. 

19. ProTC the prindple of momenta in the ease of two intersecting 
forces and their resultant. 

20. When a plane can move freely round a fixed point and Is kept at 
rest by two forces acting in that plane, what relation exists between the 
two fijrc«s ? Strictly speaking, a third force acts on the plane ; what is 
that force ? 

21. Draw a square ABO D and take B the middle point of AD ; suppose 
a force (p) of 5 units to act from a to n and a force (ft) of 17 units from d 
toe; (1) what force (b) acting along Bc will balance these forces, e being 
a fixed point? (2) what force besides p, o, s acts on th* square? (3) fin4 
the force k if A were fixed instead of b. 

Am, (l)eonitsfkimBtoc, (3) 17 units from b to c 

22. When are two parallel forces s^d to act in the same and when in 
opposite directions? Gi»e the rules for finding the resnltant of two 
parallel forces. 

23. Draw a square abcd ; a force of 6 units acts fis>m a too, and one 
of * units from B to c ; find their resultant. Also find their resultant when 
the direction of the force of 4 units is raversed. 
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21. In the last question, let a force of 25 units act from SCO A, and one 
of 24 unitH from B toe; find their resultant. 

25. Gire at full length the reaEoniiig by which both the rules of Art 

26. Sliow that the principle of moments is true of two parallel forces 
and Iheir resultanL Consider the caee ia which f and a act in opposite 
directions, Q being greater than p, and o between a and b (Art. 4S). 

27. State the conditions of equilibrium of tliree parallel forces. 

28. A weightless rod of indefinite length can turn freely round at point 
c ; a point A of the rod is taken 4 ft. from c. At eight angles to the rod 
and through a sets a, force f of 12 units, a parallel force q of 16 units acts 
through another point B. Find the position of B and tiie reaction of the 
filed point, (1) when P and Q act in the same, (2) when they act in opposite 
directions. 

29. What is meant by the centre of two parallel forcos ? In making the 

well as that in wiiich they ace in the same direction. 

30. Define a couple, its arm, and its moment. In what respect do two 
«qual parallel forces acting in opposite directions differ from every other 
combination of two foicea acting in one plane ? 

SI. Draw a tquara abcd; a force of 12 units acts from A to tt, and an 
equal force from c to B ; what is the moment of the couple ? Suppose the 
former force to be increased by 001 of a unit; findthe resultant of thefbreeB. 

32. Prove that two couples of equal moments and of contnuy signs 
noting in one plane on a rigid body are in equilibrium. 

33. Draw a straight line a b, 8 in. long, and mark its middle point C ; 
forces of 12 and '3 units act upward at a and c at right angles to the line, 
at b a parallel force of 12 units acts downward ; find the force chat will 
balance them. 

34. Two couples acting in the same plane ate equiTalent to each other ; 
in what respects must they agree, and in what may they differ? 

35. How is the cesnltant of any two couples found? 

36. Draw in ^ny position on your paper two squares, abcd, E fob, 
and let i e be an inch long and e f three inches long. Suppose forces of 2 
units to act from a to n and c t« e, and forces of 20 units from a to n andc to 
D ; whatforcesactingalongKF and oh will be equivalent to the four forces ? 

37. "What result is obtained by compounding a force with a couple? 
Draw a square abcd; forces of 6, 12 and 12 units act &om * to n, b to c 
and D to A ; find their resultant. 

38. Let A and b he two poinlB 10 ft. apart, such that the line joining 
them is inclined at an angle of 30° to the horisoai a thread 15 ft long 
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has its e&da fkBteced to a and b ; Ui the middle point of the threud a weight 
of 60 lbs. is tied ; find the tensions of the two parts of the thread. 

Jus. 47'8 Iba. and 10 !1>b. 

39. In the last question, if the weight were fastened to a Ejuooth ring 
through which the thread passes, find the ponitioQ in which tlie wliole 
comes to rest, and the tension of the thread. 

Aas. (1) 3fi° 16' inclination of thread to vertical; (2) tension 30-6 Iba. 

40. A weight (b) of 80 lbs, is suspended b; a thread from a point a. ; 
the weight is polled horizontally bj a force p, such that when the weight 
comes to reat a b ia inclined at an angle of 60° to the Tertica.1 ; find r and 
the tension of the thread. Ans. 1386 lbs., 160 lbs. 

41. In Ei. 38 (p. 64) suppose D C and a d to be inclined at angles of 
60° and 10° to the vertical, and b c to the horizontal ; if w is a weight of 
lUO lbs., determine w, and the tensions of the parts of the thread. What 
are the forces which act on c n ? 

Ans. w, equals 10-18 lbs.; tensions on ab, BC, onace lOl'S, 17'6, 
and 20-36 respectively. 

42. State the suppositious on which questions relating to tensions and 
thrusts of rods are solved. 

43. Two equal rods (as in £i. 44) rest with their feet against points b 
and c in the same horizontal line ; each rod is 12 ft. long ; bc ia 20 ft. ; a 
weight of 1000 lbs. is hung from the point A ; what are the forces trans- 
mitted along the roda to B and C respectirelj ? Aws. 904'5 Iba. 

44. In the last question, Assuming that the structure stands, what are 
the forces eserted on each rod ? 

45. In Ex. 46 in what wajis do the forces tend to break the rods ab, 
B c, c 4 respectively ? (Art, 35, ^.) 



46. Adapt the treatment of Ex. 46 to the case in which F, O, b are 
parallel forces, and obtain numerical results when ab, bc, ca are 12, 20, 
16 ft, respectively, and the force at A 250 lbs. acting at right angles to bc. 
(Fig. 62.) 

Ans. Q and r equal 160 and 30 lbs. ; thmsts of a b and a c and ten- 
sion of bc,SOO, lao and 120 lbs. 

47. Eiplain the use of the tie-beam of a roof (Ex. 43). 

48. The rafters and tie-rod of a roof form an equilateral triangle ; it is 
known that the weight has the sama effect as if a weight of 8OO0 lbs. were 
hung from the roof-tree. If the tie-cod ia of iron, what must be its cross- 
section to sustain with safety the tension it undergoes ? (Art. 32.) 

Ana. 01 sq. in. 

49. In Ei. 50, what ought to be the section of the rod Ac — supposed 
to be of iron — to support the tensile stress with safety ? 

A»s. 6-72 sq. in. 
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51. Eiplain the principle of the common steelyard. WBat advantage 
is obtftinei! by its use ? 

62. In fig. 66, if AP is 28 times as lopg as bf, and is ditided into 113 
eqnal divisions, and if a moreable weight of 1 lb. is used ; what weights 
would be neressary to counterpoiso a body weighing 60I| lbs., and how 
would they be plated ? 

63. ninstrate the difficultj of exact weighing, and state what is me^int 
by the sensibility of a balance. What is meant by a knife-edge? Why 
are tnife-edges used ? 

5*. Putting friction ont of the question, investigate the eonditions of 
tlie sensibility of a balance. 

56. Draw a square A B c D, and suppose it to represeiit a cube of stone, 
weighing 1000 lbs., and resting on a stone floor (i B produced) ; through n 
suppose a fbrce p to act tending to make the body elide in tbe direction b 
to A. If P will just male the body elide, find its magnitnde, supposing 
that A D P is (a) an angle of 90°, (b) of 110"; (c) find the magnitude and 
direction of F when it is the smallest force that will make the body slide ; 
(^ find tbe magnitude of the mutual action between the plane and the 
body in the previous eases ; (e) suppose the angle a d p to bo 1*20' and p to 
be a force of 200 lbs., find tJie magnitude and line of action of the mutual 
action between plane and body (Arts. 11, 12). 

Ana. (a) 660 lbs. ; (S) 569 lbs.; (c) 644-6 lbs., adp pquals 123°; 

(d) 1192, 9S4 4, 838-7 lbs.; (p) 916 lbs., inclined (o tbe 

vertical at an angle of 10° 5i, and cutting A h at a point 

distant 0"3e a b from a. 

6B. Explain from Ex. 66 why, when a man walks up a ladder, it be 

comes more likely to slip as he gets nearer the top. 

67. A fly-wheel 10 ft. in radius weighs SO tons, its axle is 18 in. in 
diameter, coefGcient of friction between it and its bearing 016: *. band 
passes round its eircumferencB, from the end of which hangs a weight (w) ; 
find the magnitude of w when it will jnst turn the wheel. 

A»t. 510 lbs. 

68. In Ex. 70 the lever is supposed to be of the first kind ; suppose 
it to be of the second or third kind, i.e. p to act npward st some 
point in c B produced or c b ; show that when p is the preponderating 
force ri_a*nr) = a(b + nr). 

69. In the hut question given that the values of ;i, r, e, b, and t are 0*1, 
6 in., 2 ft., 10 &., and 2000 lbs. respectively; show that eqnilihriom 
can be maintained by any value of p acting vertically upwards betwBpn 
392 lbs, and 408 lbs. 
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60. In Ei. 76 ahoT that, at the middle point the sheHring force is 0, 
anil the bending moment |ivn. 

61. In the last Question, ifyi were coacentrated at tbe middle point of 
the rod, show (Ex. 72) that ths shearing force is i^n and the bending 
moment ^wn. 

62. In Ei. 76, suppose w to eqnal 2OO0 lbs., a to be Ift ft. long ; show 
that tlie bending moments at the middle point and at points dietant 5 ft. 
from each end are respectively 5000 and 3750. 

63. Four planlts equal in all respects are placed flat on one another, 
and rest with their ends on two treaties, it is found that a weight w bear- 
ing on their middle point will be sufficient to hrealt them; if the four 
planlts are put together ao as to form a hollow boi open at both ends, 
it will be found that they will now support w; account for this. (Bes 
Art. 67.) 

6*. Let the rod in Ei. 76 be loaded not only by its own weight (w), 
but also by a weight (w,) acting at a point c (fig, 75) ; if 6 and x deaoU 
EC and BD, show that the bending moment e,t ii equals 



*-(-£)".'('-4> 



63. Iq Ihe last Question let w, "W,, 2(t, J eqnal 1000 lbs., 400 lbs., 20 ft., 
15 ft. ; show that the bending moment at a point between s and c, and at 
a distance x from B, is 6001— 261*, and that it has its greatest value at a 
point distant 12 ft. from b. 

N.B. — The Siudent will observe that the references to Examples are to 
those that occur as parts of the several ehapters, aiid are marked thus — 
Ei. 75, Ex. 101, &c. The referepces to Qmetions are to those added to the 
ends of the chapters under the heading of QuestionE. 
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CHAPTER IV. 



68. Definition and Tneasure of work. — When the point 
of application of a force moves wholly, or partly, in the 
direction of the force, work is said to be done hy the force. 
Suppose a force of p units to act on a point, and suppose 
the point to move in the direction of the force, and to 
describe a distance of j) units ; tlie work done hy the force 
while its point of application describes this distance is 
measored by the product pp. A force of one unit does a 
unit of work when its point of appUcation moves through a 
unit of distauce in the direction of the force ; consequently 
the product pp is the number of units of work done 
by p. When force is measured in pounds and space in feet 
it is sometimes convenient to call the unit of work a 
' footpound.' ' Thus if a carpenter urges forward a plane 
through it ft. with a force of 12 lbs., he does 36 foot- 
pounds of work ; or, if a weight of 7 lbs. descends through 
10 ft., gravity does 70 foot-pounds of work. 

If in virtue of the action of other forces the point 
moves in a direction opposite to that of the force, 
the force ■ resists the motion of the point, and work 
is- expended in overcoming that resistance, or the work 
is said to be done against the force. If the force is one of 
p ihs. and the point moves through p ft. in a direction 

' When there is occaaion to dniw attention to the fact that distance is 
assumftd to be measured in feet and force in pounds, it is best to use the 
term foot.pound ; under other circumstances it is, perhaps, beat to use the 
more geaerul term ' unit of work.' 
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opposite to that of the action of the force, p p unite of 
' work will be expended in overcoming the lesiatance of 
the force. Thus, if a weight of 10 lbs. is raised to a , 
height of 5 ft., 50 foot-pounds of work must have been 
ejqiended in overcoming the resistance of gravity, i.e. 50 
foot-pounds of work have been done against gravity. 

It is not necessary that the point should move in a 
straight line. The above statements are true without aoy - 
modification, when the point moves in a curved line, 
provided the direction of the force is always tangential to 
the curve. Thus, if a man presses with a force of 30 lb& 
at right angles to the arm of a capstan, and if« in one 
turn of the capstan, the point at which he pushes describes 
a circumference of 60 ft., he does 30 x 60, or 1800 foot- . 
pounds of work. 

Ex.'S2.—lf tbe area of tlio piston of a Bteam-engine is 6000 sq. id., 
and the luean pressure of the steujn is 12 Iba. per sq. ia., tbe whole force 
will be 60,000 Iba. ; and the work done bj the steam in One stroke of 8 ft. 
will be 480,000 foot-pounds. 

£a-. S3.— If two weights of 150 sod 200 lbs. are raised through heights 
of SO and 120 St. respectively, the whole work done must he 160 x 80 + 
200x120, i.e. 3S,000 foot'ponnils. It ia pl^n that this is the same 
number of units as must be done if 350 lbs. were raised throo^ 103J ft. 
How the student will easily prove that when the weights are raised BS 
in the Qaeation. their eectre of gravity trili be raiaed through 102f St. 
So we see that the number of anils of work done in raising the weighla 
separately is the same as the number ^at would be done if the whole 
weight were raised throngh the same height as that through which the 
canlie of gravity is raised. 

69. Work of raismg a system of weights. — The result • 
eiemplified in the last Example ia perfectly general and 
maybe stated thus; — When' two or mare heavy poimia 
ar& raised through different heights, tlie work done equals 
the sum. of the weights of the points, TnultipUed by the 
height through which their centre of gravity has been 
raised. . T^o remarks may be made on this principle. 
Wvret, if the weights are the parts of a continuous body; 
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the work expended in lifting it is the product of the 
whole weight multiplied by the vertical height through 
which the centre of gravity is raised. This is equally 
true whether it is raised as a whole or in parts ; e.g. the 
work done in lifting the earth when a well is sunk through 
a stratum of uniform density is the weight of the earth 
multiplied by half the depth of the well. Secondly, if a 
body moves in such a way that its centre of gravity 
neither rises nor falls, work is neither expended on gravity 
nor done hy gravity. If work is expended on the motion 
at all, it is expended on friction or on some force other 
than gravity; e.g. when a train moves on horizontal rails, 
work is expended only on friction, resistance of the air, 
&c., none on the weight of the train. 

Ex. 84.— A well-shaft is 300 ft. deep and 5 ft. in diameter ; it is full of 
water; how many units of worlt most be eipended in gBtting this water 
out of the weli-(i.B. irrespectirely of any other water flowing in) ? 

The weight of the water is t x (2-5)' k 300 > 1000^ ! 8 or 36.815 lbs. 
The centre of gravity is 150 ft. below the gronnd ; consequently the work 
eipended must be 368,155 ji 150, or 55,223,250 foot-pounds. 

70. Cases in whieh the point of application does Tiot 
move along the line of action of the force. — Such a case 
pjg g, arises when a weight falls obliquely. Thus, 

let A N he a horizontal line, and suppose 
a weight to fall from p to a along the 
curved line ; draw the vertical line p N. 
The work done by gravity is the weight 
multiplied by p k. Since gravity acts on 
the body along a vertical line throughout the whole 
motion, pn is the distance through which gravity has 
axrted, measured in the direction of the force. Other cases 
can be similarly treated, and thus we may say generally 
that the work done by a force equals the product of the 
force, and the distance through which its point of applica- 
tion moves, measured in the direction of the force. Of 
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course, if the weight is lifted from A to p, the work ex- 
pended equals the weight multiplied by M p.' 

EjX. 85. — A train weighing 100 tons is mads to run np an incline amile 
long of 1 Tactical to 160 horizontal; tha train is lifted through 3280 + 160, 
or 33 ft. of vertical height ; consequently 224,000 x 33, or 7,392,000 foot- 
pounds, most be expended, 

71. Cases in which a force does no work. — It is 
veiy possible for a force to act on a moving body and to 
do no work. This is evident ; for in order that a force may 
do work, its point of application must move wholly or 
partly in its direction. Suppose, then, that the point 
of application of the force ia at rest, or that it moves 
in such a manner that no part of the motion is in the 
direction of the force ; in either case the force does no 
work. Thus : — 

(a) Suppose a point lo slide along a smooth horizontal plane ; the only 
forces acting are its weight and tlie reaotion of the plane ; both act at right 
angles to the direction of the motioo, so that no part of the motion is in the 
direction of the forces, and consequently neither force doos work, nor has 
work expended on it. In actual cases erf sliding there is, in addition (o the 
above-named farces, a force of friction which acts hoiizontaUy in a direction 
opposite to the raotjon, and as long as motion lusts work must be espended 
in overcoming it, 

(h) Consider the case of a wheel tolling along a road. If we suppose 
this to be the case of a perfectly hard circle rolling (without any sliding) 
on a perfectly hard straight line, it is plain that at each instant the circle 
touches the line at one point only, and that point is for the instant at rest. 



' If the space through which the point of application of the force moves 
is indefinitaly small, the work done by the force is what is generally called 
its virttuU momtTit, and may be reckoned posibiva ; in a similar case, if work 
is expended on the force, this work is the virtual mom&ai of the force, and 
is reckoned negative. Suppose now the space through which the point 
moves to be finite ; divide the path into an indefinitely great number of 
parte, let p denote the force, and p any one portion of the path measured 
in p's direction, i.e. p's virtual velocity; and let the sum of aJl tlie product 
pp be taken for all tha parts of the path ; this sum is the work done by p. 
It will he obserred that this statement includes the cases in which p ia 
variable, and in which the virtual moment of p is positive in some part of 
the path and negative in others. 
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Now tha reaction of the toad on the iFheel acts throngh the point of contact, 
and conEeqnently doea no work. The aboye snpposittons are very commonly 
made in solving mechanical qaestione ; in reality, however, the wheel eom- 
pressee the raid, and the resistance wliich has thus to be overcome is what 
mainly renders an eipsnditure of work necessary to keep the wheel rolling. 

(c) Coneider the case of a body turning upon an axis supported by a 
fised bearing, e.g. a fly-wheel, or a wheel and aile. If we suppose the 
axis to be a geometrical line, the reaction of the bearing acts on a point 
which has no motion, and consequently does no work nor has work ei- 
pended on it. If wa suppose that the axis has a sensible diameter, hutthat 
there is no iKcfion between the axis and its bearing, the reaction acts along 
a radius, and the sliding motion of the aiis on its bearing takes place at 
right angles to tie radius; consequently in this ease, tiKi, the reaction 
neither Joes work nor has work expended on it. In the actual case, the 
aiis has a sensible radius, and there is friction between it and its beating : 
as the friction acta tangentially in a direction opposite to the motion, work 
must be expended in overcoming it when the axle turns on its bearing. 

(d) Consider the case of a tod firmly held at one end, and let a force be 
applied at the other end tending to stretch it. If we suppose the rod abso- 
lutely Inextensible. no work is expended on the internal forces which hold 
the parts of the rod together. But if the rod is stretched, the force clearly 
does work, since its point of application moves forward ; and this work ia 
expended in overcoming the resistance which the internal forces offer to 
the lengthening of the rod. This is only an example of what is universally 
true, viz. that if a body were perfectly rigid, no work would he expended 
on the internal forces ; but when a body undergoes any change of form or 
volume, work must he expended on the resistances offered to the change by 
the internal forces. 

Er. 86. — A body weighing 500 lbs. slides on a rough horizontal plane, 
the co-efficient of friction being O'l ; how much work must bo expended on, 
or done against, friction while the body slides over lOO ft. ? Here the 
friction is a force of 60 lbs. acting in a direction opposite to the motion ; 
consequently when the motion take place through 100 ft. there must be 
60 X 100, or 5,000 units of work (foot-pounds) expended. 

Ex. 87.— The radius of the axle of a fly-wheel is 6 in. | the ooustant 
pressure of the axle on its bearing is 5 tons ; the coefficient of friction 
between axle and bearing is 0*075, and^^O fcnms are made a minute; the 
whole amount of work expended on the iHctioo in one minute maybe found 
thus :— the friction is a force of 11,200 x 0075, or 840 lbs. The space 
through which this resistance is overcome ia 20 cireumferencea of the axle, 
or 62-8318 ft. ; and hence the work expended on friction is 810 x 62'S318, 
or 52,770 foot-pounds. 

Ex. 88.— A triun weighing 100 tons moves over 30 miles along a hori- 
zontal road ; the redstancas are at the rate of 8 lbs. a ton ; the whole 
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quantity of work expended irill be 800 x 30x5280, or 126,720,000 foot- 
pounds. 

72. Work of drawing a body up or down an inclined 
plane. — Let a b be the inclined plane, b c its vertical 
height, and a c its horizontal 
base. The body M, whose weight 
is Q, is placed upon it, and is 
supposed to be drawn up the 
plane by a power p, acting on 
M in a direction parallel to the 
plane. We wiU denote the co- 
efficient of friction between m and the plane by ;*• When 
M is moved from a to B, work must be expended, (1) on 
gravity ; (2) on friction. It is plain that b c is the distance 
through which the body is lifted, measured in the direction 
of gravity (Art. 70) ; and therefore the work expended on 
gravity is QXBC. We have already seen (Ex. 58) that 
the perpendicular pressure on the plane is Q x A c-s-A B, in 
the case supposed, viz. when the direction of the traction 
is parallel to the plane. Hence the friction equals 
/* Q X A c->A B, and since friction acts along b a, the work 
expended on it must be, friction x a b, or^ q x a c. Hence 
the whole work expended is 

QXBC + MQ X AC. 

This result is of considerable importance, and may be 
stated thus: — When the direction of traction is parallel to 
the inclined plane, the work expended is the same as would 
be expended in lifting the body through the vertical height 
of the plane (q x bc), together with what would be expended 
in drawing the body along an equally rough horizontal 
path, equal in length to the base of the plane (/* q x A c). 

If we suppose the body to be drawn down the plane, 
there will be the same amount of work expended' on 
friction, viz. /» q x a c, but in the descent gravity will do 
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work, viz. Q x B c. Hence the work expended in drawing 
the body down the plane will he 

— Q X BC + fJ,qX AC. 

If in this expression the former term is greater than 
the latter, gravity does more work than what is expended 
on friction, and the body slides down the plane with a 
continually increasing velocity. 

Ex. 89. — A tcaio weighs 100 tons ; resietancea are 8 lbs. a ton ; how 
many units of work muBt be eipended in raifiing it to the top of an incline 
a mile long of 1 in 70 (in any case of this kind 1 in 70 means 1 vertical 
to 70 horizontal, and the Aoriiontal length of the plane is a mile). Here 
the work expended on friction is 800 x 5280, or 4,224,000 foot-pounds ; the 
workespended on gravityie 224,000 >! 5280-f. 70, or 16,806,000 foot-pounds; 
so that the whole work eipended is 21,130,000 foot-pounds. 

Ex. 90. — In the last Caae, if the motion of the tJ:ain had been down the 
indine, gravity would have done a quantity of work meanured by 16,896,000 
foot-pounds, and of these only 4,224,000 would have been eipended on 
friction ; consequently an eicess of 12,672,000 foot-pounds would remain 
uneipended, and this would cause a very considerable increase in the 
vebcity of the train. If it were wished that the train should run down the 
incline without increase of velocity, it would be necessary to increase the 
resistanoes, which would be done by putting on the break. In the present 
case it would be neeesaacy to increafle the friction from 8 lbs. a ton to 
33 Iba. a ton, if the train is not to acquire any additional velocity when 
going down the incline. 

73. General relation between forces acti/ag on a 
machvne. — A machine is a system of pieces so arranged as 
to enable one force to overcome another force. Thus, a 
pumping engine is a system of pieces by which the elastic 
force of steam is applied to lifting water out of a mine. 
The force which keeps the machine in motion is commonly 
and conveniently called the power, and its point of appli- 
cation the driving point ; the force, to overcome whose 
resistance is the object of the machine, is called the 
weight, and its point of application the workmg point. 
It is scarcely necessary to remark that there may be 
machines set in motion by more than one power, and 
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having for their object to overcome the resistance of 
more than one force ; hut these cases need not be 
further specified. In all cases the motion of the machine 
will give rise to friction, and therefore the power will have to 
overcftme not only the weight, but also the friction exerted 
between the parts, and it may be other passive resistances 
of a sensible amount, such as resistance of the air. 

When a machine is in motion several cases may 
arise: — (a) The power may he jnst sufficient to over- 
come the weight and other resistances ; in this case the 
motion is uniform. It must be observed, however, that 
the motion of the machine must have originated when 
the action of the forces differed in some way from their 
action when the motion is uniform. While the motion- 
is uniform, the power, the weight, and the other resist- 
ances form a system of mutually balanced forces, and it is 
plain that such a system could not have originated the 
motion. The motion, however, having been once given will 
continue uniform under the action of a system of balanced 
forces, (b) The power may not be suiEcient to overcome 
the weight and other resistances ; in this case the motion 
continually diminishes, and the machine at length comes 
to rest or even has the direction of its motion reversed, 
(c) The power may he more than sufficient to jnst over- 
come the weight and other resistances ; in this case the 
motion of the machine is accelerated. It is scarcely neces- 
sary to remark that the second and third states can never 
be of long continuance : if they were allowed to go on, in 
the one case the machine would cease to move, or move in 
the opposite direction to that intended ; in the other case 
the motion would become dangerously rapid. In many 
instances, however, these two states alternate, the motion 
being accelerated for a short time, and then for a short 
time retarded. 

When the motion is uniform the following relation 
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will exist between the forces acting on the machine : — 
The work done hy the yyov^er at the driving poi/nt equals 
the work expended on the weight at the working poi/nt, 
together with the work expended on the passive resist- 
ances, and this wiU be true during the whole or any part 
of the motion. If we suppose the machine to move from a 
state of rest, and after a certain time to return to a state of 
rest, the same relation will hold good with reference to the 
work done, and the work expended during the whoh tvrne. 

Let the power and the weight be denoted by P and Q, 
let p denote the space described by the driving point 
measured in p's direction, and q the space described by 
the working point measured along the line of q's action, 
but of course in a direction exactly opposite to that in 
which Q aets, so that pp is the work done by P, and Q 3 is 
the work done against or expended on Q. If we suppose 
the machine to move uniformly during the given time, and 
the passive resistances to be zero, so that no work is 
expended on them, we shall have 
vp=.(iq. 

In the following articles we will apply this principle to 
determine the relation between the power and the weight 
in certain simple machines, when in a state of equilibrium. 
But before doing so, it will be well to notice some of the 
consequences of this principle. Suppose we know that 
p=^ Q, then j:» = 2 q, i.e. if the machine is such that the 
power is half the weight, the distance through which the 
driving point moves is twice that through which the 
working point moves ; similarly if the power is one-third 
of the weight, the driving point describes three times the, 
distance described by the working point, and so on in any 
proportion. 

Ex. 91.— A man working with a forcB of 30 lbs. raises a weight of 18 
cwt, through a height of 10 ft. The work done at the working point is 
18 X 112 X 10, or 20,160 foot-pounds; if tie machine worked entirely with- 
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out frlctiou, this numljer and no more must hdve teen done iiy tlie mt 
who consequently muet have worked the driying point of the machine (b 
the handle of the winch which he turned) through a distance c^ 20,lG0-i-i 
or 672 ft. 

Ex, 92, — A train weighing 50 tons sutgect to reeiEtances at the rate 
7 lbs. per ton, moves from rest, and after describing 6 miles cornea again 
lest; the work done against the resistances must be 350x6x6280. 
9,240,000 foot-paunds. And this ia likewise the work done b; tbe stea 
at the driving point, whether the velocity with which the 5 miles a 
described ie uniform or not, 

74- The leeer. — Let ae be the lever, which we will suppose to 
vrithout weight and to turn freely - on . 

the fulcrum f. Wa will suppose the " ' , 

power F and the weight a to act at a aud 
B respectively at right angles to i b. Now 
suppose the lever to be turned round r, 
and to be brought into the position a'b'. 
Jf WB suppose the Jorces to act at right 
angles to the rod during the motion, tbe 
work done by p will be p x a a', and that expended on a will be a x 
The reaction of tie fulcrum doea no work, and consequently 






when p and a ai« in equilibrium, 
that obtained bj tbe pfinciple of 

75. The wheel and itrfo.— The 
form of this machine is shown in 
nexed figure, a b ia a cylinder of moderate 
radius to which is fimtlf attached a cylinder 
of larger radius, a c. The former is called 
the asle, the latter the wheel. An axis 
of sufficient slreagth passes lengthwise 
through the middle of the machine; its 
ends, one of which is shown at d, rest on 
bearings, and support the machine. The 
weight is &stfined to one end of a rope, 
which is coiled round tlie aile, the other 
endbeingfaatenedta the axle to keep it from 
slipping. The power may be conceived to 
be sjmilailj attached to the wheel. 

It is evident on inspecting the figure that if 
h2 
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turn P Trill descend tlirougli a diatanee equal to the circumference of the 
■wheBl, while, a will ascend through a distanes equal to the eifcumference of 
the asle. Hence the ivocl: done by p equals p x circumference of the wheel, 
while the work espended on « equals e x circumference of the aile; and 
■these will be equal to each other if the motion is uniform, and if tha 
machine turns on its bearing without friction. Now the circumferences of 
these circles are in the same ratio as their radii. 
Therefore p x radius wheel = a n radius asle. 

luBfead of tlie wheel a winch is veiy commonly used ; this is a matter of 
cODTenience, and provided p acts alwajs at right angles to tlie arm by 
wbieh it turns the machine, the relation between it and a will be the same 
as that given above. 



76. 



le fixed pulUy ia merely a wheel capable of turning i\ 



aiis which rests on a. fiicd support. A groove it 
wheel in which a rope can rest. It is plain that when p foils throagh any 
distance, Qriaes through tha same distance, so that if we suppose the rope 
to be perfectly fleiihls and the pulley lo turn on the aiis without friction, 
we mnat have p=a. Tie same result can be arrived at by observing that, 
if we suppose the radii of the wheel and axle U> become equal, the relation 
between the forces must be the 

Fid. 85. same as in the single fixed pulley. '" ' 

% 5 77. Si/stems of pallets. — 

PnllejB may be combined in many 
ways, and thus form various sya- 
tems ; of thesewe willnotice two, 



Vi^ 



(a) The single moveable 
ptillei/, — The power p (fig. 86) is 
fastened to the end of a rope which 
passea over a Esed pulley i, and j 
under the moveable pnlleyn, and ia } 
then ^teoed U> a beam at the fixed 
point c It is supposed that tha 
parts of the rope are all vertical. 
Now suppose that a is raised a 
foot, the parts of the rops between 
& and B, and between b and c, are 
each shortened by one ibotj and 
consequently p falls two feet. So 
that when the work done hy p ia 
p K 2, that expended on a ia a x 1. 
And therefore 



It will b« le^^i^ that a includes the weight of the moveable pulley. 
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(b) Thetacile of four sheaves (fig.86)conaists of two blocks, with two 
puUejs 01 sheaves in each, the apper block is fastened to a fixed beam, Che 
lower carries the weight. The rope is fastened to the upper block, and 
passes in succession und^ the sheaves of the lower block and over those of 
the upper block ; to the end of the rope the power is applied, as shown in 
the figure. There are, it will be seen, four parallel parts of the rope besides 
that to which p is fastened. If we suppose a to be raised a foot (which 
will involve an espenditure of Q x 1 units of work), each of the parallel 
parts of the rope is shortened by one feot, and p will descend i feet, thereby 
doing P X 4 units of work. Hence 

It must be remembered that q includes the weight of the lower block, 

78. Be/nark.- — The student must bear in mind the suppositions en which 
we have obtained the results in the last Article, viz. (1) That the ropes are 
perfectly flexible, (2) that the pulleys turn withont friction on their axis 
Neither supposition is strictly correct. In the case of the single fixed pulley 
p is greater than a, but not by very much. When several pulleys are 
formed into a system, p is greater than Q, and in a proportion which in- 
creases very rapidly with the number of pulleys employed. Thus in ordi- 
nary cases with t^e tackle of six sheaves f is found to be a quarter or a 
third, instead of a sixth, of a. 

79. 7^ wedge. — The action of the forces on the wedge is, perhaps, best 
seen when it lates the form shown in the atmexed figure: — &bc is an. in- 
clined plane moving on a fixed table * u ; 
DBF is a piece capable of moving up and ' ' 

down between guides r and f, the two pieces i a 

touching each other on the inclined surface vJ~"" — "^n p 

HE. The power (p) is applied at the back CrJn \ 

of the wedge ao; the weight (q) bears on Pl^^ 

the top of D E F ; in all ordinary cases p and IP... ^TlnJp 

ft are so large that the weights of the pieces 7'^ ^^^ 

need not be considered I)raw s o and d e B It 

parallel and perpendicular respectively to ah ; it is evident that if V 
causes the wedge to advance through a distance Q E, Q will be rdised 
through a height equal to do. So thattheworkdone by pequalspxQ^ 
and that expended on Q equals q x d o. Hence 

if the frictions are neglected. In reality the frictions are very great, but 
the exact determination of their effect is fir from easy; an approiimate 
determination can be made as follows : — Let fi denote the coefficient of 
friction between the wedge and tie table. Now putting out of account the 
friction of tlie guides, the perpendicular pressure on the table must be a, 
and the friction of the table li n ; consequently when the wedge is moved 
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foirward a dibtance G E, tlis work expended on that irzction must be ft q x 
OK. It may be assumed without much error that an equal amount of work 
will be expended on the friclion of the surface d e. Hence we have 



Ex. 03. — Snppose no to be nnitj, and be to be !0, and fi to equal 042, 
we have I0p = 9'4:«; whereas if the frictions had been neglected, we should 
have had 10p=«. So that, for instance, if a is 1000 lbs., it wiO not be 
moved if F is less than about 940 lbs. ; whereas, if the surfaeee had been 
smooth, it wonld have moved if p had exceeded 1 00 Ihs. 

It might he thought at first sight that, since r ia so nearly equal to <i, 
the wedge would be of but little use. This, however, is by no means the 
case. If the force p ia removed, the friction of the surfaeea will prevent a 
fromfordng back the wedge. Nowsuppose that the wedge, inatead of being 
ui^ed forward by a constant force, is atruck by a mallet. We shall see 
further on that Such a blow causes an enormous force to be exerted for a 
very abort time ; thus even when Q is large, it is for the instant made to 
yield, and the wedge advances through a small space; and as a cannot 
force the wedge back, a succeseion of such blows will have the effect of 
lifting ij through a considerable height. 

80, Weaveai.— Suppose ABC tobea right-angled triangle cut out of 
paper; snppose it to be twisted ronnd ao that its baae a c becomes the 
drcamfereuce of a circle, as shown in Fig. 88. The hypotenuse of the 
trjanglewill take the form of the hel s e ofthec rvetowh ch the thread 
of a screw would be reduced f la thickness were ex eed ngly small The 
height A B of the triangle would 1 e the d stance n easurmi parallel to the 
axia between two consecutive turnn of the threal or whit s uiUed the 
pitch of the screw; and the angie bci s the nci nit n of tl 
It ia evident that there are two ways of tw st ng the tr angle 
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ocdjuary sq are threaded 

be evident on ' 
inspect n f the ai, 
companying figure (89), which represents a nght-banded s 
be noticed that the thread neit to the obaerver ascends to his right hand. 
The screw works in a nut, on the inside of which a groove ia cut, which 
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the thraad exactly fits ; this groove is called the companion aerew. If the 
nut is fixed, the eod of the screw will advance or recede through a distance 
equal to the pitch when the screw is turned once. But if the screw can 
neither advance nor recede, the nut, being held between guidee, will either 
recede or advance when the screw is turned. 

In order to study the relation between the power and the weight in tho 
screw, we will take the ease of the Screw Press, which may be briefly 
described as follows : — 

^FFPisa BtTOcgframe; at A in the middle of the cross-piece is the 
nut ia which the screw b c yioiia ; the end, c, of the screw is attached 
loosely to the piece d b. 

so that the screw is free ^'^■'"■ 

to turn, while d e is con- 
strained to more up and 
down between the guides. 
When the arm e h ia 
turned in the proper 
direction, the screw ad- 
vances, and the aubatance 
u is compresaed between 
D B and the flxed base of 
the &ame. In this caae 
the toeight is the reaction 
of the mass u which is 
undergoing compression. 



It 



. that 




■when the end of the 

arm, on whieb the power 

acts, describes a complete 

circle, the weight will be 

moved through a die- 

tanee equal to the pitch 

of the screw. Let p and Q denote the power and the weight, a the distance 

from the aiis of the ecrew at which tiio power acts, and h the pitch of 

the screw. Now when o is moved through a distance k, p's point of 

application moves through a distance Bira, i.e. the circumference of a 

cirde whose radius is a. Hence the work done bjp is 2irap, while the 

work Diponded on o is a J ; therefore, if all the frictions were neglected, we 

should have 

2,.,.«i. (1) 

In reality, however, the frictioua greatly modify the reaulL A aufflciently 
close approximation to the relation between p and a when friction is taken 
into account, can be obtained as follows: — The principal frietiona are (1) 
that between the thread of the screw and the companion, (2) that between 
lie end c and its auriace of contact with n b ; the whole perpend 
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preBsrare in both cases being nearly or exactly eqnal to «. let T denote 
the radius of the screw and ^ the coefficient of fiiction hetween the screw 
and companion ; then the work expended on the first friction in one turn of 
the screw nil;l equal /* a x 2 t r. Let p denote the radius of the end and /i' 
the coefficient of friction between the end of the screw and d h ; then, as- 
suming that iJie pressure is uniformly distributed, it admits of proof that 
the work expended on the second friction in one torn of the siTew equals 
§^>t'ax2Trp. Hence we obtain the following relation, which is, however, 
cnly approximately true — ■ 

2jrap = iaS + 2xrn« + |ir(ip'Q. (2) 

&. 94.— If the arm of the screw is 3 ft. long, the pitch 2 in., the radius 
of the screw and of its end 3 in., and both ^ and n' equal to O'lS, we shall 

IO.OOOp^SSSq; 
but if we had neglected the frictions, we should hare had 

i0,000p = 88a. 
In other words, the farce required W produce a given compression (q) is 
nearly four times as great aa would ta required if there were no friction ; 
e. g. if it were required to compress the body with a foree of 10,000 lbs., 
F must equal 338 lbs., whereas 88 lbs. would be enough if there were no 
friction. 

81. The moduliis of a machine.— We have already 
seen (Art. 73) that the work done by the power is expended 
partly on the passive resistances, and partly in overcoming 
the resistance of the weight, i.e. in doing work at the 
working points of the machine. The former expenditure 
may be unavoidable, but is otherwise useless, and any 
practicable reduction of its amount would be so much 
gain ; the latter work is expended usefully, i. e. it is em- 
ployed in doing the work which it is the object of the 
machine to accomplish. Let n denote the work done in a 
certain time by the power, and u, the work expended 
usefully in the same time ; then, assuming the machine 
to move uniformly, u, will be less than u, and we may 
express the relation between them by the equation 



where K stands for a proper fraction. Now, in most 
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machines, so long as they are in a state of uniform motion, 
K will be constant, and is called the modulus of the 
machine. Thus, the work done by the power in the case 
of a water-wheel is that done by the stream of water, in 
descending from the mill-race to the tail-race ; it , has 
been found that in wheels of the best construction only 
about 7-lOthB of this work is usefully employed, so that in 
this case 

ii,=0-7Tr, 

and the modulus of such a machine is 0-7. In other 
words, for every 10 units of work done by the falling 
water only 7 are usefully employed. It ihay be added 
that 0*7 is a large modulus ; in water-wheels of various 
constructions the modulus has been found to vary from 
0-25 to 0-75. 

In the case of machines in which the relation of the 
power and the weight is known the modulus can be easily 
inferred. 

Ex. 85. — Tte qircumfecence deserilied by the handle of a -winch is 8 ft. ; 
a man works it with a constant force of 30 Iba. in a tangential direction; 
in fifl turns he is obeerved to raise a weight of 8 ewt. through a height of 
10 ft. What is the modulus of She machine? 

Here, the work drae at the driving point (ti) is 30 x 8 x 60, or 12,000 
foot-pounds ; while the work done at tlie wocMng point (n,) is 896 x 10, or 
8B60 foot-pounds, Coueequently n, = _|?^ c, or ir, = 0-7*7 c, i.e. the 
modulus of the machine is about 0-75. 

Ex. 86. — Determine the modulus of the screw preaa in Ei. 94. 

The work doue by p in one turn of the screw is 72tp, or 226'19p. while 
lie work expended on ft ia 3 Q. Therefore 



But we know that 338 Q = lOiOOOP, 
therefore 

i.e. the modulus of the machme is 0-28. In other words, for every 100 
units of work done by p, only 26 are expended usefully ; the remainder is 
employed in overcoming the friction of the parts of the machine. 
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82. Comparisim, of the effi.cienffy of agents. — If it is 
required to compare tlie efficiency or working power of 
two agents, we have only to compare the number of units 
of work done by them in a given time. Suppose that two 
agents do 10,000 foot-pounds per minute, their working 
powers for the time are equal. If they acted on machines 
duly adapted to them, they would overcome equal resist- 
ances through equal spaces in a minute. Thus, putting 
the friction of the machines out of the question, if they 
were required to i-aise water to a height of 50 ft., each 
would raise 20 gallons or 200 lbs. per minute. If, how- 
ever, the one does 10,000 and the other 20,000 foot- 
pounds per minute, the efficiency of the second agent 
is double that of the first, e. g. upon the same supposition 
the second agent would raise 40 gallons while the first 
was raising 20 gallons. Similar reasoning can be applied 
in other cases, and thus it follows that the efficiency of an 
agent can be measured by the number of units of work 
done per minute while he is working. This number, how- 
ever, in the case of some agents may be very large, and 
accordingly it is found convenient to use a superior unit 
called a horse-power, which may be thus defined : — 

An agent doing 33,000 foot-pounds per minute works 
with one horse-power.' 

Several practical questions regarding the power of the 
agent needed to perform a certain work can be solved by 
the principles we have now considered. Whatever work 
is done at the working point must be done by the agent, 
and, besides this, work will have to be expended on the 
friction and other prejudicial resistances of the parts of 
the machine. An equation can be formed between the 
number of units of work done by the agent at the driving 

' The student must Qot suppose that this is tJie working power of an 
arecage horse. A horse-poffer is Bimply i word Ttith the meaning above 
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point, and the number that must be expended at the 
working points of the machine; the resistances being 
taken iuto account, if necessary, by introducing a mcnlulus. 
One of the quantities introduced into this equation will be 
the unknown quantity required, and the equation will give 
the means of determining it. Two examples will suffi- 
ciently iUuatrate the method of solving these questions. 

Ex. 97. — A steam-engine works under an average pressure of 15 lbs. par 
square inch on a pieton with an area of 2000 sq. in. ; it makes S strolies 
per minute, and each stroke is 10 ft, long. Assuming the modulus of the 
machine to be 0*65, how many gallons of water will it raise in one hour 
from a depth of 200 ft. 

Here the force which does the work is 30,000 lbs., and in one horn it 
acts through a distance of 10 x 8 x 60 ft. ; therefore the work done by the 
agent in one hour is 30,000 x 10 x 8 J< 60 tbot-poonds, and of this OSo x 
30.000 X 10 X 8 « 60 foot-pouuds are osefully employed. But if a; ia the 
required number of gallons, a weight of 10 x lbs. must be raised througli 
200 ft. in one hour. Hence 

10 j: X 200 = 0'55 X 30,000 x 10 k 8 x 60, 
or j: = 33,600 {gallons raised per honr). 

En. 98.— The section of a stream is 6 sq. ft., and its Telocity throngh 
the section 264 ft, per minute ; there is a fall of 20 ft. by which the stream 
turns a wheel with a modulus 0"6-l. Assuming that each horse-power griuds 
ft bushel of corn per hour, find how much corn the wheel grinds hi aji 

The weight of water that falls per minute is 6 x 3B4 x —^~ Iba., and 

hence the units of work usefully employed per minute are 0*64 x 20 x 6 x 
264 X 1 000 -!- 1 6 foot-pounds, and therefore the horse-power of the wheel 
will be this number divided by 33,000 or 38*4. Consequeiitly the wheel 
will grind 38-4 bushels per hour. 

83. Anitnate agents. — When we consider the work done 
by animate agents, we find pecuHarities which will be best 
explained by considering a particular case. Suppose a 
man of average strength employed to turn a winch, it is 
foimd that he will be able to do about 1,300,000 foot- 
pounds a day. That is to say, the fatigue experienced in 
doing this work will be such that it could be repeated day 
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after day without injury to hia health. If he did much 
more than this for several days successively lie would 
break down. He could, however, do theae 1,300,000 foot- 
pounds daily, only on condition (o) of exerting at right 
angles to the end of the winch a force of about 18 lbs. ; 
(b) of causing the end of the winch to move at the rate of 
about 150 ft. per minute ; and (c) of working for eight 
hours a day. If he exerted a much greater force, or 
worked at a much greater speed, he would not he able to 
work day after day for eight hours, and it would be found 
that, if the length of the day's work were reduced to meet 
the altered circumstances, he would not do as many as 
1,300,000 foot-pounds a day. This, of course, is true of a 
man of average strength, and would require modification 
to adapt it to a man above the average strength.' Now 
what is true when a man is set to turn a winch is true, 
m-utatis mutand-ls, of other ways of employing huxaan 
labour, and the laboiur of animals. In all cases there will 
be a certain speed, a certain force, and a certain length of 
day's work with which the agent will do the greatest 
amount of daily work, i.e. work that can be repeated day 
after day without injury to his health. It is, of course, 
difficult to assign exact numbers, because in particular 
cases an agent's working power may greatly exceed or fall 
below the average proper to his class. Subject, however, 
to this reservation it may be stated that : — (1) A man can 
raise his own weight (145 lbs.) vertically, by going up a 
ladder or walking along a gentle incline, at tlie rate of 29 
feet a minute, and can continue doing this for eight hours, 
thereby doing rather more than 2,000,000 foot-pounds a 
day; (2) a man can work on a capstan for eight hours a 

' The following case waa aetuallj observed r — A man, doubtless above 
the arerags strength, worked day aftsr day for three months on a winch ; 
on an average ha esexted a fcrca of 81 -5 ]be. with a velocity of 100 fl. per 
minnt«, for 7 hours a day, thereby doing about 1,323,000 foot-pounds a 
day (Foncelet, Mic. Indiai. p. 236). 
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y a force of 27 lbs., at the rate 116 ft. pet 
minute, doing thereby about 1,500,000 foot-pounds a day ; 
(3) that a draught horse yoked to a cart, and walking, 
can work for ten hours a day, exerting a force of 154 lbs. 
at the rate of 177 ft. per minute (or two miles per hour), 
and doing about 16,500,000 foot-pounds a day.' What 
limits the amount of daily useful work is the degree of 
fatigue which the agent undej^oes in its performance. 
If the degree of fatigue is excessive, the work cannot be 
continued. It may be further observed that the average 
degree of fatigue can be incurred by. modes of working 
which largely reduce the daily amount of useful work. 
Thus, when a labourer is employed to raise earth with a 
shovel and throw it into a truck, he can lift 20 tons weight 
a day to a height of 6 ft., i.e. his useful work is only 
268,800 foot-pounds ; some men, however, are so strong 
as to do a seventh more than this, i. e. 307,200 units a day. 
This, it must be home in mind, is labour which exceeds in 
severity almost any other description of work ; yet it will 
be seen that the amount of useful work is Uttle more 
than one-fifth of that done by the labourer mentioned in 
Note, p. 108.* It is pretty plain that the fatigue is 

' These nnnibera are reduced from tliose given by Poncelet, JVee. Indnsi. 
p. 235. The first and se^ood eetimaites are adopted without material change 
by Mr. Baakine {Applied Meehania, p, 826), In tbB third case, thatof the 
draught horse, Mr. E^ukine estimates the day's length at 8 hra., the force 
ezert«d at 120 lbs,, the speed at SIS ft. a minute (about 2^ miles an hour), 
and the daily use&l •waA. at 12,441,600 foot-pounds. The estimate given 
byWeisbaoh ('LehrbnchderMech.' vol.ii.p. 289) on the authority of Gerst- 
ner is 120 lbs. foree exerted at tiie cato of 240 ft per second for 8 hra. a 
day. The foot and pound, however, are slightly greater than the English 
foot and pound, and the result when redui^ed to English units gives about 
14,750,000 foot-pounds a day ; a result just midway between Poncelet's and 
Bankine's estimates. 

' A full day's wort done by an English navvy ' consists of fourteen sets 
a day. A " set " is a number of wagons, in fact a train. There are two 
men to a wagon. If the wagon goes out fourteen times, each man has to 
fill seven wagons in the course of the day. Each wagon contains two and 
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mainly incurred in raising the body, arms and spade in 
the act of throwing the earth. 

E.r. 99.— Suppose a weight of 12,000 Its. lias to be raised liy one man 
working on a serew-preas ; and Eappose tlmt it is so arranged that he can 
work on it in the same manner as a man can work on a capstan. As the 
man can do 1,500,000 foot-pounds a day, we may conclude at oQce that, if 
we could ntglect friction, he would lift the weight to a height of 125 ft. 
The machine, however, must he adaptad to enable him to lift this weight 
by the exertion of a force of 27 lbs. ; if, then, he works on an arm 8 ft. . 
long, the pitch of the screw (Art. 80) must be 2» x 96 >c 27-f 12,000, or 1^ 
in. (very nearly). Tha introduction of thia madiina, however, neeesaitates 
that part of the work done by the man should be expendad on friction. We 
therefore ought to solve t)ia following example. 

Ex. 100. — In the last example suppose the pitch of the screw to be 2 
in. ; its diameter and that of its end 6 in. ; coefficient of friction 01. Find 
(1 ) what must be the length of the arm ; (2) fhroogli what height tlie man 
will raise the weight in the course of a day. 

If we denote the length of the arm in inches by r, we obtain from Art. 
80, eq. (2) 

2iri X 2T = 12,O00 X 2 + 2irx 3 X 0-1 X 13,000 + |irK 3x0-1x12,000; 
whence jr = 8e4 in. ; 

BO that in one turn of the screw p does 5112 foot-pounds^ as, in fiict, can 
be obtained at once from the above equation. Hence in the course of the 
day the man can turn the screw 1,600,000 -i- 5142 (say 800) tjmes. He 
can Uiereforc raise the weight through only 300 x 2 in., or 50 ft. The 
student will observe that for the man to raise the weight at all he must 
nsethemachine, but this advantage he pnTChasea by the loss of nearly Jrds of 
his working power, which are expended on the friction of the machine. 



8 quarter cubic yards. The result is that eaeh man has to lift Dearly 
twenty tons weight of earth on a shovel over his head into a wagon. The 
height of the lifting is about sis feet. This is taking it at ft)nrteen sets a 
day; but the navvies sometimes contrive to get through siiteen seta, and 
there are some men who will accomplish that astonishing quantity of work 
by three or four o'clock in the afternoon— a result, I believe, which is not 
nearly equalled by the workmen of any other country in the world ' (Mr. 
Ballard's evidence, qnoted in Sir A. Helpa's Life of Mr. Brasaey, p. 77). 
This corresponds very closely with Poncalet'e estimate, who considers that 
a man raising eartli with a spade is capable of doing about 280,000 units of 
usefiil work per diem, if he raises the earth at each throw 5^ ft, in loads 
of about 6 Iha. eaeh, and works for 10 hrs. a day (Micanigue Induet p 
234). 
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QUESTIONS. 

1. State what is meaot tj the work done by a force, and bj the work 
eipecded oD, Or done against, a resistance, 

2. Define a unit of work. When a unit of work is called a ' foot-pound,' 
what is implied as to the units of force and distance ? 

3. A weight of 800 ItiB. fells from a height of 12 ft. ; what work has 
been done hy gravity ? Ans. WOO ft.-pds. 

i. A. stream of water has a section of 6 sq. ft. ; the water moves through 
"the section at the rate of 3 miles an hour. If the water falls down 20 ft., 
how much work is done hy gravity per hour? 

Ans. 118,800,000 ft.-pds, 

5. When a system of weights is lifted, different weights being raised 
different heights, what is the whole amount of work done? 

6. Three weights of 4, Sand 6 lbs. are at the earns point; they are raised 
Tertically through S, 3 and 10 ft. respectively ; show that their centre of 
gravity is raised 6 ft. vertically, and verify in this case the principle stated 
in Alt. 69. 

ghing 2 llis. a ft. hangs by one end ; how 
n winding it up ? Aas. 250,000 ft.-pds. 

8. Mention some circumstances in which a force does no work, and 
illustrate joar answer by reference to tbe motion : — (a) of a point sliding 
on a horizontal plane ; (b) of a wheel ; {c) of a body turning on an axle ; 
and (d) by the case of a rod under the action of a stretching force. 

9. A train weighing 60 tons moves along a horizontal road, the resist- 
ances being at the rate of 1 lbs. a ton ; how much work must be ex- 
pended in drawing the train the distance of one mile ? 

Ana. 3,168,000 ft.-pds. 

10. The weight Buelnined by one wheel of a carriage is 500 lbs. i if the 
resistance of the road to the turning of the wheel is equivalent to lifting 
the wheel 1 in. in each turn, what wort must be expended on the resistance 
in the course of a mile, the circumference of the wheel being 5 yds. ? 

Ans. J4,667 fl:.-pda. 

11. In the last question suppose the drcumference of the aile to he 
8 in., and the friction between it and its bearing to he 40 lbs. ; how much 
work is expended on the friction of the axle in a run of one mile ? 

Ans. 9387 ft.-pds. 

12. Determine the numbpr of units of work needed to draw a body 
up or down an inclined plane ; the direction of traction being parallel to 
the plane. 

13. The base and height of an inclined plane are 40 tb. and 30 ft. re- 
spectively ; a body weighing 1 ton is drawn np the plane by a ibrce acting 
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parallel to the plaue ; the coefficient of friction iietween bodj and plane !fl 
^ 1 how much work is eiponded ? Am. 97,067 ft.-pds. 

14. A train weighing 50 tons runs down an indine 2 miles long of 1 in 
101); how much wort is done by gravity? If this is wholly eipend«d in 
oyercoming friction, what must the friction be in lbs. par ton ? 

Ane. (1) 11,827,200 ft.-pds. ; (2) 22'4. 

15. Define a machine, power, weight, driticg point, working point. 
State briefly the circumstances under which tie motion of the machine is 
ujiifarm, retarded or accelerated. 

16. Wlien the motion of a machine in uniform, what relation must 
eiist between the power, the weight, and the pEBSiTe ceBistances ? 

1 7. A machine is bo contriyed that a weight of 1 ton can be just moved 
by a force of 28 lbs. — putting pasBive resistances out of the question — 
what conclusion can we draw as to the distances described by the working 
point and driving point of the macliine T 

18. In Act, 72, if the body moves up the plane with a uniform velocity 
under the action «f a conf*ant traction (p), show that the following relation 
holds good — 

19. A smooth plane has a base 1^ ft. and a height 5 f t ; a weight of 
672 lbs. is supported on it by a force (f) Jicljag parallel to the plane ; show 
by the last question that p equals 220 lbs. Verify this result by a process 
similar to that used in Ei. 63. 

20. Find, by the principle laid down in Art. 73 the relation between 
the power and the weight in a lever of the first order; and apply similar 
reasoning toobtain the relation in the case of a lever of the second or third 

21. Find the relation between the power and the weight in the wheel 
and axle. 

22. Find tiie relation between the power and the weight (a) in a single 
filed pulley, (J) in a single moveable pulley, (e) in a tackle of four sheaves. 
Mention in general terms what is the modification produced in tiieee rela- 
tions by friction. 

23. In two blocks of three sheaves each, it is found that a power of 
890 lbs. is required to raise a weight of 1000 lbs.; when the weight is 
raised through 10 ft., how much work is done against the passive resis- 
tances 7 Ana. 13,400 ft.-pds. 

2i. rind the relation between the power and weight in the wedge. 
Explain an approximate method of taking account of friction. 

25. Adapt the case of the wedge (Art 79) given in the text to that in 
■which the plane a b is not at right angles to ft's direction, and show that 
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■e bean to q tlie same zatia that the back bears to the length of the 
wedge. 

26. The back and length of a wedge are 3 in. and 18 in. Tespectivelj ; 
tbe Bur&ces in contact iire metal ou metal ; given that a is 1000 Ibe. ; £.ad 
p, first neglecting friction, secondly taking account of friction. 

A,ia. (l)]67ibs.;(2)527IliB. 

27. What is the Bdvaiitage that is actually gained by the use of tho 
vedge? 

28. A pieca of matal ia hehi, merely by ftiction, between a pair of 
pincera; feom jaws to rivet is 2 in., ftom rivet to the grasp of the hand is 
18 in. ; the force eierted on each Imudle is 100 lbs. ; what force would be 
required to puU the metal from between the jawB ? Ans. 324 lbs. 

20. Describe briefly the form of a helis; and distinguish between a 
right-handed and loft-handed screw. 

30. The diameter of a screw is 3 in., the thread makes one turn per 
inch; what is the length of the thread in 1 fl. of the length of the screw, 
and what ia the angle of inclination of thread ? 

Ans. (1)113-7 in.; (2)6°. 

31. Describe briefly the Bcrcw-press, and find the relation between the 
power and the weight on the supposition that frictions arc neglected. 
Mention the principal frictions, and give an approiimate method of taking 

32. The pitch of a screw is 1 in.; by means of it a weiRht of 
10,000 lbs. has to be raised by a force of 30 lbs. ; what should the length 
of tiie arm he if there were no frictions ? Ans. 53 in. 

33. In the last question, if we suppose the end of screw to !iave a 
diameter equal to that of the screw, and both to be 3 iu.. and the coefSeient 
of feictioo to be O'l, what must be the length of the arm ? If the length 
of arm were unchanged frora that determined ia the last qnestion, what 
must the force be ? Jne. (1) 136-* in. ; (2) 77-1 lbs. 

3-i. "What is the modulus of a machine? 

35. What is the modulus in ftuaation 33 ? Ans. 0-4. 

36. In QuoBtJon 4, if the stream turns a wheel with a modulus 0'65, 
how much water would the wheel raise from the bottom of the fell to a 
hejghb of lOOift. intone hour ? How much would it raise from the top of 
the fall to the same^point? Jna. (1) l'2.35fi cub. ft. ; (2) 13,285 cub. ft, 

37. How can the working power of two agents be compared? 

38. Au agent (a) exerts a force of 400 Iba. through 300 ft. in 3 minutea ; 
another agent (b) elects a ibrce of 80 lbs. through 60 ft. in a quarter 
of a minute ; what is the ratio^of &'b woddiig power to b's ? 

Ant. 5 : 2. 
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39, What is meant by a horsa-powec? Wliat is the hofse-power or 
the Bteam in QueetLoa 4 ? If the engine in Ex. 82 makes 11 etrokea a 
minuta, what is its horse-power? Ana. (1) 60 h.-p. ; (2) 160 h.-p, 

40, State the leading peeuliaritiea of the working power of men and 
animals. 

41, The barrel of a capstan is 1 ft. in radins, and men work on Ihe 
handspikes at an areraga distance of 10 ft. ftom its aiis ; how many men 
are required to raise a -weight of 3 tons by this machine? Through wiiat 
height would they lift it in 2 hours? 

Ana. (1) « men; (2) 1 40 G ft. 
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CHAPTER V. 

EECTILIKEAB MOTION. 

84, Units of distance and time. — In all questions of 
dynamics the units of distance and time are assumed to 
he feet and seconds unless the contrary is specified; and 
in nearly all cases it will be found advantageous to reduce 
distances and times to feet and seconds if they are given 
in other units. The primary units from which the foot 
and second are derived are the standard yard and the 
mean solar day. The foot is, of course, the third part of ■ 
the standard yard. What is meant hy a mean solar day 
requires a word of explanation. Suppose the sun to be 
observed when exactly due south on any given day, and 
to be observed again when exactly due south on the next 
day, the interval between the observations is an apparent 
solar day ; it is found that apparent solar days are not 
of exactly equal lengths, and therefore to obtain a unit 
it ia necessary to take the average length of a very large 
niunber of such days. The day of average length thus 
determined is called a mean solar day, and a second or 
more, exactly a second of mean solar time, is the 1— 86,400th 
part of a mean solar day. If a common clock were to 
go perfectly, its 24 houis would make up a mean solar' 
day.' 

85. Uniform, veloaity. — The velocity of a point is the 
rate of its motion. If the velocity is uniform, the point 
describes equal distances in equal times ; and consequently 

' With a snn-dial or a adereal doot tie case would be diffarenL 
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Tiniform velocity is measured by the distance described in 
a imit of time — connnonly by the number of feet described 
in a second. Since in each unit of time equal distances 
are described, the distance described in any time will be 
the velocity multiplied by the number of units of time, 
i.e. if V, t and 8 denote velocity, time and distance 
described, we must have 

s = vt 

if the velocity is uniform. A velocity expressed in one 
set of units is easily expressed in other units, e.g. a 
velocity of 30 miles an hour is the same thing as a 
velocity of 30 x 5280 ft. an hour, and therefore as 
30x5280-i-3600 or 44 ft. a second. In the following 
pages if a velocity is merely expressed by a number, it will 
always mean feet per second, e.g. a velocity 8 will mean 
a velocity of 8 ft. per second. 

86. Variable velocity is measured at each instant by 
the distance which the body would describe in a unit of 
time, if it continued to move uniformly from that instant ; 
e.g. we say that a train is moving at the rate of 40 miles 
an hour, meaning, that if it continued to move for an hoiu: 
without changing its velocity, it would move over 40 miles. 
In the same manner if we say that a falling body has at 
any instant a velocity of 32 ft. a second, we mean to state 
that, if it continued to move uniformly from that instant, 
it would describe 32 ft. in a second. 

87. UnifoTTnly accelerated velocity. — When the velo- 
city of a body is increased by equal amounts in any equal 
times, its motion is said to be uniformly accelerated, e.g, 
if a body is moving at a certain instant with a velocity of 
8 ft. per second, and at the end of the 1st, 2nd, 3rd .... 
second its velocity is found to bo 11, 14, 17 .... ft. per 
second, this would bo consistent with its velocity having 
imdergone a uniform acceleration in each second of 3 ft. 
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per second. If the initial velocity is v ft. per second, 
and if in each second the constant increase is a velocity 
of/ ft. per second, the velocities at the end of the 1st, 2nd, 
3rd ... . second will be v + /, v + 2/, v + 3/ .... 
and plainly if v is the velocity at the end of t seconds, 
we shall have 

« = T+/(. 
If the body has no initial velocity, we shall of course have 

v=ft. 
If the velocity, instead of being uniformly accelerated, is 
uniformly retarded, i.e. if it is diminished by equal amounts 
in equal times, we shall have 

v=y—ft. 

The two points following should be carefully borne in mind: 
(a) When a uniform acceleration is said to have a numer- 
ical value, e.g. 5, this means that in each second the velo- 
city is increased by a velocity of 5 ft. a second, {b) 
When the acceleration of a body's motion is said to cease, 
this of course means that the velocity continues uniform 
from the instant that the acceleration ceased, e.g. if a body 
movedfrom rest under a imiform acceleration 10, its velocity 
at the end of the fourth second would be 40 ft. a second, 
and if at that instant the acceleration ceased, it would con- 
tinue to move uniformly at the rate of 40 ft. a second. 

Ee. 101. — If the uniform accelemtion is 5 in feet and seconds, a, tody 
will Iiavo a veloatj of 50 ft. a second at the end of 10 seconds, provided it 
moves from rest. But if at any instaut it is moving with a velocity of 
10 it. a second, and the velocity undergoes a uniform acceleration of 5 in 
feet and aeconda, its velocity will be 40 + SO, oc 80 fL a second at the end of 
10 secondg. If it had undcigone a uniform retardation of 5 in feet and 
fieconda, its velocity at the end of 5 sec would be 40 — 25, or 15 it. a 
second, and if the retardation were continued for 8 sec, the volodty 
would bo reduced to 40 — 40, or zero. 

88. Space dea&nhed by a body niovmg for a given 
tvme with a uniformly accelerated velocity. — In order to 
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.make this somewhat difficult, determination, two points 
must be attended to, and the student should carefully 
,make out each separately : — 

(a) Suppose a body (a) to begin to move with a velo- 
city 8, which is subject to a uniform acceleration 3, so 
that at the end of the Ist, 2nd, 3rd, 4tb second it« succes- 
sive velocities are 11, 14, 17, 20. Suppose a second body 
(b) to begin to move with a velocity 20, which is subject 
to a uniform retardation 3, so that at the end of the 1st, 
2nd, 3rd, 4tb second its velocities are 17, 14, II, 8. It 
is plain that in the four seconds A and B describe equal 
distances; the successive velocities' of B being just the 
same as those of a, only in the reverse order. And this is 
generally true: — If a's velocity is at first v, and is 
uniformly increased in t seconds to u, while b's is at first 
u, and is imiformly diminished in t seconds to v, A and B 
will describe equal distances in the t seconds. 

(b) Suppose A and b to move from the same point in 
opposite directions along the same line, the former with a 
velocity 7, the latter with a velocity 5 ; it is plain that 
they will separate with a velocity 12 : at the end of c 
second they will he 1 2 ft. apart, at the end of two s 
they will be 24 ft, apart, and so on. Now this will be 
true whether the separate velocities are constant or not, 
provided their sum is always 12, e.g. if the former velo- 
city were increased to 8-^, while the latter was diminished 
to 3^, they would still be separating with a velocity 12 ; 
and this is generally true, so that if the velocities of the 
bodies were u and v, they are separating with a velocity 
u + v, and provided u+v is unchanged, the bodies wiU 
separate with a constant velocity, though their respective 
velocities are varied. 

' This is true of all the velocities, e. g. if the velocities at the end of 
each half-second were considered, they would be in the ease of a, 8, 9 J, 11, 
121, 1*. 15i, 17, 18^. 20, and in the case of b, 20, ISJ, 17, 15^, 14, 12i, 
II, 9i, 8, and the same is trno for all equal intervals, however short. 
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Let tas now apply these principles to the following 
case :— Suppose a body (a) to begin to move with a velo- 
city V, which undergoes a uniform acceleration /, euch 
that at the end of t seconds its velocity is v. And suppose 
a second body (b) to begin to move with a velocity v, 
which undergoes a uniform retardation /, so that at the 
end of t seconds its velocity is T. It follows from (a) that 
in t seconds a and b describe equal distances. Moreover, 
if we suppose them to move in opposite directions from 
the same point, they will at the end off seconds be (v+v)i 
feet apart. For the sum of their velocities is always v+y. 
Thus at the end of three seconds the velocities are y-f 3/ 
and v—Zf, the sum of which is t+v. Hence half this 
distance is described by a and the other half by b- Now 
V equals v+/i, and therefore if s denotes the distance de- 
scribed by A, we have 

8=i{v + v+/()(, 
or s=vi4-i/(*. 

It is evident from this that, if the body moves from rest 
(so that V equals zero), we shall have 

and that if the body's motion undergoes uniform retarda- 
tion, we shall have 

89. Relation between velocity acquired and space de~ 
scribed in the case of uniformly accelerated 7>iotion.—We 
have already seen when a body moves from rest and its 
velocity undergoes a uniform acceleration /, its velocity v 
acquired at the end of ( seconds is 

»=/*; (1) 

and if 8 is the space described in the same time, 

s=iftK (2) 
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Now from (1) v^=pt', and from (2) 2fs=p t^ ; 
therefore v^=2f8 (3) 

If we suppose the body to have an initial velocity y, we 
can take the two equations 

v=Y+ft (4) 

and 8=Yt + ^fi% (5) 

and deduce ii*=v' + 2/s. (6) 

Similarly in tlie case of uniformly retarded motion we 
must use the equations 

v^y-ft (7) 

and s=yt-yt^ (8) 

and we can deduce v'=y'~2fa. (9) 

The nine equations brought together in the present article 
are of great importance. The student should make him- 
self thoroughly familiar with them. He will observe that 
they fall into three groups of three equations each : if the 
first group is known, the other two are easily remembered. 

Ex. 102.— A body describes a straight line, and its velocity undergoes a 
uniform nccaleration of 5 in feet and sewnda. If it begins to move from a. 
state of reut, tha spa,ea it trill describe in 6 sec. will be J x 5 x 6'. or 90 ft., 
and at the end of the 6 sec.ft will be moving at tlie rate of 30 ft. n second. 
If it is nsied, bow far it will move in tlio neit 6 bbc., wb may proceed 
thus :— in 12 aec the distance described is J n 5 x 12=, or 360 ft. ; so that 
in the second period of 6 see. it must describe 390 — 00, or 370 ft. In a 
third period of 6 sec. (i.e. from the end of the 12th to the end of the 18th 
sec. of its motion) it will describe 450 ft. The student will observe that, 
the distances 00 ft., 270 ft., 450 ft., are in the same proportion as the 
numbers I, 3, 5. 

Et. 103.— ^A body moves along a straight lino, its velocity undergoes a. 
uniform retardation of 8 in feet and seconds. If at any inBtnnt it is moving 
at the rate of 60 ft. a second, how Ar will it move before coming to rest, and 
for how long a time ? 

"We may use Equation (0), and say that if f is the velocity, when s ft. 
have been dcscrihed, we must have 

K= = (60)=-I6s. 



bt Google 



UNIFORMLY ACCELERATED MOTIOS. 



Now when the body 
take s to mean the dia 
to rest, we must Lave 


onieB to rest, its xelocitj ia zero ; if, thwofote, wa 
tance that has been described when the body comes 

= (ao)'-16B. 


Thecetoce 


jr=32o ft. 


To find the time, we c 
number of secauds a' 
hare 


an reason similarly on Eq. (7), and If ( denotes the 
the end of which the body comes to rest, wb must 

= 6C-8(, 


01 


i = 7isec 


So that the body wiU 


move for 7^ sec. before eoniing to rest, and desoriho 



223 ft. We might obtain the answer to the questioa by a slightly d; 
process, thus :— By means of Eq. (7) ascertain that the motion lasts for 7J 
sec.; than, Eq. (8) will give tha distance described, viz. 60x 74 — i xS 
X (7i)'-450-225, or 226 ft. 

Ex. 104. — A body moving in a straight line is ohsarred to have do- 
eciibod 63 ft. at the end of 3 sec., 1S2 ft. at the end of 6 sec, and 297 at 
the end of 9 sec. Was tliia consistent with a uniform acceleration of its 
motion, and if so, what was the initial velocity and the amonnt of tlia 
nnifarm acceleration f 

We may reason thus ; — If these numbers are consistent with nnifonn 
acceleration, let /be its amount, and v the initial velocity ; consequently by 
Eq. (5) thespacedescrihedina sec. will he 8 t + +/x 9, and that described 
in 6 see. will be 6v + i/x36; so tbjit 



i/x 


9= 63 


J/x 


6 = 162 


9/ 


= 126 


8/ 


= 162 


9/ 


= 36 


/ 


= 4 


■V 


= 15 



Now if 7=- 15 and/=4, the space described in 9 sec. would be 1 5 x 9 + J x4 
x9'=136+162-^297. So that the spaces described are consistent with 
imifona acceleration, and the body must have had an initial velocity of lb fL 
a second,, and in each second its velocity was increased by a velodty of 4 ft, 
a second, i.e. its velocity was 19 ft. a. second at the end of the first second, 
23 ft. a second at the end of the second jecond, 27 ft. a second at the end 
of the third second, and so on. The consistency of the distances with 
uniform aooeleration might have teen inferred thus: — the distances de- 
scribed In three successive intervals of three seconds each were 63, 162 — 63, 
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and 297 — 162, i.e. 63, 99, 135; as these aia in ftrithmetie progressioG, the 
motion may have been uniformly accelerated, 

90, When a uniform acceleration is estimated in one set of units, it is 
easy tfl e'ltimate it in uthcP units if we bear in mind what is meant by a 
uniform accelerat on Thus, suppose an acceleration is 20 when estimated 
in feet and second'- ind ^a wish to find wliat it will be if estinmteii in 
yards and minutes. We know that in each second the body's velocity is 
increased by 20 ft a second i.e. by 20 x 60 or 1200 ft. a minute, or by 400 
yds. B, minute, and tlierefore in each .minute its velocity ia increased by 
400 X 60, or 24,000 yds. amiuut*. And this is the value of the acceleration 
required. In other words, to say that in each second a body acquires an 
additional velocity of 20 /(. a seiiond, is to saj that in each mtnitle it ac- 
quires an additional velocity of 24,000 i/ds. a mimite. 

Ex. 105. — A body moves along a straight line, and its velocity under- 
goes a uniform acceleration of 3^, reckoned in inches and seconds ; express 
this acceleration in mUos and hours, and ascertain the distance tie body 
would describe in half an hour if it began to move from a state of rest. 

A velocity of 3j in. a second is a velocity of ^ of a mile an hour, 
i.e. at the end of each second tha body's velodty is increased by a velocity 
of J^ of a mile an hour, and therefore in an hour by a velodty of 750 milea 
ao hour. In other words, the acceleration is 8^ when the miits are inches 
and seconds, and 750 when the units are miles and hours. If we obtain 
the distance described in half an hour from the former value, it will 
be (by Eq. 2) J x 3§ x (1800)', or 5,940,000 in.; if from the latter 
value, i X 730 x (J)', or 93j miles, tlie same result being obtained in each 

91. Accehraiive effect of a force. — When a body 
moving along a etraighfc line is acted on by a constant 
force in the direction of tbe motion, its velocity undergoes 
a uniform acceleration, and this acceleration is called the 
accelerative effect of the force. If the force acts in the 
direction opposite to that of the motion, the velocity 
undergoes a uniform retardation equal in amount to the 
accelerative effect of the force. Thus, if a body moves 
downward in vacuo near the earth's surface under the 
influence of gravity, its velocity is uniformly accelerated ; 
the acceleration reckoned in feet and seconds ia a little 
more than 32 ; the exact number ia commonly represented 
by the letter g, which is called the accelerative effect of 
gravity. In other words, a body falling freely in vacuo 
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near the earth's surface acquires in each second an addi- 
tional velocity of g, or a little more than 32 ft. a second. 
If the body is made to move upward in vacuo under the 
action of gravity only, ao long as the upward motion lasts 
it loses in each second a velocity of g feet a second. This 
will continue until it reaches its highest point, when its 
velocity is zero, and at once it begins to descend. 

The nine equations of Art. 89, therefore, apply to the 
case of bodies moving up or down in vacuo, if we write g 
i<yt approximately 32) for/; the first three having regard 
to a body which is merely allowed to fell, the next three 
to a body thrown downward with an initial velocity v, the 
last three to a body thrown upward with an initial velocity 
T. In all following examples g will be taken as equal to 
32 unless the contrary is specified, and this, the student 
must remember, presupposes that the units employed are 
feet and seconds. 

It must be added that some forces, such as friction, 
act always as resistances, and their effect is to retard and 
never to accelerate motion. When such a force alone acts 
on a moving body, it will at length bring the body to rest, 
but will have no tendency to make the body move in the 
opposite direction to that of its previous motion. 

Ex. loe.^If a body wera thrown downward with a velocity of 5 ft. 
a seoond, and moved for 3 sec. in vacuo, it would defctibo 159 ft-, 
and would a,t ths end of the 3 sec. he moving at the rate of 101 ft. a 
second, 

Ex. 107.— If a body were allowed to fall 
in the lEt, 2nd, 3rd, 4tb, &c, seconds of it 
112, &c, ft. 

Ex. 108. — If a body were thrown upward with a velocity of 356 fL a 
eeeoni!, anil moved in vacno, it would at the end of 3 aec. have reached 
a height of 624 ft,, and would be ciovirg at the rate of 160 ft, a aecood. 
If the question were asked, what would he the greatest height tlie body 
would attain? we may reason thus: — If « is the velocity which the bo<ly has 
when it has reached a, height of £ ft. above the Etaiting-point. we know 
feomEg. (9) Art. 89, that tj' = (256)'-2x32s; now if * is made lo stand 
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for the greatoBt height ntt^ned, we must hare * = 0, and nsequen ]y 
« = (3a6)'-i-64, or the body reaches a height of 1024 ft,, and hn begins 
to descend. In the case of a force like gravity, it is frequen ly □ en n 
to nae the eigns + and ~ to indicate diffirence of direction wh a applj ng 
the equations of AH. 83 to particular cases, and to consider s as tl distan 
from the starting-point. How tiis is dono will he made sofHciently plain 
by the following esample. 

Ex, 109, — If a bodyia thronTi upward in yaeuo with a Telocity of 96 ft. 
a second, at the end of 7 see. its velocity will be (Eq. (7) Art. 89) 
06 — 32 Ji7= — 128, i.e. it is moving i^oieMioanJ at the rate of 128 ft. a 
second. iFrom Eq. (8) Art. 89, we see that its distance from the starting- 
point is 96 x 7—16 ?: 7'= -112, i.e. it is 112 ft. below the starting-point; 
in fact, it rose to its greatest height of 144 ft. above the starting-point in 
3 sec, and fell ftom it for i sec., describing a distance of 256 ft. So 
that the whole distance described in the 7 sec. is 144 ft, upward and 2o6 
tl. downward. 

92. Relation between Tnomentum and the force pro- 
ducmg it. — By the momentum of a body ia meant a quan- 
tity proportional to its mass and we^ociiy jointly. So that 
if M ia the number of units of matter in the body, and v is 
its velocity, M v is the measure of its momentum. The 
units used throughout the following pages are pounds, 
feet, and seconds, e.g. if a body weighs 7 lbs., and moves 
with a velocity of 12 ft. a second, its momentum is 84, 

Suppose a body to weigh 5 lbs, and to move in such a 
manner that in each second its velocity is increased by 7 
ft. per second, its momentum is increased by 35 in each 
second ; in other words, the force, whatever it may be, 
which produces the uniform acceleration 7, communicates 
to the body in each second a momentum 35. And this is 
generally true, if the mass of the body is m, and its motion 
undergoes a uniform acceleration /, the increase of mo- 
mentum in each unit of time is inf. 

It has been found that the following statements are 
xmiversaliy true : — 

the velocity or direction of the 
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motion of a point is due to the action of an external, 
i.e. an impressed force. 

2. The change takes place in the direction of the im- 
pressed force. 

3. The force is proportional to the change in the 
momentum of the point. 

For the present we shall consider these statements 
with, reference to rectilinear motion. In this case the 
force acts in the line of the motion, and the change in the 
momentiun is its actual increase or decrease due to the 
action of the impressed force. When the third of the 
ahove statements is applied to comparing two forces, the 
changes of momentum must he those which take place in 
the same time. Thus, let f and F, denote two forces, the 
former such as when acting on a mass of in lbs. increases 
its velocity hy / ft. a second in each second, the latter such 
as when acting on a mass of m, lbs. increases its velocity 
/( ft. a second in each second ; the forces, therefore, gene- 
rate in each second the momenta m/and to,/,, and con- 
sequently we have 

F:r,::m/::m,/i. 
Suppose, for instance, that F acting on a mass of 10 lbs. 
produces a uniform acceleration of velocity in each second 
of 12 ft. a second, and similarly that F„ acting on a mass 
of 5 lbs., produces a uniform accelemtion of velocity in 
each second of 4 ft. a second, the momenta generated in 
each second are 120 and 20 respectively, and therefore p 
is six times as great as F,. 

Two particular cases are included in the above propor- 
tion, viz. : — 

(a) Suppose the masses m and m, to be equal ; then 

or, forces which act on equal masses are in the savns 
ratio as their accd&rative effects. 
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(b) Suppose/ and /j to be equal; then 

F : F, :: m : «i„ 

or forces which produce equal accelerative effects on diffe- 
rent masses are ia the same ratio as the masses. 

93. The ahsohite unit of force. — The principles laid 
down in the last article supply a simple means of measuring 
force. There will always he a force of a certain magnitude 
which, acting ou a pound of matter, will generate in each 
second a velocity of one foot per second ; if this force is 
taken as a unit, it is called the absolute unit. Suppose a 
force F acting on a mass of m lbs. to generate in each second 
a velocity of/ ft, per second, then, by the last article, 

F : 1 ::mf: 1x1, 
or T=mf, 

i.e. if a force, acting on a mass of m lbs., produces an 
accelerative effect /, estimated in feet and seconds, that 
force is one of mf absolute units. 

Ex. no.— A mass of 5 lbs. moves from rest uuder tlie action of a con- 
stant force, at the end of 3 sec it is rooring at the rate of 18 ft. a secondi 
irbat nas tJie magnituda of tlie force ? 

Here the accelerative effect is 6, i.e. the force ia each second communi- 
cates to the body a Telocity of 6 ft. a eocond ; consequently tbe force must 
hare been one of 5 >: 6, or 30 absolute units. 

i&. 111.— If the force in the la=t cnSB were to act on a mass of 500 
lbs. for a quarter of a miaute, ivliat velocity would it communicate to the 

If we suppose/ to denote the accelerative effect of the force, we hare 
fi00/=80, or f=^; consequently, at the end of 15 sec. tho velocity will 
be 15/, or 0-9, i.e. the body is moving at the rate of 0-9 ft. a second. 

94. Belalion beiweea the absolute wiii and the gravitation unit. — ^It ap- 
pears from Art. 8 that the gravitation unit is die force eiorted by gravity 
on a pound of mutter in London. Now it is found that the accelerative 
eSeet of gravity in Xxmdon is 32'1912 in feet and seconds. Consequently 
the force of gtavify on a pound of matter must be 1 x 32-1912. or 82-1S12 
absolute units. A force, therefore, of r lbs. (i.e. p gravitation units) is 
the same as a fores of px 32-1912 absolute units. We may form a con- 
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ceptioD of the magnitude of an absolnte unit thus: — Wasee that tlie gravi- 
tation unit contains rathor mora than 32 absolute units ; if, therafore, we 
were to Astan a weight of half an ounce to the end of a thread, the force 
required to hold the weight suBpended is very slightly more than an abso- 
lute unit. 

The student's attention is particularly directed to the following point: — 
The numerical values of the acceleraUve eflect of gravity at various points 
of the earth's surfaoe di^r slightly, hut eenEibly, from each other ; conse- 
quently the force of gravity on a pound of matter will have one TaJue at 
one place, another at another; these different values are all about 32 
absolnto units. In very many questions, to take the value as 32, without 
reference to place, gives a sufficiently close approximation to the required 
result. If; however, it were possible tj> get to a place suffidently above 
the earth's Eurfece, this approximation would no longer hold good. Por 
instance, at a place where the accalsrative cfleet of grarity is reduced to 25, 
the force of gravity on 10 lbs. of matter is 250 absolnte units, whereas in 
Iiondon it in as much as 321'912 absolute units. If u is the mass of a 
body, and r/ the accelerative effbct of gravity at any place, the force of 
gravity ou the mass at that place ia My absolute units. 

95. Motion on a tmooik horisonial plane. — Suppose a body to move 
along a straight line, and that we know its velocity at any given instant ; 
now if its motion is uniformly accelerated or retarded, and if we know the 
amount (f) of the acceleration or retardalJon per unit of time, it is plain 
that we know all the circumstances of the motion, and can calculate, for 
instance, the space described and the velocity ^^ „, 

acquired in a given time by Art. 89. In this 
and the next few articles we will show how to 
determine the accelerative effect in certain 
simple oases of motion, and first we will take 

the case of motion on a smooth horiaontal plane : — A e represents sneh a 
plane ; a body whose mass is u is moved along it by a horizontal force p. 
The onlyforces acting besides p ate the weight of the body and the reaction 
of the plane, and these are in equilibrium. Hence / is given by the 
equation 



If u is given in pounds and p in absolute units, /will be in feet and seconds. 
If pis given in gravitation units, it must be mnltiplied by 32-1912, or 
approsinuitcly by 32, in order to reduce it to absolnte units. 

96. Motion on. a rough horizontat plane.— Tha forces are the same as in 
the last case, except that there is in ailditiou the iHction between the plana 
and the body, and this force will act so as to oppose the motion. Let p. 
denote the coefficient of friction, m the mass of the body in pounds, its 
weight in absolute units will be ttg, anci consequently the friction will be 
M^ft in absolute units. Hence if e is measured in absolute units, the 
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force produc 
equation 



— M5/1; ami therefoto y" ii 



)tion will he uniformly retarded, 
is of 100 lbs., the coefficient of friction between 
X of 12 gi'&vitiition units, and let it be required 



If p is less than iigii, 

Ex. 112.— Let Mb 

it and the plane O'l, 1 

to determine the velocity of the body after it has moved from n 
3 sec Supposing the aceelemtire effect of gravity at the place to 
be 32. 

F 13 a force of 12 « 321912, or 386*2944, (say) 3863 absolute units. 
Friction is a force 100 x 32 x O'l, Or 320 absolute units ; tlierefore we have 
a mass of 100 lbs. moved by a force of 386-3 - 320, or 663 absolute tmits. 
If, then, / is the accelerative effect of the force, 

66-3 = 100/, 
or /- 0'663. 

and the Telocity of the body at the end of 3 sec. will be 3/, or 1'989, or 
very nearly 2 ft. per second 

The student should attend to the following points: — (1) If instead of 
32'1913 we use the approximate nianber 32, we should have /= 0'64, and 
the required velocity 1 02 ft a second. (2) If it were possible for the 
plane and the Ixidy to he at a plate w) ere the accelerative effect of gravity 
is reduced to 2i, the friction would he reduced to 2iO alaolute units, so 
that the force producing motion would be 386 3-240, or 146-3 abso- 
lute units, and the required volodty woiilJ be 4'389, or nearly 4-4 ft, a 
Eecond, 

Pio, g2_ 97. Motion on a smooth ittrlined plane. — An 

is the smooth inclined plana; its length, height, 
nud base may bo denoted I, h, and b. 11 is tho 
s of tho body siidiog down the plane. The 
' ag on the body are the reaction of the 
plane and gravity, tlie latter being a force of Mff 
units acting vertically downwBcd, and is eqniva- 
id a, acting along and at right angles to the plane 



Now a is balanced by the r 
nnbalanced and produces the motii 
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Ex. 113. — If the length of tis plane iu 10 times the height, the accelera- 
tion of the motion of a body eliding down the plane (supposed to be smooth) 
is ^^-10, or 3'2 (approsimatelj) in feet and seconda. If it is asked how 
long it will take a body to slide down 40 ft. of the len;^ of the plane start- 
ing from rest, the formula a = ^ft' must be used, and it will be found 
that tiie time is 6 sec 

98. Motion oa a rough iacUned plane. — la the last article, if the plane 
is rough and fi denotes the coefficient of friction betireeQ the body and the 
plane, there will be an additional force of friction equal to K^ >( 6 4-i, acting 
along the plane in a direction opposite to the motion, and consequently / 
irill be determined bj the equation 



-!l'— JcJ-M/, 



If )ii is greater than h, the motion will be tmiformly retarded ; if the body 
mores up the plaoe, the motioa will be retarded both by gravity and 
friction. 

Ex. 114.— Let the coefficient of friction between the body and the 
plane be 0-3, the length of the plane three times the height, conse- 
quently the base of the plane will be ^/ -. or 0943 times the length. 
Hence the resolved part of gravity acting along the plane will be \ -ag in 
absolute units, and the perpendicular pressure on the plane 0*943 u^ abso- 
lute units, and therefore the fHction will be 0-2 x 0-348 Mj. or 0'1886 xg; 
consequentlj the force urging the body down the plane is (0'3333 - 0-1886) 
M g, or 0*1447 Mjr, If, then, /is the accelerative effect, this force must 
equal u/, and therefore 

/= 0*1 447?. 
If we take g approiimatelj at 32, we have/= 4'63 in feet and seconds. If 
wa were required to find the Telocity acquired by tlie body in sliding down 
100 fL of the length of the plane, we shall have, by Art. 89. 

«==.2k4-63x100, 
or at the end of the 100 ft, the body is moving at the rate of 30 4 ft. n 
second. 

Ex. 115.— In the last ease suppose the material of the body tj) be such 
that the coefficient of friction between it and the plane is 0*5. Then the 
force offriclion is 0-6 *u-943k^, or 0*472 My. As this is greater than 0-833 
is.g, the body will remain at rest; butif it is made to slide down the plana, 
its motion will ba uniformly retarded by a force of (0*472- 0*333) Mif, or 
0*14 ag. Suppose the body is at any instant sliding down the plane at the 
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rata of 20 it. a second, and it ia asked ho* long it wiUcontiDue to move. If 
/ is the letarding effect of the force, we have/^O'Jiy, or 4'5 in feet and 
seconds (very nenrly). Now if ti i» the velocity of the body after it hoe 
moved fur i sec, we hare 

Conaequentjy the time at which tlie body cornea to rest will he given by the 



i.e. the body will movefoc 4^ sec,, and will then come to rest. It will, 
Qpf coMrsB, follow from the nature of friction tiat the body will stay at cost, 
and not turn back upon its course, an a body does when thrown upward. 

ng. Motion of two budiee connected hy a thread pasting over a smooth 
point,— A ia e. filed smooth block or point, over which a perfectly flexible 
thread passes, the weight of which can be neglected; p and a 
■ ■ are weights fastened to the ends of the thread. Supposing p 
to be greater than q, we have the whole maaa, p + k. put ia mo- 
tion by the eicess of the force of gravity on p over that on 
ft; hence the force producing motion is sg—ng, and conse- 
quently 

(p + g)/=(p-«)?. 

Ex. 116.— If p and a ace respectively 8-5 and IS lbs., then 

p q 16/=Ixsor/=2 (approiimately). Let it be asked what 

distances will p (supposed to start from rest) describe in 1, 

!,S, . , . see. We apply the formula « = J/(', and find that it describes 1 ft. 

n the first second, 3 in the second, 5 in the third, and so on. 

100. Motion of tteo bodtei connected by a thread, one falling vertically 
J, and drawing the other aUmg a horizontal table. 

—ABisthetableon which the mass a is placed; 
-i l" p, which falls vertically, is connected with qby 

5" a thread, which passes over a perfectly amoodi 

point at A — the thread is supposed to be 
perfectly fleiible and without weighL The 
table is supposed to be rough, and /< is the 
coaffldent of friction between it and n. Now the whole mass moved is p + a, 
and the force producing motion is the excess of the weight of P (viz. rg) 
over the friction (vii. ng fi). 
Hence (P + «y=(p-«p)ff. 

Ex. 117.— If panda are masses of 20 and 100 Its. respectively, and if 
the coefficient of friction between a and the table is O'iS, we have a mags 
of 120 lbs. moved by a force of (20-100 x 0'16)"j, or 128 absolute units, 
and therefore /- 1^. If p fell through 4-8 it., we find by the formulAs 
v^ = 2fa and v=ft that the system would acquire a velocity of 3J ft, a 
secoad, and be 3 sec. in describing the distance. 
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101. Experiiaeiiial ner^eation of Ihelaws of rectilinear metion.—ltiiught 
be tliougliC at flr£t sight tliatit would lie easy to verify Uiese laws bj dir^t 
eiperiments on falling bodies ; but when this point is considered with a 
TiBW to performing the experiments, there are found to be two chief difB.- 
eulties whieli are practically very serious ; the first is that which arises from 
the resistance of the air, the second is that of measuring short intervals of 
linie. We will premise a word or two on these points : — 

(a) The resistance offered by the air to the motion of a dense body 
moving with a moderate Telocity is small, but itijecomea very considerable 
when the velodty is as large as that which a body acquires in falling for 
several seconds. This is well illustrated by Newton's experiments mads in 
the cathedral church of St. Paul, where bodies could he let fall through 
a clear height of 220 ft. He used two sets of glass balls, one about J in. 
in diameter filled with mercury, and weighing about 2 OE., the other about 
5 in. in diameter filled with air, and weighing about 1^ oz. There were 
six halls in each set^ and he found that on the average the first eix fell in 
about 4 sec, while the second six fell in rather more than 8 sec.' This 
difierence was wholly due to the greater resistance oSered by the air to the 
motion of the larger and lighter body. 

(i) By equal times we mean the times occupied hy eiactly similar 
motions. Suppose, then, that a pendulum supported on a fine steet edge is 
set swinging; it will be obsen'cd that its are of vibration diminishes very 
slowly, so that several successira vibrations are as nearly as possible similar 
motions, and are therefore performed in equal times. To overcome the 
difficulty of counting these vibrations, clociwork consisting of wheels, an 
escapement, and a falling weight may be added, bo that the completion of 
each vibration may be marked hy a dlstjnct tick, and then the time con he 
noted by the ea^, while the eye uatches the motion of the body. Eut whethec 
the machinery be added or not, the difficulty of counting the vibrations 
■while the motion of the body to be observed is in progress can be overcome 
by practice ; e. g. with practice an observer can tell that a certain body 
moved over a certain distance while the pendulum made 3^ vibrations. The 
first difficulty, then, will bo overcome if wa eiperimenfc ou' bedies moving 
with moderate velocities. The second may be overcome hy practice in 
' using a pendulum. 

Experiment 1. — Take two or three halls of various sizes and of different 
metals or other dense substances, and let them fall at the same Inatantrfrom 
any high place, e.g. the top floor of a house ; they will be found to strike the . 
ground together, and Ibis for all heights, whether 20, 30, or 40 ft. ; conse- 
quently all their velocities must undergo the same acceleration at all parts 
of their motion. The force of gravity upon them must therefore be propor- 
tional to their masses (Art. 92, b). Thatttis verification of this fundamental 
principle could be extended to bodies of small density but for the resist- 

' JWB(!ijHa,.lih..iiiprop. ai. Schol, Eip. 13. 
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tance df £he air, is illustrated hy the ■well-known eiperinient of allowing 
a feather and a piece of metal to fall along the length of a tube from which 
the air has been withdrawn. If cara ia taken, they can lie let fall at the 
same instant, and then they reach the bottom of the tuba together, 

B^perimertt 2.— Taie a long board so thick as not to bend sensibly in 
the niiddlo, and cut a shallow groove along its length. Set it at a small 
ioclination to the horizon. A email heavy hall ivill roll along the groove with 
but little resistance from friction and air. Set a pendulous body swinging, 
and mark two points o and A. such that the body rolls from o to 4 in one 
swingof the pendulum. Mark a second point b such that the body rolls from o 
to Bin two swings of the pendulum. If sufficientcare is taken, it will be found 
OE = 'l.o A. We may change the inclination of the board, this will change 
the positions of a and b, but wb shall still have an^i .ok. Again we may 
change the length of the pendulum, this will change the time of one swing, 
and therefbro will change the positions of A and b, but still o b will equal 
4 . i> A. This result is consistent with the rule that the space described is 
pcqportional to the square of the IJme of description (s = 5 /(^ or « co/'). 
And the rule may be further confirmed by comparing the spaces described 
in two and three swings of a pendulum. The conclusion from this series of 
e^eriments is that the force which causea the body to move down the 
plane has a constant accelerative effect, i.e. in the case of the inclined 
plane/is oonstaDt. Now as ^=/i-t-S (Art. 97),^ must also be constant^ i.e. 
sensibly constant rft a given place on the earth's surface, and therefore that 
if the motion of bodies falling in a vacuum could ba observed, they would 
follow the rules stated in Art. 89.' 

ExpeninerU 3. — Atviood's Machine, which is shown in the annexed 
figure:— A. b are two brass boiea which can be made heavier or lighter by 
putting more or fewer small shot into them, but which under all circom- 
atancea are of the same weigbt ; they ace connected by a fine silk thread 
ACE. passing over a pulley C, which may be supported by the points of two 
screws, the head of one of which is seen at D. More commonly, howeyet, 
the aiis of the puUaj rests OB two pairs of friction wheels, so that the rota- 
tion of the aiis may take place with a rolling instead of a sliding motion 
(Art. 7 1 , S). Friction being thus reduced to a rery small force, it follows 
that fop moderate velocities the boses and wheel ace very nearly an inert 
mass, which may be set in motion when a preponderance is given to i by 
means of a flat weight or bar placed on it. r is a ring through which the 
boi A can pass, but which stops the flat weight or bar ; consequently after 

' Experiments 1 and 2 were originally made by Galileo. In the case 
of the second eiperiment he compared the times in. which the body de- 
scribed the distances oi and on by taking a vessel full of water, making a 
small hole in the bottom, and measuring the .quantity of water that ilowed 
through while the body was describing the several distances. The times 
are, of coarse, pcoporfional to tie quantity of water. 
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part 



k passes tltivugh y the macliiiie moves under tlie action of balanced forces, 
and its motion will be uniform, a is a smull stage which, acreete i in its 
descent, and stops the motion. A second or half -second penduli 
of the apparatus, and by means of it 
the time of motion of the bmee can 
be noted with considerable accBJScy. 
There is a graduated scale on u i, and 
the instrumenfr can be levelled \>y 
means of three levelling screws. Sup- 
pose that A begins to move from h, 
and that F is adjusted by trial to such 
a position that i passes through it at 
the end of 3 half-sec, and then 
that o is adjusted in such a position 
that A reaehi 






I 8 ft.; 




the distance f o is described with a 

uniform velocity, it follows that that 

Telocity is 6-i-2} = 2-l ft. a second. 

Now tbiB is the Telocity which i has 

acquired on reaehingr, i.e. the system 

has acquired in IJ sec a velocity 

of 2i ft. per second. Now suppose 

the experiment repeated, all the circum- Ij 

st&nces being the same, except Chut y is 

so placed that a reaches it at the end of 4 half- 

A reaches it with a velocity of 3'2 ft. a 

2-i : 3-2::3 : 4; 
in ottoF words, the velocities acquired are proportional to tie times, anif 
therefore the motion has been uniformly accelerated. In this ease the' 
numerical value of the accelerative eifect (/) is 2-4-f-li = 1-6. The force 
by which this acceleration has been produced is the action of gravity on 
the bar ; we will denote the weight of the bar by w. 

We can use this machine to verity principle b of Art. 92. Thus, sup- 
pose a bar whose weight ia w, to be used, and tie weights of the botes to 
lie adjusted so that there is no change in the whole mass moved, and sup- 
pose that the accelerative efiect {/,) is determined as before, it will be- 
found that 

Now we have already seen (Eip, 1) that the forces prodiidng the motion are 
proportional to the masses «i and to, ; the above proportaon is therefore a 
particular case of that given in principle b. Art. 93, of which it is a direct 
verification. 

We can also use the machine to verify the general principle of Ait. 92. 
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Thus, ihe whole maes tnored is that of the bar (to), that of tha two hoiea 
(w, w), and that of the pulley, the mass of the thread being neglected ; now 
as the puUej ha^ a rotatory motion, the same velocity is not commuQicated 
to all its parts; consequently its effect is not exaetiy the same as its mass, hat 
as that of a certain mass m, which stands in a known relation to its mase. 
The whole mass mored may therefore be taken to equal 2 w + M + jo, and, if 
/ is the aocelepatioji of the motion of the boses determined as above 
(2 w + M + w) / is the momentum produced in a second by the preponde- 
rating force, If now we change w into w„ and winto w„ and in conseqnenee 
/ is changed into/,, it will be found that the forces producing motion are in 



then 



(2w + M + »)/:(2w,4 



they generate in a unit of 



i.e. the forces are proportional to the 



We may also use the machine for determining the numerical vatne of 
For since the force producing motion is wg absolute units, we must 



.,.(!, 



+ «)/, 



Q 
' 5^ 





and with proper care an approsimate value of g can be found from this 
equation. 

Eirperinrent 4. — Marin's Maahine.—'Lft abcd be a flat board placed in 
a reiticnl plane, and pa body to which is fastened a pencil or brush dipped 
in Indian ink. Suppose that p is allowed to fall i n 
Fiu.M. ^ frontofthaboaidinsnchamannerthatthepencil 

point touches it, it is plain that a vertical line 
will be traced on the board. Now suppose that by 
any means the board is made to move forward 
with a uniform velocity, so that by the time P 
has fallen to a, the board has come into the posi- 
^ tion a'bVb'; thfn the point originally covered 
' by p will hare adraneed to o, and, instead of a 
Tertieal straight lii:u, a curved line an will have been described. If v is 
the velocity of the board, op-^Y will be the time in which the body falls 
p^g gj through the vertical height p Q, the same will be true 

.,jj of all points of the curve ; e. g. let o H be the curve 

'^O actually drawn ; draw the horizontal and vertical lines 
o K. K H ; the board must have moved through the hori- 
zontal distance o K, while the body was iklling through 
tlie vertical height kh. Similfii'lj, if any point of the 
curve (i.) be taken, and a perpendicular (l m) be drawn 
to K. ths board would move throngh a horizontal 
distance mo while the body falls through a vertical 
height H t. Kow, supposing the curve to be correctly drawn, ' 



t to si 



w that the accelerative effect of gravity is constant; thus, vi 
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(1) 


itai similaily 


2V^ ° 


m 


If then/is the sa 


me throughout the motion, w 


B must have for all poiuts of 



And this is found to be the case, e.g. if ho=4 . ko, ml iafound ta be |tii 
of X H. The actual Talao of / (viz. 32) can evidantlj be determined &ont 
either (1) or (3), if vis known correctly. 

the principle of Morin's machine ; 
ubst'tate a cylinder 



- CSJ 



What haa been said aboye 
in the machine, however, it ia found 
coTftred with a sheet of paper for 
the board. The actual arrange- 
ment is shown in the anneied 
fig;ure. m is the weight carrying 
the pandl, guided ia its fall by 
two threads hit, one of which hides 
the other ; the point is thus tept in 
contact with the cylinder ab. t is 
aheacy weight fastened to the end 
of a rope iround round a drum, to 
which is fastened a toothed wheel 
working with an endless screw cut 
OD the axis of the cylinder, c, iu 
its descent thus turns the cylinder. 
The motion is rendered uniform 
hy causing the wheel ia wort with 
an endless screw B on the aiia of 
a fiy ¥. When l begins to fall, its 
Telocily and the velocities of the 
fly and cylinder are accelerated ; 
but the resistance of the air, in- 
creasing rapidly with the velocity, 
soon stops the acceleration of the 
Telocity of the fly. and therefore 
of I. aJid of the cylinder, arid then 
the velocity becomes imifonn. 
Whan this state has heen pro- 
dnced, h is allowed to fall, and 
the curve is drawn. The Telocity (v) of a point on the c^Ender is thns 
found: — Suppose its circumference to be 3 ft., and that it makes 10 revolu- 
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tions in half a minate; plainly 40 if 3 ft. are described in 30 sec., and 
therefore T = 40 X 3 -i-SO^ 4 ft. a second. 

A similar method i^n be applied to observing othor motions ; tins, in 
order to ascertain whether it is tnte that the coefficient of friction between 
two enhetances is independent of the velocity with which one moves over 
the other (Art. 12, 3), experiments were made ae follows. Amass qis placed 
on a, horizontal table (Gg. 91). and canseil to slide »long the table by means 
of a falling weight p, as in Art. 100, To P is attached a brush dipped in 
Indian ink, and placed in contact with the cylinder of one of the above 
machines. The curve obtained is found in all cases to be such as to prove 
that the motion undergoes a nuifona acceleration, and therefore is prodaced 
by a constant force. Now the force producing motion is Fg — ttg/i; and 
as P, « and 5' are known to be constant, /i — the coefficient of friction 
between q and the table — must also he constant. 

102. Energy or accumulated work. — When a heavy 
point is in motion, it has in it a capacity of overcoming a 
resistance through a certain space. Suppose the point 
is moving at any instant with a velocity v, and that from 
that instant its velocity midergoes a uniform retardation 
if), it will come to rest after describing a distance s, given 
by the equation (Art. 89, Ex. 103) 

T»=2/s. 
Let M be the mass of the heavy point, p the resistance 
which produced the retardation, we have 

p=m/, 
and therefore ^ m v^ = p s. 

Now p s is the work done against the resistance while the 
point is being brought to rest ; consequently the point, in 
virtue of its mass and velocity, was capable of doing an 
amount of work measured by p s or ^ m t° ; this is therefore 
called the energy, or accumvXated work, or vis viva of the 
point when moving with that velocity. If we suppose 
V to he estimated in feet and seconds and M in pounds, 
p will be in absolute units and s in feet. Let us reckon 
as a unit of work the work done by an absolute unit of 
force when its point of application moves through a foot 
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in the direction of the force (Art. 68) ; then p a, or ^ M 'v*, 
is the number of units of work which measures the energy. 
It is plain from Art, 94 that to obtain the force in gravi- 
tation units we must divide P by 32'1912, or approximately 
by 32, and consequently the energy in foot-pounds is 
M y^-i-Hg, where g denotes 32-1912. 

Ec, 118. — Let M be a mass of 20 lbs,, snd t» Telocity of 28 ft. aeecond; 
then J h:t' = 78*0, i.e. the body, while moving with that velouity, has an 
energy meaeured by 7840 units of work; and if at any instant its velocity 
were obgened to diminiBb and at length to cease, it vould have done, while 
being brought to rest, 7840 units of work against the resistance or reslafc- 
ancea by which its velocity was destroyed. If the energy were estimated 
in fbot-ponads, its value would be 243*5, or approximately 24S. 

103. Why energy is called accumulated work.—l{ we 
suppose the body to be moved from rest, and to have a 
velocity v gradually communicated to it by the action of 
any force, it can be easily shown by reasoning similar to 
that used above that ^ m v^ units of work must have been 
done on the body by the force while communicating the 
velocity. From this point of view, it is easy to see why 
the energy should be called accumulated work. For the 
body is at a given instant moving with a velocity T, and 
we can make two assertions about it~firat, while the 
velocity was gradually increased from o up to v, the force 
or forces producing the velocity must have done on the 
body ^11 v^ units of work, and these remain accumulated 
in the body ; for, secondly, if the velocity is gradually 
diminished from v down to o by the action of a resistance 
or resistances, the body, in virtue of its energy, will do 
against the resistances Jmv* units of work. 

Et. 110. — Let i,B,c,Dbe foHTpointjiiQ a 
straight line, and euppoaa a body with a niass 

of 12 lbs. to begin to move from rest at * b c '^ 

A. and on reaching B ta have acquired a 

velocity of 44 ft. a second. Suppose it to retain this velocity unchanged 
between b and c, and tietween c and it to lose its velocity gradually 



by Google 



138 THEORETICAL MECHANICS. 

tillitoomeEtoreatatD. Now, obserridg that in this case J mt= equals 11,616, 
w9 can assert (n) tiat between. A and b the body was under the action 
of a force or forces which did 11,616 units of work; (i) that between 
B and c the liody wag under the action of balanCEd forces, and that it liad 
an energy or capacity for doing 11,616 units of work; and (c) that be- 
tween c and D it actually did that number of units of work against some 
resistance or resistances. If we know the distance A b, and that the force 
act; ng along i » on the body was constant, we can determine it; orifice know 
the fbree, we can determine the distance a b. Thus, if the distance from a 
to B were 22 ft., the body must hare been acted on by aforceof 1 J.S16-i-22, or 
S28 absolute units, while describing the 22 fL, proTided the force were con- 
stant. Again, if the body were brought to rest by the action of a constant 
force of 102 absolute units, while rooying from c to n, that distance must 
be 11,6164-182. or 80-5 ft. 

Ex. 120.— Acnbic foot of iron (whose mass is 450 lbs.) falls from a 
height of 6 ft. on to a rerj powerful spring which yields through a distance 
ofl-lOthof an inch ; required the force (supposed tj) be constant) exerted 
by the spring. 

Since the weight of the body is {approximately) a force of 450 x 32 ab- 
solnte units, we see that during the fall gr.ivity did 460 K 32 x 6, or 86,400 
"aits of work. This is the energy of the body at the instant it touches the 
spring, and is wholly employed in forcing .the spring back through the 
l-120th of a foot. Hence if PIS the force (supposed constant) with which 
he spring resists compression, we must have 
pxj|5 = 86,400, 

and, therefore, p eqitals 10,368,000 absolute units or (approximately) 
324,000 graritation units. It will be observed (a) that the resistance 
offered by the spring is in reality not a constant force, and consequently 
that the value obtained for pis only asortof mean value of the force actnally 
exerted ; (6) that the 6 ft. ought in strictness to include the distance through 
which the spring yields ; fe) that a very different result would be obtained 
if the motion took place where the fiHce of gravity differed much from 32, 
e. g. if the motion could be observed at a place where the force of gravity is 
20, p would be 6,480,000 absolute units, or 202,800 gravitation units ap- 
proximately, or 301,297 gravitation units exactly. 

Er. 12i. — A body weighing w lbs. slides down a rough inclined plane ; 
the coefficient of fiiction between the plane and the body is 0-2 ; the slope 
is 2 vertical to 5 horizontal ; the base is 50 ft. long. Find the velocity 
acqnired by the body in sliding down the length of the plane. 

The force of gravity on the body is Vff absolute anits ; so that the 
work done by gravity while the body descends vertically through 20 ft. 
is wj X 20 units, and the work expended on friction is 0'2 wff x 50 units 
(Art. 73). Hence the energy of the body at the foot of the inclined plane 
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is-wj'x20-0-2-w^x60,oc lOwjHiiita. But if v is the relocity of the 
bodj at the foot of tie incline, the energy is ivv' nnitsi so tliat 
^wv'^lOw^p i.e.v' equals 20^, and V equals V64l>, or 25-3 ft. persecocd, 
if we suppose g to equal 32. 

104. The case in whicli the velocity imdergoeB a 
change, without the body being at rest either at the be- 
ginning or end of the motion, follows immediately from 
what has gone before. If m is the mass of the body, v its 
velocity at the beginning and v at the end of amy interval 
of time, the energy at the beginnir^ of the interval was 
^ M T*, and at the end ^KV^^ therefore the increase during 
the interval was ^M (y^—'V^). Let us suppose this to have 
been produced by the action on the body of a constant 
force p acting in the direction of the motion while the 
body describes a distance s; we shall have 

^ M (u' — v*)=pe. 
If we suppose M to be estimated in pounds, and v and v 
in feet per second, we shall have s in feet, and p in abso- 
lute units. Hence, if we wish to estimate p in poxmds 
(gravitation units) and the energy in foot-pounds, we must 
divide by 32'1912, or approximately by 32. 

Ee. 122.— A train weighs w lbs. : it cornea to tlie foot of an incline of 
1 in 140 nith a, velocity of 30 miles an hour, and runs up merely by its 
energy ; supposing the friction to be 8 lbs. a ton, how far must it go along 
the incline that its Telocity may be reduced to IS miles an hour ? Let x 
denote the horizontal distance in question, then the train is raised through 

a vertical height of ft., and therefore there will be - — xvig units of 

* 140 liXl " 

wort expended on gravity ; also, as the eo.efficient of friction ia 8-^2240, or 
1t-280, there will be j|^ Wy >; jt nnits of work expendeil on friction. Now 
bearing in mind that a velocity of 30 miles an hour ia the sanie as 44 ft. a 

Or, aasaniing ff to equal 32, 

1 = 2117-5 ft. 

105. Most general relation between the power and tJie 
weight i/n any machine. — The machine will consist of a 
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number of portions of matter, each moving at a given 
instant with a certain velocity. Suppose the mass of each 
portion to be multiplied by the square of its velocity and 
the whole to be added together, one-half of this sum is 
the energy of the machine at that instant. Suppose the 
energy to be determined in a similar manner at a subse- 
quent time. If we subtract the first determination from 
the second, we obtain the change of the energy of the 
machine during the interval. During this interval work 
will be done against the passive reaistancea, friction, &c. 
Also if any part of the machine undergo elongation, com- 
pression, or distortion, work will be done against the in- 
ternal or molecular forces. Now the fundamental principle 
we have to state is this : — The work done by the power at 
the driving point of the machine diu-ing any interval 
equals the work done against the weight at the working 
point of the machine, together with (a) the change in the 
energy of the machine, {b) the work done against friction, 
&c,, (c) the work done against the molecular forces. 

It must be understood that if the ' power ' is a mass, 
or the 'weight' a mass, the change in their energy is to 
- be reckoned as part of the change in the energy of the 
machine. 

We will illustrate this principle by two simple cases : — 

Er. 123.— In Art. 99, if p ana « are masses of 20 and 18 lbs. reep«e- 
tirely, what velocity would thej arqnire while p falls through 12 ft. ? 

If « denotes the Telocity of the bodies, the energy of the ■whole system is 
J x20»' + Jx I8!>',or Wif. Thenumberof units of wort done typ will 
he 1 2 X 20 J, anil the number expended in raising e will be 1 3 x 1 8 3. Hence 

12K20jr=19«' + 12j(18ir, 
or 191'=- 34 if; 

therefore e-e-86 ft. per eeeond. 

Ee- 124. — In Art, 100, snppose p and q to weigh 12 lbs. and 80 Ihs. 
respectively, and the coefficient of friction between a and the table to be 
01. Find the Telocity acquired when p falls through 8 ft. 

If B denotes the common velocity of p and u, their energies will be 
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J X 12 b" and J x 80 i^, nod the whole anargyirillbe 46 v''. Now the work done 
by F in fallings ft. is 8 x 12,^ units, and that expended on a. 8 x 0*1 x SO^. 
Hence 8 x l?i( = 46^ + 8 x 01 x 80^ ; 

therefore v — i'72 ft. per second. 

1 06. The mutual action between two -moving bodies. — 
We have already seen (Art. 10) that when a body A acts on 
a second body B, the body B reacts with an equal opposite 
force on A. Moreover we have already considered several 
cases in which the system in motion consists of two con- 
nected bodies, and we have been able in these cases to 
investigate the motion of both considered as forming one 
system. We will now enquire what is the magnitude of 
the mutual actions between the two bodies. Since the 
motion of the system is known, the motion of either of the 
bodies (say of a) is known, and therefore the force pro- 
ducing that motion can be determined. Now this force 
must be the resultant of known forces and of E, the re- 
quired reaction of b on a ; consequently we have the means 
of determining the force n. In the actual determination 
of R we may reason either on the acceleration of a's velo- 
city, or on the change in a's energy ; in fact, any effect 
due to the action of E will serve to determine that force. 
Commonly the determination of the mutual action and 
reaction between the parts of a connected system of bodies 
in motion is a matter of considerable difficulty ; in a few 
cases, howevei', the difficulty is but small, and some of 
these we will now discuss, . 

Ex. 126.— la Art, 99. let p and a be maeeeB of 20 lbs. and 15 Iba. ; find 
the mntual action between the bodies. 

Hera, if/ is the acceleration of p's motion, we know that (20 + 16)/= (20 
— 15) J, (af—\>tg. Now the forces acting on p are gravity downward, and 
its action upward. If, therefore, a denotea the latter force, the acceleration 
of p'a motiou is produced by 20j — b, and consequently 

Therefore B-lHi?, or oiSJ absolute unite. 
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In the same manner p's action on q can besliown to equal 120y-s-7abso!af« 
TinitE. It will, of course, follow thac tJie thread is subjected to a tenaion 
of Si^Y atsolute units or (apptosimatfllj) 17} lbs. (gravitation unitB). 

We might also Maeon in tJiia caee as follows : — Since the motions of p 
and a are known to be uniformly accelerated, anil since the forcea acting on 
one of them (say p) are grarity and the actjoa of q, that action must be a 
oouBtant force; let it be denoted by b. Suppose p to fall through a certain 
distance from rest, say h ft., then the work done on p must be (20^ — 8) A, 
and this mast equal the energy of P, i.e. (20if — b) A = 10 w', if v denotes 
p'a velocity. In the same manner by reasoning on as motion we obtain the 
eqaation 

and then, if we multiply these equatiw 



--15ff)^7-6{20g-s.). 



the same result sh that obtained before. The student must bear in mind 
that, unless it is known that r is a constant force, the above reasoning 
would have to bo modified ; the product ah ia the work done by r on the 
suppoeition that h is constant. If u is increasing or decreasing in some 
known way, there are methsds by which the work done by B, when acting 
through a known distance, can be found. 

Ec. 126, — In Art. 100 determine the mutual action between pand a; if 
p and are masses of 20 and 100 lbs. respectively, and there is no friction 
between q and the table. 

If jfis the acceleration of tfs motion, we havft 



(20 + 100)/=20if; 
tj transmitted along the thread, v 

B = 100/. 



X the motion of the system is uni 
ind then, as in the last eiample. 



therefore 



107. The force of inertia. — By the inertia of a body is 
meant its tendency to aontinue in its present state of rest 
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or of uniform motion in a straight line, unless that state 
is changed by the action of an external force or forces. 
Now consider a material point (a), and suppose its state of 
rest or of uniform motion in a straight line to be changed 
in any way by the action (e) of a second body (b), then, 
as we have already seen (^Art. 10), a will exert on B a 
reaction equal and opposite to K. This reaction which A 
:erts on » is the force of a's inertia. Thus, in Ex. 126 

body Q is an inert mass of 100 lbs, — the force of gravity 
on it being exactly neutralised by the reaction of the table ; 
its motion imden^oes a uniform acceleration from the 
action of the fe,lling body p. This action, wbich is trans- 
mitted along the thread, is, as we have seen, a force of 533^ 
absolute units, and the reaction of q on p likewise trans- 
mitted along the thread is a force of 533^ absolute units ; 
this force which Q exerts on p is the force of q's inertia. 

108. Case ef two masses acted on by equal forces. — We 
shall see in what follows that several interesting questions 
arise out of cases in which we know that two bodies have 
been acted on during equal times by equal forces, but in 
which more is not known about the forces. In these cases 
we can draw two inferences : — 

(a) The momenta imparted to the bodies are equal. 

(6) The energies imparted are inversely as the masses. 

Suppose that p and Q are the masses o£ the bodies 
which are acted on by equal forces e, for a time t. If / 
and/* are the accelerations due to the action of r, and u 
and V the velocities communicated during the time i, we 
know (Art. &9) that 

tt=/t and v=f't, 
or •eu=¥ft qv=ti J"t~ 

But we know (Art. 92, 3) that 

p/=R and Q/ = Rf 
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i.e. the momenta imparted to the hodies are equal. By 
squaring the above equation we obtain 



and therefore J p w^ : ^ Q f * : : Q : e, 

i. e. the energies are inversely proportional to the masses- 
It must be observed that these conclusions are equally 
true whether the equal forces R continue constant through- 
out the motion or not ; all that is necessary is that the 
forces should be equal to each other at each instant. We 
have only to suppose the time divided into a number of 
small parts, during each of which the forces are constant, 
and the conclusions above stated will then hold good for 
each of these short intervals, and so for them all when put 
together. 

109. MotioK of a aJaf vjilkiti the bore of a iM«iio«.— Tlie case considered 
in tliB kst article would be eiemplifled if a spring were placed between 
two bodies, and then allowed to expand. In principle this oxamjile is the 
Bame ss that of a gun, and the shot while moving within it, nnder the 
action of the gases generated bj the jgnit«d gunpowder In discussing 
briefly this example, we will put ont of the questinu the w-ight of the gao- 
powder. The pressures exerted by the gases will neutralise each other, 
except those exerted on the shot and id the opposite direction on the 
bottom of the chamber; the former force commnnieates to the shot its 
initial velocity, the latter to the gun its velocity of recoil It must be ob- 
served that the force which acts on the shot dnnng itiS passage along the 
bore is by no means constant, but decreases rapidly as the gaaea expand, 
and the shot approaches the mouth of the gun ; at each instant, howavet, 
the foree on the shot must be eqmil, and opposite to that on the end o£ the 
gun. Consequently all the conditions of the last article meet in this case, 
and the conclusions therein arrived at are applicable to it. 

Ex. 127.— Suppose, for instance, that the gun weighs 12 tons, and the 
shot 300 Ihs., that the length of tV hore is 12 ft,, and the initiftl velocity of 
the shot 1410 ft. a, second ; we can draw the following conclueions : — 

(a) The velocity of (he gun's recoil is 300 x H40 + 26,860, or 18-07 ft. 
a second. 

(4) The ei)erg7 of the shot and gun are i x 300 x (1440)= and 
J X 26,880 X (1607)', or 311,040,000 ivnd 3,471.430 units of worit respeo- 

' i.e. 9,S62,300 and 107,840 foot-pounds. 
.-. ■. ^ / ./. T.'-.f ^ ■>£. -i^'ViVsJ^.. 
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(c) The recoil wcmld lift the gun throagh about i ft. vert cally 

If now we make the further euppoaition that the f prod ng m t on 
was constant, we maj conclude : — 

(d) That the force producing motion in the shot gnn am u t*d to 
25,920,000 absolute units, or about 360 tons. 

(e) That nndti' the action of this Constaat force, th sh t w uld have 
described the length of the bore in the I-60th part of a se ni 

All these conclusions aie easily arrived at, and Hh uld be arafully ri- 
fied by tha student. He most not fail to notice, howe er, that the torce 
determined in (d) is not that which actually comes into play, but its mean 
value. Also with regard to the coaolusion (e), it must he noted that if the 
shot described the length of ttebore with the velocity it has on leaving the 
mouth of the gun, it would do so in the l-120th of a second. Now, as the 
shot begins to move from rest, and acquires the velocity of 1440 ft. a 
second at the end of the bora, the actual time of its motion within the gun 
must exceed the l-120tli of a second. On the other hand, as the motion 
tates place under a decreasing fori^e, the time of its motion within the gun 
will be less than l-60th of a second. The point, however, which the con- 
closions (_d) and («) are intended tjs bring out is not the exact numerical 
values of the force and time, but the facts that the motion of the shot is 
caused hy a very great, tliough finite force, and that this force acta for a 
finite, and indeed measurable, though very short, interval of Ume. 

110. Impact, — When a Wow is struck by one body 
against another, a mutual action is caused which gives 
rise to a case closely resembling that discussed in the last 
article. If we suppose the body receiving the blow to be 
fixed, what takes place is as follows : — The bodies in con- 
tact compress each other, and the resistance offered by 
the materials to change of form destroys the momentum 
of the impinging body ; the mutual force exerted during 
this part of the action is called the force of compression. 
Afterwards the bodies, while in contact, recover their shape 
more or less perfectly, and the force exerted during this 
portion of the motion is called the force of restitution. It 
is this force, due to the elasticity of the materials, which 
gives rise to the rebound of the impinging body, and to the 
Vibratory motions both of the fixed body on which the blow 
is struck and of the rebounding body. Some substances 
have but little tendency to recover their shapes, and with 
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them, the action ceases, or nearly bo, with the compression ; 
such substances are clay, putty, &c. With other sub- 
stances the force exerted during restitution is nearly equal 
to that called into play during compression ; such are 
ivory, glass, &c. And, of course, there are other sub- 
stances with corresponding properties intermediate to the 
two extremes, such as compressed' wool, iron, &c. 

It is commonly, but most erroneously, supposed that 
the blow is struck instantaneously ; in reality the impact 
lasts for a very short but finite time, and calls into play a 
finite force which increases from zero up to a very large 
magnitude at the instant of greatest compression, and then 
decreases ^ain down to zero. In illustration of this fact 
we will consider the following case : — 

Et. 128.— A ball weighing 10 lbs. falls ffom a height of 9 ft. on to a 
floor which yields through. 1-1 3th of nn inch. Supposing the ball to be 
absolutely iDconipresrihle, detennins the mean valoa of the force called 
into play during the eomproBaion of the fioor ; and Bupposing that 
the actually acting force had been a force with this mean value, determine 
the time during which it must hare aetad. Hare, the energy of the ball 
nt the instant of contact is 6 x 10 ji units of work; this number of unltB of 
wort is, therefore, done against a force (e) acting through l-13th of an 
inch, or l-144tb of a foot. Hence, assuming h to be a constant force, we 
hare 9 x 10^=^k r, and therefore sis a force of 12,960^ absolute units, 
or nearly G tons. The velocity with which tie hall strikes the floor is 24 
ft, a second (Art. 89), and it loses this velocity while describing 1-U4th 
of a foot, and therefore, supposing the resistance to be a constant force, the 
time will he ^-i-li. or the 1-I7a8th of a second. If the body is supposed 
to rebonnd tn a height of 4 &,., the student will easily show that the mean 
value of the force of restitution is 57^0 g absolute units, or about 2^ tons, 
and would act — were it a constant force — for 1-1 lS2nd of a second, supposing 
the contact to cease at the instant the floor has just recovered its shape. 

The student will notice that these results are obtained by making a 
nnmber of suppositions, which would not exactly hold good in reality ; still 
the calculation shows very distinctly the sort of action which really taies 
place, viz. a mutual action rapidly increasing from zero up to a very large 
force, and then rapidly decreasing, the mean value during the increase being 
6 tons, and during the decrease 2 j tons, the whole time being something 
less than that given by the above supposition, viz. l-70OtJi of a second. To 
investigate such a question as that given above, taking account of all the 
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9 of tbo case, is not easy; it results, hoireTer, from euch an in- 
vestigation that, if two balls of the dimensions of the earth, andof someaueh 
degree of rigidity as copper, steel, or glass, were to come info direct contact 
with unequal relocities, tie whole process of compression and restitalJoD 
would occupy 3 time not differing much from an liour. In the case, however, 
of globes of these substoncee not exceeding a.y ard in diameter, the whole 
process is jmobablj over within a thousandth of a second.' 

in. flenwwi.— The last article pute in a clear light a point which the 
Btndent should caiefully bear in mind : a force may act upon a body for so 
short a time that Ihe body scarcely changes its position while the force 
acts, and yet during the same time acquires under the action of the force a 
finite, and even a considerable, velocity. This is, of course, an immediate 
consequence of the fact that the velocity acquired is proportional to tie time, 
white the space deserihed is proportional to the square of the time (Art. 89). 
Thus, as we saw in the last article, the force of restitution acted for the 
1-1 IS2nd of a second, and that during this time the body moved tbrongh 
only l-12th of an inch, but acquired a velocity sufGtient to raise it to a 
height of 4 ft,, i.e. it aiyjuireda velocity of 16 ft. a second, or more than 10 
miles an hour. Tu further illustration of this point the student may con- 
sider the following case : — 

Ei. 129.— A force of 100,000 absolute units acta on a body weighing 
1 lb. for the 1 -10,000th of a second ; it is required to find the distance de- 
scribed and the velocity acquired by the point while under the action of 
the force. Using the formula m/=p, we see that/= 100,000 ; consequently 
by Art. 89, «= l-2000th of a foot, and Jit= 10 ft. a second. 

112. Direct i/mpact. — The question to be considered 
under this head is as fijllows : — A point, or smooth ball, 
■whose masa is A', moving without 
rotatian with a velocity c along 

the line c D, overtakes imother ^ j'"Y'^ j, 

point, whose mass is B, moving jlb 

along c D with a velocity v ; re- 
quired the velocities (v, and v) of a and s immediately after 
impact. For the solution of this question it is not neces- 
sary to know the exact magnitude of the forces at each- 
instant of the time during which the impact lasts. What ia 
necessary, and what we know to be the case, is that whatever 
be the force with which a acts on b, urging it towards d, an. 

' Treatise on Natural Philosophy, byThomRBon and Tait, p. 206. 
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exactly equal opposite reaction is exerted by B against A. 
We know, therefore (Art. 108), that whatever momentum 
A communicates to ja, -an equal momentum, but iu the 
' opposite direction, is communicated by B to a ; in other 
words, the momentum gained by b must equal that lost 
by A, and this is true for the whole or any part of the 
time during which the mutual action lasts. Moreover, it 
is plain that the compression of the bodies will last as 
long as A has a greater velocity than B, and will cease as 
soon as the velocities are equalised. Consequently if x is 
the common velocity of the bodies at the end of compres- 
sion, the momenta are respectively a a; and bs; at that 
instant. But if b is the momentum lost by A and gained 
by B. during compression, the momenta are respectively 
AC— B and BV + R, Consequently we have these two 
relations — 

Aa!=A[r— K (1) 

and B3;=BV + R. (2) 

These equations determine b and x ; and if the mutual 
action ceases with compression, the question is solved, 
the case in which there is no restitution being one extreme 
case. If we suppose there is restitution, the mutual action 
will be continued, and consequently a wiU experience a 
further loss and b a further gain of momentum. If we 
take the other extreme case, and suppose the restitution 
perfect, the change of momentum during restitution is the 
same as the change during compression; consequently 
during the whole impact a loses and B gains a momentum 
2 B. If therefore u and v are respectively the velocities 
of A and B at the end of the impact, we have 

a-w.=au-2r (3) 

and Bi)=Bv+2R. (4) 

As R has already been determined, these equations giye u, 
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and V. The student will have no difficulty in writing 
down these equations if he understand the principles on 
which they depend. In applying them to any particular 
case, he must reckon those velocities positive which are in 
one direction (say left to right), and those negative which 
are in the opposite direction (right to left). The equations 
will then give results free from ambiguity, whether the 
one body overtakes the other or whether they meet. 

Ex, 130. — Let tlie masBes of A and b be lespectivelj 3 and 5, and 
their Tslocities 24 and 18 ; required their Tolocitiea after impact— (1) Sup- 
posing the action to caase jrith compression ; (3) supposing the restitution 
complete. 

Id the former case we have A = 3, b = 6, n = 2*, v- 16 ; consequent! j 
Equations (1) and (2) become 

3I-72-H, 
5t = 80 + h. 
Whence I- 19, and b= 15, 

i.e. the commgn TeloJitj at the end of compresHon is 19, and the momen- 
tum gained by the one body and lost by the other is 1 5. 

In the latter case the total momentum interchanged wotttd be 30, and 
therefore the velocities (u and a) with which the bodiefl separate are ■ 

3 «" 72-30 
and 6«"80 + 30; 

i.e. A moves on with a Telocity of 14, and b with a velocity of 22. 

Ex. 131.— It In the last example the mass of e had been 21, and its ve- 
locity 6, the common velocity at the end of compression would have been 
SJ, and the momentum interchangeil 47i ; consequently on the snppositioa 
of the restitution being perfect, the whole intfiichange of momentum is 94^, 
and therefore aequals— 7i, and wequalelOJ; in otherwords, a rebounds 
with a velocity 7^i and b moves on with a velocity lOJ. 

Ex. 132. — Let the masses of a and b be 3 and S, and suppose that A 
moving from c to D with a velodty 24, meets b moving from n to e with a 
velocity 16. Eequired the velocities after impact. 

Her6n = 24and v=— 16; consequently EquatiouB (I) and (2) give 
3a; = 72-E, 

Whence x-^ — I and B = 7d, i.e. if the materials -were suohthat the action 
ceased at the end of compression, the bodies would both be moving in the 
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direction d toe, with a relocity 1. If we suppose, howeTer, that (Jie restitu- 
tion is complete, tlie nioraentum of each body will undergo a change 3 tt or 
150, and therefore we obtain from Equations (3) and (4) 

3u = 72-lfi0, 

5ji=-80 + 1S0. 
Hence a^ —26 and ii= + 14. i.e. a moves back towards i; with a Tclodity 
26, and b moTes back towards d with a relocitj 14. 

113. Direct impact agaisiet a Jixtd body. — In this case, at the end of 
compression tba impinging body must be brought to rest; consequently 
Equation (2) of the last article gives 



'6 suppose the restitution perfect, the whole change 
! B T, and therefore Equation (4) becomes 



i,e. «= — t; in other words, the body rebounds with a Telocity equal to that 
with which it strikes the plane. That bodies never rebound with a vslocity 
equal to that of impact, is due to the fact that their mutual action ceases 
before the restitution of form is complete. 

11*. Change <if energy inimpact. — The question whethertho whole energy 
of the bodies is changed by impact is easily answered when the equations 
of Art. 112 have been solved. Hw. at the instant before impact, the total 
energy of the bodies is J (a tf' + Bv') ; at the end of compression it is 
i (i^' + Br'). and at the end of the restitution it is J (mi' + bh'). Thus, 
in Ei. 132 we find that before impact the energy is 1804. at the end of 
compression 4, at the end of restitution 1604. The student will observe 
that in this case the total energy at the end of IJie impact ia the same as at 
the begit.ning, and ha will easily prove that this is always true when the 
restitution is perfect. If, however, the restitntioo is not perfect, the total 
energy at the end is less than the total energy at the beginning of the 
impact. The question may be asked, "What has become of the re- 
mainder ? 

Before giving an answer to this question, it will be convenient to notice 
!l distinction between two kinds of energy— one kinetic energy or energy of 
motion, the other potential energy. Kinetic energy is the same as what we 
have hitherto termed energy, or accumulated work, or vis viva. The 
meaning of the terra 'potential energy' will be best eiplained. for our 
present purpose, by an example or two. Suppose a mass of 10 lbs. is raised 
to a height of 5 ft. ; to produce this resnlt SO foot-pounde of work mnst 
have been done against gravity. If. however, the body were allowed to 
fall to the place it came from, itwould do against a resistance 50 foot-ponnds 
of work ; its capacity for doing this work depends on its position, and is 
called the 'potential energy' of the body, as due to its change of position. 
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Suppose a spring brought into a stiita'of compreasiou by an eipenditure 
of 60 foot-pounds of work, if it were allowed to recover its shape, it would 
do 50 foot-pounds of work against a resistance. The power which the 
spring haa of doing work, in consequence of its state of compresBioa, is its 
' potential energy' due t« that state. Suppose work to be appended in 
rubbing two rough bodies together, theii temperatnre wiU be raised, and 
on the supposition that none of the heat thus generated is ilissipatod, the 
bodies, in l^e act of cooling doim to their original temperature, could do 
just as many units of work as were eipendeai in raising tJie temperature; 
the additional temperature imparted to the bodies, so long as it is retained, 
is therefore another form of ' potential energy.' "We are now in a position 
to aiiBwer the qneslion what had become of the energy in Ei. 132, when 
it had diminished from 1504 nnits at the instant of impact to 1 units at 
the end of compression. The answer is, that the 1 500 units of kinetic 
energy had been momentaiily couTerted into potential enei^, being replaced 
by the state of compression eilsCingat that instant. Duringthe restitution 
of the shapes of the bodies, the potential energy is reconverted into kinetic 
energy, and if the mutual action continues till t^e restitution is perfect (the 
case contemplated in Ex. 132), the whole amount of kinetic energy at the 
end of the impact is the same as at the beginning of the impact. If, how- 
ever, the bodies cease to be in contact before the rwtitution is complete — and 
this is what usually happens — only part of the potential energy is recon- 
verted into the kinetic energy of the tianslat«ry motion of the bodies ; the 
remainder continuus in the bodies in the form of vibrations, and is gradually 
replaced by its equivalent of heat in consequence of izjternal friction. 



QUESTIONS. 

1. State exactly what are the three primary units i 
mass (Alt. 84, and 2). 

2. What is meant by uniform velocity ? How is i 

3. A body moves with a velocity 8 ; how far will it go in half an hour ? 

Ans. 4800 yds. 

4. Ahodjmovesat therateof 50milesperlJ hour; what is its velocity 
in feet par second ? Ans. 48|. 

5. The equatorial diameter of the earth is 41,847,000 ft. ; the earth 
makes one revolution in 8S,164 sec. ; what is the velocity, due to rotation, 
of a point on the eqaal»r ? Ans, 1 526 A, a second. 

6. State how variable velocity is estimated, and give instances, 

7. What is meant by a uniformly accelerated, velocity 7 A body is 
moving at a ^ven instant at the rate of S ft. a second ; at the end of 4 sec. 
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its velocity is 23, at the end of 6 sec. its velocity is 32 ; is 
wilh uniform acceleration ? 

8. A todj is moving at a given inafant at tJie rate of 8 ft. a second ; at 
the end of 5 see. its velocity is 19. Assoraing its velocity to undergo uni- 
fonn acceleration, what was its velocity at the end of 4 seo., and what will 
be its velocity at the end of 10 see. ? Am. 16-8 ; 30. 

9. A body Tnoving at any instant with a velocity of 30 miles an hour, 
subject to a uniform retardation, comes to rest in 11 sec ; wbatwas its velo- 
city 5 sec. befbre it stopped? Ans. 20. 

10. A body moves at the rate of 12 ft. a second, its velocity undergoes a 
uniform acceleration 4 : ( 1 ) State eiactly what is meant by the number 4 ; 
(2) suppose the acceleration to go on for 6 eec., and then to cease, what 
distance will the body describe between the ends of the Stb and 12th sec. F 

Aru. 224 ft. 

11. State tJie reasoning by which it can be shown that when a body 
begins to move with a velocity v, which undergoes a uniform acceleration /, 
the distance described in a time ( is given by the equation j = t( + j/'". 
Also state the reasoning adapted to the case of a body beginning to move 
ftom rest, and to that in which the velocity is uniformly retailed. If t is 
estimated in seconds, and « in feet, state eiaetly how v and / must be es- 
timated (viz. V in feet per second, and / is the additional velodty in feet 
per second, acquired in each second of the motion). 

12. A body moves from rest, its velocity undergoing a uniform accele- 
ration 8 ; find the distances it describes in each of tbe &st i sec. of its 
motion, and show that they are in arithmetical progression. 

1 3. Show that in uniformly accelerated or retarded motion tie distances 
described in succesMve equal times are in arithmetical progceesion. 

14. A body, whose veloutj undergoes a uniform retaniatiou 8, de- 
cribes in 2 sec. a distance of 30 ft.: wlmt wasits initial velocity? For how 
much longer than the 2 sec would it move before coming to rest ? 

15. A body, whose motion is uniformly retarded, changes its velocity 
from 24 to 6. while describing a distance of 12 ft. ; in what time does it 
describe the 12 ft,? Ans. OS sec. 

16. A body undergoing a uniform retardation 32, begins to move with 
a velocity of 24 fE. a second; bow iar will it move before coming to rest? 

17. The velocity of a body, which is at first 6 ft, a second, undergoes a 
uniform acceleration 3 ; at Uie end of 4 sec. the acceleration cesses ; how 
far does tbe body move in 10 sec. from the beginning of the motion ? 

Ans. 166 ft. 

18. A body moves for a quarter of an hour with a uniformly accelerated 
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velocily ; in the 1st fire minutes it describes 350 jds., in the 2nd five minutes 
420 yds. ; what is the -whole distance described in s quarter of an houi ? 
Jns. 1260 jds. 

19. Give fully the reasoning bj which it can be shown that an awele- 
TStion 230 reclioned in yards and minutes is the same as one of 160 in 
miles and bonis, and as one of u {q feet and seconds. 

20. In Q. 18 express the initial velodty and acceleiation in feet and 
seconds ; and with these units find the space described in the quarter of an 
hour. Am.{l)3-15; (2)3^. 

21. What is meant by the aecelerative efifect of a force? Ulnetiate the 
answer with reference to ttie accelerative effect of gravity near the earth's 
BUrface. Wiat may be taken as the numerical value of this effect unless 
great exactness is necessary ? What is meant by a retarding force ? Give 

22. If it were found that a body falling from a state of rest under liiB 
action of gcayity described 16 ft. in tie Ist second, 48 in the 2nd 
second, 80 ft. in the 3rd second, and so on, what conclusion coold be 
drawn as to the accelerative effect of gravity ? 

23. A body is thrown upward in vacuo, with a velocity of 112 ft. a 
second ; after how many seconds will it return to the starting point? 

34. » and E are two points in a vertical line, a being 72 ft. above B ; a 
body is thrown downward from i with a velocity of 27 ft. a second ; at the 
same instant another body is let fall from b ; after how long will the former 
body ovsttake the latter ? An«. 2| sec. 

26. What is the momentum of a body? If a force aetingona mass m 
communicates in each second an additional velocity of / ft. a second, 
what momentum does the force communicate to the hody in eaeh second ? 
State three fundamental facts regarding the effect of a force acting on a 
body {Art. 92). 

26. Two bodies, whose masses are 49 lbs. and 2 cwt., move with velo- 
cities of 16 ft. a second and 210 yds. a minute respectively ; compare thrir 

27. The mass ot a hody (a) is five times that of another body (n) ; a 
force acting on a communicates to it in 1 eec. a velocity of 4 fU a second ; 
another force acting on b communicates to it at the end of 8 sec. a velocity 
of 36 ft. a second; in what ratio are these forces ? An». i l Z. 

28. A certain force acting on a mass of 1 cwt. makes it describe from 
test a distance of 1 ft. in 1 see. ; what veloptj would an equal force com- 

sec. to a mass of 1 ton ? J,ns. 3 ft. a second, 

lasiesof 7 and £Llbs. respectively are observed to bigio to move 
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from rest, and to continue side by side dnring their motion ; what conelu- 
sion eaa be drawn as to the forces acting on the bodies ? 
3U. What is meant by the absolute unit of force ? 

31. A mass of 15 lbs. acquires in 4 sec. a Teloeitj of 24 ft. asacond ; how 
many absolute units were there ia tbe force producing this velocity? If an 
fqual force aeted on a mass of 60 lbs. for T sec, what distance would it de- 
scribe from its position of rest ? ^J!6. (1) 90 units ; (2) 4*'l ft, 

32. Betenuine the number of absolnta Qcits of force in a gravitation 
unit. If g is the aceeleratiye effect of grayity at any plaee, how many 
absolute units of force does gravity eiert on m lbs. of matter at that 
place? 

33. If, at a place where g equals 32, 12 lbs. of matter will compress a 
spring through a certain distance, hovi many pounds of matter would be 
required to corapreae the same spring through an equal distance at a place 
where 5 is 18 f Ans. 211. 

34. Assume for simplicity that g equals 32 on the earth's sm^ace ; con- 
sider Ei. 97 and 98, end answer this question :~If the Bclions took place 
on a planet, where the acoeleralive effect of gravity is 21), what would now 
ba the answers to the questionsf Ana. (I) 63,360 gals. ; (2) 24 huehels. 

35. Why would a hypothesis similar to that in the last question make 
DO change in the results of Q. 8S, Chap, IV. f 

36. What is the relation between mass, force, and acceleralJon, when 
the mass moves on a smooth horimntal plane ? 

37. A force of 3 gravitation units (say 96 ehsoluta units) acts hori- 
zontally on a mass of 108 lbs., placed on a smooth horizontal plane ; how 
far will it make the body move from ita position of rest in 5 see. ? 

Alts. ll|ft. 

38. What is the effect of supposing the plane in Q. 36 to be rough ? 
30, Amass is moving at the rate of 12 ft. a second on a Tongh horizontal 

plane (>i = 0-I8), how far will it move before coming to rest? Why is the 
answer to this queEtjoB independent of the mass of the body? 

Ans. 12-5 ft. 

40. A body slides up or down an inclined plane ; find the acceleration 
(or retardation) of its velocity, (1) when the plans is smooth, (2) when the 
plane is rough. 

41. The inclination of a plane is 3 vertical to 4 horizontal ; a body is 
made to slide up the incline with an initial velocity of 36 ft. a second ; as- 
suming the plane to be smooth, how far will it go before beginning to 
return, and after how many seconds will it return to its starting point P 

^*w. (1)333 ft.; {2)3Jsoc. 
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42. In Che last question, if tlie plana were rougb, and the coefGuent of 
friction were ^, find the time it takes the body to return to ita starting 
point, and the distance It describei. Aas. (1) 3'4 sec. ; (2) 50| ft. 

43. There is a, smooth inclined plane of 5 Teitical to 13 horizontal : a 
body slides down o2 ft. of its length, and then passes without leas of velo- 
city on to the horizontal plane, which is also smooth ; after how long from 
the beginning of the motion will it be at a distimce of 100 ft. from the foot 
of the incline? Aits. 57 sec 

44. In Ihe last case suppose the plane rough, the coefficient of friction 
being ^ ; find where the body comes to test, and the time of the motion. 

Ans. (1) 32 ft. from foot of plane ; (2) 7-42 see. 

45. Detfinnine the acceleration of the motion (1) when r by falling 
raises «, p and Q being bcdiea connected by a fine thread passii^ over a 
smooth bloct ; (2) when p by ialling draws o along a horizontid plsjia 
(rough or smooth), the bodies being connected as before. 

46. If, in Art. 99, a is a mass of 20 lbs., and is found to ascend from a 
state of rest through 5 ft. ia the Ist thres seconds of the motion, what is the 
mass of P ? How high would a ascend in the 4th second of the motion ? 

^™3.(l)31^1bs.;(!)3|ft. 

47. In Ei. 117, if P comesto the ground after falling through 3 ft., 
how far will a move along the table before coming to rest? Ana. | ft. 

48. In Ei. 117, suppose the table smooth, and that at the beginning of 
the motion p is 4 ft. above the ground, and Q 12 ft. from the edge of the 
table ; find how many seconds it will take p to reach the ground, and a the 
edge of the table. Ans. (1) 1-225 sec. ; (2) 2 '4 5 sec. 

49. What two principal difflcnltiea are enoonntered in verifiring the 
laws of falling bodies ? Give an eiample of the resistance offered by the 
ail to the motjon of falling bodies. 

50. What is meant by two intervals of time being equal ? How, practi- 
cally, may successive intervals of time be ascertained to be equal ? 

51. Describe an eiperiment from which it can be inferred that at a 
given place the force of gravity on different bodies is proportjonal to their 
masses. 

62. Describe an eiperiment of motion on an inclined plane, from which 
it can be inferred that the accelerative affect of gravity on bodies at a given 
place is constant. 

63. Describe Atwood's machine. How can the machine be used to 
show (1) that, with given masses and over-weight, the acceleration is oon- 
atant, (2) that forces acting on equal masses are proportional to their accele- 
rative effects (3) that, generally, forces are proportional to the n 
they generate in a given time ? 
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54. In Atwooii's machine the hoses weigh 10 oz. each, the over-weight 
is J oz., and it Is found that aft«T falling for 2J sec, to the ring, the body 
takes 3 sec. in falling to the stage, which is 5 ft. below the ting ; ehow that 
the inertia of the pullej is equivalent to 3* oz., i. e. the motiOD is the same 
aa if the pulley were -withoat inertia, and the mass of each boi increased by 
l|oz. 

55- In the last qiiestioo, if the over-weight were increased tc IJ- oz., 
what Telocity would it impart to tie weights in 2J sec ? 

.^jis * 8 ft a second, 

5fi, Dascriba Morin's machine, and esplain the contnrauce by which 
the time of the motion of the falling body is ascertained 

57. Whea it has been ascertained by ejpcriraent that grflTitj has a 
constant accelerative effect on the motion of a falling body, why la there 
no need of eiperimental proof that the equations of Art S9 apply to bodiea 
falling in Tacuo? 



58. Slate briefly the evidence for the statement that the o 
friction, in the case of a body moviug on a rough plane, is independent of 
the velocity, 

59. If a maas of m lbs. is moving at any instant with a velocity of v ft. 
per second, how does it appea-r that ita energy is equivalect to ^ u v* units 
of wort f What unit of work is iDtended in this question ? What erprea- 
sion would give the energy of the body in foot-poanda ? 

60. A body weighing 4471 Iba. is moving at the rats of 5 ft. a second ; 
what is itB energy in foot-pounds (1) exactly, (2| approximately? 

Ans.{l) 1736; (2) 1746. 

61. If the body in the last question were brought to rest by a constant 
force of 450 absolute unit*, through what distance must the force act ? 

Jus. 124*2 ft. 

62. If a point, whose maas is m, movea with a velocity v, what aaser- 
tiona can we make respecting the work done by the forces which commnni- 
cated the velocity, and respecting the work which will be done against the 
resistances which bring the mass to rest? Hence, explain why the quanti^ 
^ H v' is sometimes called the accumulated work of the point. 

63. A. body weighing 1 lb. falls from a height of 20 ft, and is bronght 
to rest by a constant force acting through I in, ; find that force, (1) if ff 
equals 82, (2) if^ were to equal 24. 

Ann. (J) 7681) aba. un. ; (2) 67SO aba. un. 

64. A tTsio weighing 100 tone, exposed to resiatances at the rate of S 
lbs. a ton, is driven with a uniform velocity by an engine of 64 h.-p. ; what 
will be its velocity and energy? If it is required to bring the train to rest 
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m and. putting on the break, to what must 

Jru. (IjSOmileaanhoor; (2) 6,776,000 foot-pounds; 
(3) 38'51b9. aton. 
65. A body whose nmsis is 1 lb. elides doim a, rongh inclined, plane, 
ivhose height is 9 ft. arid base 1 2 ft. ; find its energy at the foot of the plane, 
and how fiir that energy would oarrj it along the horizontal plane ; the co- 
efflraent of Mction throughout being i, and no veloeitj being lost in passing 
from the indined to tie horizontal plane. Jms. (1) 240 units ; (2) 60 ft. 



67. When the yeloiaty of a point whoaa mass is u changes from v to f, 
show that the change in its energy is i M (w'-y") units of work. 

68. When a body is brought to rest by a constant force, show that, while 
losing the first half of its energy, it describes three times the distance that 
it desCTibes in losing the second half. 

69. When a machine moves foe a given time, what relation eiists 
between the work done by the power, the work done against the weight 
and the passive resistances, and the energy of the parts of the machine ? 

70. Itew a triangle i B c, right aogled at c ; a mass p (of 50 lbs.) is at 
A, at the foot of the plane ; it is fastened by a thread, which passes over a 
smooth point at b to a mass a (of 20 lbs,); given that the base a.c is 240 
ft., and thelieight Bc 7 ft., that Q is allowed to fall, and to draw p up the 
plane ; find the velocity acquired by p on reaching a. 

Ans. 63'S ft. a second. 

71. In tha lost question, if the coefficient of friction hetwe«i p and th« 
plane were 0-1, what would p's velodty be on reaching b ? 

.dins. 54'5 ft. a second. 

72. Determine the time in which p is drawn from i to b, in the last 
case. Am. S'8 sec 

T3. A mass of SO lbs. is placed in a basket attached by a rope to a 
drum ; it ia found that the weight causes the basket lo descend throngh 3. 
9. IS, . . . feet in the 1st, 2nd, 3rd . . . second of its motion; what is the 
reaction of the basket against the mass ? Ans, 1300 abs. nc. 

74. In Art. 100, suppose p and « 
that the coefficient of friction betwe 
amtmnt of the action of p on Q. Ans, 806-4 abs. un. 

75. In Ex. 126, suppose the table to be rough, and the coefBcieot of 
Miction to be 0-1. Find (1) the mutual action between the bodies; (2) the 
addition that must be made to p to keep the acceleration the same as in 
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Ex. 126 ; (3) the mntual action between the bodies in these altered ciwam- 
Btances, -^ns. (1)586| aba. uo. ; (2)12IbB,; (3) 8-53J abs. iin. 

76. What is meant ty the force of inertia of a body? On what is the 
force of inertia of a body eierted ? 

77. Iq Q. 74 how much of the force transmitted along the thread to 
p is due to a's inertiaf Ana. 358-4 abs, un. 

78. la Ct. 70 find how mnch of the action of p on q is due to p's inertia. 

Ansi 423'8 abs. m. 

79. When two bodies are known to be acted on for equal times by equal 
forces, what eoDclusions can be drawn as to the momenta, and ae to the 
energies of the bodies due to the action of the forces 7 Why is it not 
ceceseary (hat the forces should be constant? 

80. Describe brieHy the action of the gases produced by the ignition of 
gunpowder on the shot while moving along the bore of flie gun, and on the 
gun itself. 

81. A shot weighs 1 oz., and has an initial velocity of 1200 ft. a 
second, the gnn weighing 20 lbs., nnd having a barrel 4ft. long; find 
(I) the Telocity of the recoil, (2) the energy of shot and gun, (3) the 
average amount of the mntual pressure between shot and gun, (4) the time 
in which the shot, if acted on by this average pressure, would move along 
the bore. Ane. (1) 3|ft, per sec ; (2) shot, 45,000 units; gun, 

140| unitfl; (8) 11.250 abs. un.; (4) jlj see, 
S2. Describe the mutual action which takes place in the direct impact cf 
two bodies. 

83, It is required to impart a velocity of 41 ft. a second to a mass of 
50 lbs. by a force which during its action causes the body to move through 
lin.; find(l) the magnitude of the force, (2) the time of its action, (8) the 
mass of the body which sueb a force woidd sustain by direct opposition 
agdnst tBe action of gravity in Lonion 

Am (1) 680800abs un (2) ^ sec (3) 180421b8 
84 When one body impinges dircctlj on another eiplam bow to 
form the i^uatioaB which determine the intetLhange of momentum up to 
the end of compression, and the cwnmon velocity of the bodies at that 



85 If the restitution is complete explain how to find the velocities of 
the bodies at the end of impact in the last qnestion. 

86. How can the change in the joint energy of two bodies after impact 
be determined ? 

87. A body (i) weighing 51bs., and moving with a velocity 15, meets 
a body (b) weighing lOlbs,, and moving with a velodty 4 ; find (I) their 
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eommon Telocity at tJie end of compresBiou, (2) their Telodties at tlie end 
of reEtitation supposed to be perfect. 

Ans. (I) 2J in the dicectjon of i'a motion ; (3) both rebound, 
A ■with a velocity lOj, b with a velocity 8|. 
88. A mass of 100 lbs., perfectly free to move, is struci: by a. body 
weighing 21bH., and moving with a velocity of 1000ft, par second, which 
penetrates tbe maas and remains in it; — (1) Why must this ease be treated 
as one ia which the mutual action ceases at the end of compression? 
(3) ■Wiat is the velocity with which the mass begins to move? (3) What 
is the energy of flie mass at the end of the impact? (4) If the body were 
on a rough horizontal plane, how far would it move before coming to rest, 
tha coefficient of friction heing 0-2 ? 

Jns. (2) inl^ft. per second; (3) '19,608 laiits ; (i) SOft. 
89. — GivB examples to lUustrate the meaning of the term 'potential 
energy.' In the last question, how much of the <mergy of the shot has 
been converted into ' potential energy ' at the end of the impact ? 

^j«i.,98(l,392nnits. 

N.B, — In the answers to the above questions, and elsewhere iti this book, 
32 ia taten aa the numerical value of the aceelerative effect of gravity, 
unless the contrary is expressly stated or manifestly implied ; e.g., in ob- 
taining the 3rd answer to Q. 83 ^ is taken to equal 32-1312, this being 
manifestly imgLied ui the mention of the place.. 
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CHAPTER VI. 



115. Composition of velotdtiea. — We have hitherto 
considered only those cases in which the force acts on the 
body along the line in which the motion takes place. We 
are now to consider one «r two simple cases in which the 
force acts along a line transverse to the direction of the 
motion. In other words, hitherto we have considered 
only cases in which the force changes the velocity of the 
motion. We are now to consider some cases in which the 
force changes the direction of the motion. To enable us 
to do this we must consider the following question : — 

A certain point has two velocities simultaneously im- 
pressed on it in different directions ; what are the direction 
and magnitude of the resultant velocity ? For instance, 
a ship sails due north at the rate of 4 miles an hour, a 
ma" walks across its deck towards the west at the rat« of 
4 miles an hour. The man has two velocities simul- 
taneously impressed on him, viz. the velocity of the ship, 
and that due to his walking, and in consequence he is 
approaching the north and the west simultaneously with 
equal velocities, so that his actual motion is to the north- 
west. A little consideration will show that this result is 
generally true, so that if the one velocity is represented 
in magnitude and direction by a b, the other in magnitude 
and direction by a c, the resultant velocity wiU be r^re- 
sented in magnitude and direction by the diagonal a d of 
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the parallelogram, whose sides are a b and a c. On the 
other hand, a velocity represented in magnitude and direc- 
tion by AD is equivalent to two co- 
existent velocities represented in magni- 
tude and direction by the sides a 
A c of any parallelogram a b d c con* 
structed on A B as a diagonal. Thus, 
if a train moves in a north-west direc- 
tion with a velocity of 50 miles an hour, it approaches 
the north with a velocity a little exceeding 35 miles 
an hour, and simultaneously approaches the west with 
au equal velocity. On the whole, it will be seen that 
velocities admit of composition and resolution by the same 
rule as forces. 

118, Jppticatums. — We shall now deduce two resulta from the last 
article which will be useful in certain questions which follow. 

(1) Lot iECD he any regular polygon inseribed in a circle whose centre 
IB o. If A B is produced to h, so ths-t b a and i. b are equal, it is plain tlmt 
HC is parallel to so; if, then, ice is 
d»w. pralM u, .» ..ox 1. . "■_"■• 

parallelogram whose diagonal b c is 
equ^ M the side bb. Now suppose a 
body to move from a with a giyen 
Telocity (v), and when it reaches b 
that another velocity {v) ia impreesed 
upon it in the direction b o. such tba.t 

At the (oint b the body has Bimul 
tdneou&h two veloiities « and ^ re 
pre ted in magnitude and direi.ijon 
K d BH consequently the re 
g elocitv la represented in 
magni and direction by bc in 

w is, the eonstijuenee of the impressed velocity (u) is merely to 

h g direction of the motion, the velocity of the body being still t, 

h motion taking place along bc. If when the body reaches i: a 

M equal to n is again Impressed on it along the line c o, the body will 

d nbe he side c n mth the velocity v. In a likn manner it may be made 

a sR the «dc3 of the polygon with the constant 
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(2) Suppose a tody to move with a uniform velocity in a circla iCBD. 
Through the centre o draw two diamuters ab, en at right angles to each 




other 



It ii 



nreiU 



le the com- 
s parallel 



ponents of the Telocity ii 
to A B and c d. Take p any point ii 
cumforenco ; join p and u ; draw e n and r if 
at right angles to ab and cd cespectively. 
Draw p a at right angles to P o, and equal 
to it; complete the rectangle e K H L ; PL ie in 
NP produced, audit is plain that pk is equal to 
p N, and p L to P M. Now as p H touches the 
circle at p, the body when at e is moring 
in the direction ph; consequently ph may 
tafef n to represent the velodty ; and, if 












t the 



ponent relocities required. We see, therefore, that when the body is at 

any point P, the Telocity parallel to ab is to the velocity in the circle as 

tlie perpendicular line p n is to the radius p o. 

A result of some importance can easily be deduced from this. Take A B, 

any line whose middle point is o, and on ag as a diameter descrihe ii 
circle ; take any point p in the circumference, and 
Tia. lot. draw p h at right angles to a b, and join t and o. 

Suppose two bodies to set out from A, the one mov- 
ing along the circumference with a uniform velo- 
city T, the other moving along the diametar with 
a variable velocity (f ), snch that at any point (h) 



that 




Under these circumstances the bodies will reach 
B together; for at each instant they are TQoving 
with equal velocities in the direction a b. Also 
TO former body describes the semicircle with a uniform velocity T, 
16 occupied by the bodies in reaching b will equal itab-j-v- 



117. Uniform, 'motion in a circle. — When a point 
whose mass is m moves with a uniform velocity (v) in a 
circle whose radius is r, it naust be acted on by a force p, 
given by the equation 



This force acts along the radius towards the centre. Or, 
if more forces than one act on the body, their resultaut 
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■will be equal to the force p, and will act as stated, viz. 
along the radius and towards the centre. In the above 
formula, if M is in pounds, r in feet, and v in feet per 
second, p will be in absolute units. 

Ex. 133.— A mass of 12 lbs. is tied to the end of a string 8 ft. long, and 
is whirled round in a circle at tlie rate of 10 ft. per second ; p will equal 
12 X 10'-!-8, or 150 absolute upits, equal to aljout *-6875 lbs. And this 
force mast be eiett«d along the string towards the centre. 

118. Wewilliiow consider the reason of the statements 
made in the last article, and,_^r8i, that the force must 
always be directed towards the centre. We have already 
seen (Art. ll(i) that if a point describes the sides of a 
i-egular polygon with a uniform velecity, there must be 
impressed upon it at each angle a certain velocity in the 
direction of the radius towards the centre ; this velocity 
must be communicated by a force acting intermittently 
in the direction of the velocity, i.e. along the radius 
towards the centre. How this result is true, however 
great be the number of sides, and therefore will be true 
of the limiting case to which the case approaches when 
the number of sides becomes very great, and the intervals 
between the successive exertions of the force very small. 
In this case we have the body movii^ in a circle with a 
uniform velocity, and force acts continuously along the 
radius towards the centre. Seeo'ndly, suppose the force 
to be one of p units, then if p=m/, the velocity which p 
will communicate to the body in a time t is ft. In fig. 
102 draw en at right angles to b m ; then we know from 
geometry that 

BC* = BMX BTl. 

Suppose the body to describe one- side of the polygon in 
a time (, then B c=vf. Also, if we suppose the velocity 
/ ( to be suddenly impressed on the body at B, we have b k, 
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or 2 B «, equal to ft xt^ and as b M is denoted by 2 r, the 
above eqiiation gives us 

T«i= = A .ftxtx2r, 

or T= ~f'r. 

Now this result, being true whatever the value of t, will 
be tiiie whatever be the length of the side, or whatever 
the number of the sides of the polygon, and therefore will 
be true when the body moves in a circle, this being the 
limit to which the case approaches when the number of 
sides becomes very great. Now, as we have seen, p equals 

m/, and consequently it also equals . — -, as stated in the 

last article. 

119. Centrhftigal force is the reaction of the moving 
body against the fixed point or body whose action con- 
strains it to move in a circle. As the reaction is equal 
and opposite to the action, the moving body will exert on 
the fixed point a force equal to m v'-i-r and along the 
radius outward. This is a very -important point, and one 
which is frequently misnndej-stood ; we will therefore give 
the following explanation : — Let p lie a mass of 24 
no IDS pounds tied to the end of a string h p 

3 ft. long, and whirled round at the rate 
, of 21 ft. a second. We have here three 
todies : the hand or guiding hody h, 
the moving body p, and the string ph 
-connecting the two. Now the action of 
the hand on p is a force of 3528 abso- 
lute units, and is exerted on F in the direction p to H. p 
in virtite of its inertia reacts on the hand (h) with an 
equal force of 3528 absolute units in the direction h to p. 
This reaction of the moving body on the guiding hody is 
the centrifugal force. The third body, the string, trans- 
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mits both these equal opposite forces, and therefore under- 
goes a tension of 3528 absolute units. 

We see, then, that if m is the mass of a body moving 
vfith a velocity v in a circle whose radius is r^ the eentri-. 
fugal force, or reaction of the raoving body on the guiding- 
body at the centre of the circle, is a force of m v*^r 
absolute units ; m being reckoned in pounds, r in feet, 
and V in feet per second. 

120. Case in which the velocity is variable. — We- 
have hitherto spoken of a body moving in a circle with a 
uniform velocity ; it must be understood, however, that 
if, owing to the action of other forces besides that tending 
to the centre, the velocity of the body varies, the centri- 
fugal force will undergo a corresponding variation, being 
equal at any instant to MT'-r-r, if v is the velocity at that 
instant. 

Ex. 134. — Let p ta a mass of 24 lbs. moviag in a vertical circle, whose 
radiue is 3 ft., and let it pass the lowest point with a valecity of 21 ft. per 
second. If we euppose tJie hodj festened to the centre by a string, tha- 
puU on the centre, tiansmitted tirongh tbe string, at this instant will be 
that due to the centrifugal force of the mass, and the weight of the mass. 
It will be ibund that the former force is one of 3528 absolute units ; tbe 
latter will depend on the force of gmvity ; if we suppose the accelerative 
effect of gravity to be 32 (in fet* and seeonds), it -will be 24 * 32, or 768 
absoluto units, i.e. the whole pull on the fixed centre is 4296 absolute 
units. If it were possible for the motion to take place in B, sittiation where 
the force of parity is reduced to 25, the pull on the fised point would he 
3528 -h 25 X 24, or 4128 absolute nnits. This, of conise, is the pull at the 
instant the body passes the lowest pdnt of the circle. 

Ex. 135. — In the last c»«e suppose the body to paaa the lughest point 
of the circle with a yelodty of 16 ft. a second, what -will be the pull on the 
&:ed centre ? The centrifugal force is IgOO absolute units ; and (assuming 
that3 = 32)the force of gratity on the mase is 32x24, or 788 absolute 
unite ; consequently the action of the centre on the mass must he a force of 
1800-768, or 1032 absolute units ; and therefore the reaction of the mass 
on the centre (i.e. the pull upward on the centre) must be an equal force, 
viz. one of 1032 absolute nnits. 

121. AnguhiT velocity. — Suppose p and q to be two 
points of a body turning round an axis which passes 
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through at right angles to the plane of the paper. If, 

in consequence of the rotation, E comes to p', Q will at 

p,g jug the same instant come to q', the angle 

p pop' being equal to q o q'. This follows 

/ ,v' obviously from the fact that p and Q are 

/..-'' two points of a solid body turning round 

/■■' o. The rate at which the angle pop' 

''~~~-<^ increases is common to the whole body, 
and is called angular velocity. If we sup- 
pose the augle p o p' to increase uniformly with the time the 
angular velocity is constant, and is measured by the angle 
actually described in a second. This angle is estimated 
in what is called circular measure, i.e. two right angles or 
180° are estimated by the number tt. Accordingly, if the 
line o p, joining any point p with o, describes an angle of 
71° in one second, the angular velocity B is given by the 
equation 



If the distance o p is denoted by r, the length of the arc 
described by r in a second is r B, and consequently if v is 
the velocity of P, 

1)-=tB. 

If the rotation is not uniform, B is the rate per second at 
which the angle P p' is increasing at any instant. If m, 
is the mass of the point, its energy is \in,v'^, and its 
centrifugal force m v^-^r ; but as v equals r 6, its energy 
must be ^ TO r* ^, and its centrifugal force m r ^. 

Er. 186, — A body turns uniformly round an aais 20 times a. minute ; 
jtB angular velocity is 20 x 2 1- -s- 60, or 2 ■ 09439 ; and if we consider a point, 
in it distant 5 ft. from the aiis, the velocity of the point wiil be5 x 2-09439, 
i.e. 10' 47 19a, ot very nearly 10-5 ft. a second. If we auppoaa the point lo 
havesmaBBof^rdof apound, itsenfrgy isl>:ix(5x2'0S439)', or(about) 
18-8 units of wort (reckoned in feet and absolute nnits), while thecentri- 
.fugalforeeequals Jx 5 X (2-09429)', or 7-8 absolute uniU. 



bt Google 



CENTRIFUGAL FOKCE OP A ROTATING BODY. 167 

122. Centrifugal force of a rotating hody. — Let p 
and Q be two points whose masses are m and m' respec- 
tively, rigidly connected and 
turning round a centre a, with 

an angular velocity 0. The Ai 1 S — ? 

centrifugal forces of these points 

severally are m . a p . ff* and m' . A Q . ^', and act along 

the line a q ; consequently the whole centrifugal force is 

(m.AP + m'.AQ)^'. 
Now if u is the centre of gravity of p and Q, we have 
' (Art. 15) 

(m+m') AQ = m . AP + m' . a q, 

and consequently the centrifugal force is 

(m + Wi') AG . S*. 
In other words, the centrifugal force of p and Q is the 
same as if laoth masses were placed at &, and continued to 
revolve with the same angular velocity. 

Similar reasoning can be applied to three or more 
rigidly connected points, and we thus arrive at the con- 
clusion that when any thin plate of matter revolves round 
an axis at right angles to its plane, the centrifugal force 
is the same as if the matter were collected at its centre of 
grarity, and is equal to Mrfi^, where M denotes the mass 
of the body, r the perpendicular distance of the centre of 
gravity from the axis, and 6 the angular velocity. The 
same rule is true of a thin plate revolving round an axis in 
its plane ; it also holds good of a solid when symmetrical 
with reference to two planes both passing through the 
centre of gravity, one at right angles to and the other 
containing the axis of revolution, e.g. it is true in the 
following cases:— (a) A sphere revolving about any axis, 
(i8) a cylinder revolving about a diameter of any circular 
section, (7) a cylinder revolving about any axis parallel 
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to its geometrical axis, (S) a cone revolving about a 
diameter of any circular section. 

In other cases the rule will hold good with or without 
modification according to circumstances that need not be 
defined in this place. 

123. Pressure on ike axis of rotation. — If we suppose 
the body merefy to revolve, and not to be acted on by any 
esternal force, the centrifugal force is the whole of the 
pressure of the body against the bearings of the axis on 
which it turns. And consequently the pressure on the 
axis in any of the- cases specified in the last article can be 
easily found'. 

Ex. I37.--Aballneighing46lba, is fastened to theend of a rod, which 
turns round an aiis at right angles to its length, eo that the axis is parallel 
to a diameter of the ball ; tho distance from the siis to the centre of tJie 
hall is 10 it. ; the miiaber of turns per minute is 80 ; find the centrifugal 

The angle described hy the ball in 1 min. is 160 », and therefore the 
aognlar velocity is 160».>60y or -1. Theretore the centrifugal force is 

45 X 10 X f-^J Of 31.588 absolute units. This fcree tcansmitted along the 

rod would be the whole jreBsnre oo he bearings of the aits, if graTity 
did not act. Since the weight of the ball is 45 x 32, or lt4l> absolute units ; 
if we suppose the circle vertical and the veloraty uniform, the pressure on 
the aiis would vaiyfrom 31,683 + 1440 absolute units at the lowest point 
to 31,583 — 1140 absolute units at the highest point of the circle. 

124. Permanent axes of rotation, — It will be observed 
that if the asis of rotation passes through the centre of 
gravity, the pressure on the axis is zero in any of the cases 
mentioned above, and consequently the body will rotate 
about such an a^ds without constraint. Thus, if a plate 
of any form is caused to rotate about an axis passing at 
right angles to its plane through its centre of gravity, it 
will continue to rotate about that axis unless some external 
force act upon it. The same is true of a sphere rotating 
about a diameter, of a cylinder rotating about its axis, as is 
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plain from the last article, and to these several other cases 
may be added, such as a cone rotating about its axis, Inall 
these cases the axis is said to be one of permanent rotation. 
It must be remarked, however, that between different per- 
manent axes of rotation there is an important distinction 
closely resembling the distinction already noticed between 
stable and unstable equilibrium (Art. 25). For if a body 
revolving about a permanent axis of rotation is slightly dis- 
turbed, the rotation wilt not (as a rule) be continued round 
any one axis permanently, but round a number of axes in 
succession. In some cases these axes will all be very near 
to the original axis of rotation ; in other cases some of the 
axes will be remote from the original axis of rotation, la 
the former case the rotation is characterised by stability, 
being but slightly altered by the disturbance; in the 
latter ci^e it is characterised by instabiKty, being (though 
gradually, yet) at last greatly altered by the disturbance. 
125. Variation of velocity of a body descrnhvag a 
smooth curve. — Let a b be any curve down which a body 
moves under the action of gravity. 
Suppose it to have a certain velocity 
(v) when at p, and another velocity 
(y) when at Q. Draw the vertical 
line p N, and let it be cut in N by 
a horizontal line drawn through Q. " "\ 

The work done by gravity while the 
body moves from p to Q is M gf y p K, M denoting the mass 
of the body. As the reaction of the curve does no work (Art. 
71), the effect of gravity is simply to increase the energy 
of the body. But at p the energy was ^ M v^, and at q it 
was J M ^' ; 

therefore, iMi''=^M v* + M3 . PS, 

or i.«=v»+23A, 

where h denotes the vertical height of p above ij. We 
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Bee from this that the change of velocity is the same as 
would be produced in a body falling vertically from p to 
s. It may be well to caution the student on two points 
closely connected with this : («) The tiTae in which the 
body would fall from p to N is very different from that in 
which the body would move from p to q; for plainly pq is 
much longer than p n, and the velocities of the former 
hody at successive points of p N are the same as at the 
corresponding points of p Q. (b) The formula above 
proved for the velocity is not true if the curve is rough, 
since part of the work wg . pn is done against friction, 
and only the remainder goes to increase the energy of the 
point. If, however, the body is attached to a thread, and 
made to move in a vertical circle, the formula is true; for 
the constraining force from the centre acta along the 
thread at right angles to the 
direction of the motion, and 
therefore (like the reaction of 
a smooth curve) does no work. 
126. Body moving in 
a vertical circle. — Let A B be 
the vertical diameter of the 
circle, and suppose the point 
to begin to move from p ; it 
is required to find the velocity 
with which it reaches any 
given point Q. Draw the hori- 
zontal lines PN, Q M, and the chords a p, a Q. We know 
from the last article that 

v^ = 2g . M N. 
Also we know from geometry that 

AP^=AB . AN and aq'=ab . AM. 




Therefore 



_AP' 



~aq'_ap*- 
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where r denotes the radius of the circle. Hence 

It is plain from this that the velocity at a is ap x \/^. 

In other words, in the same or eciual circles the velocity 
at the lowest point is proportional to the chord of the arc 
of descent. 

127. PeTidui^fiii^.^-When a body is suspended, and 
allowed to swing backwards and forwards, its motion from 
one extreme position (say, on the right) to the other 
extreme position (say, on the left) is called an oscil- 
lation or a vihraiion. A body wlien suspended so as to 
be capable of an oscillatory motion, is called a pendulum, 
e.g. a small heavy bail fastened to one end of a fine silk 
thread, the other end of which is fastened to a point of 
support-, is a pendulum. If the thread is so light in 
comparison with the ball that its weight can be neglected, 
and the ball so small that it can be treated as a single 
particle placed at its centre, it is said to be a simple 
pendulum. All other pendulums are called compound 
pendulums. In fig. 109 produce pn to meet the circum- 
ference in p'. If we suppose the body to be a simple 
pendulimi, whose motion begins at p, the body ascends to 
p' and then returns to p. The arc pap* is called the are 
of vibration. The arc of vibration is 
said to be STncdl when its length does 
not differ sensibly from that of its chord. 

128. Time of an oscillation in a 
small droular arc. — Referring to i 
fig. 109, draw the straight like dce 
equal to the arc pap*, and, with 
the middle point c as centre, de- 
scribe the circle D r E, Take c H equal to the arc , 
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draw FH at right angles to b e, and join F c. Now 
FH*=FC*— HC^=:cfi,(Z . Ai'^—chd . ko^, since the chords 
are sensibly equal to the arcs, and consequently, if I de- 
notes P, the velocity of the body at Q equals f ir x a/ j ' 

Now suppose a body to move along d b with the same velo- 
city, point by point, as that with which the pendulum 
moves, it will describe the line D E in a time equal to that of 
one oscillation. But as the velocity of this body equals 



^Vf-- 



[ describe de in the same time ae 
that in which a body moving with a uniform velocity 
dcxa/j describes the semicircle dfe (Art. 116-2). 
But this time must equal (circumference B f b-t- velocity) or 
V . DC^DC . a/ ?■ Hence the time of an oscillation 
in a small circular arc equals 



'Vi- 



If g, the accelerative effect of gravity, is estimated in 
feet and seconds, I, the length of the pendulum, must be 
estimated in feet, and then the above formula gives the 
time of an oscillation in seconds. 

Ex. 138. — If a pendulum is 8 ft. ioag, it will make one oscillation in 
137 see, or 38-2 oeoillationB a minute, if the force of grayity is 32. 

Ex. 139. — If a simple pendulum 405 in. long were obsers'ed to make 

oscillations a minute at a certain place, what would be the accelerative 
ff act of gcayity at that place P 

As the lime of one oscillation is 60 4-59 in seconds, and the lengfli of 
the pendulum 40'5 + I2 in feet, we have to find g from the equation 

-=. IT /*^ 

and tWs gives g - 32'309. 

129, Energy of a rotating body. — Suppose there are 
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several bodies moving with the same or different velocities, 
if the energy of each is calculated, and their sum takeo, 
we obtain the energy of the system formed by the bodies. 
We will apply this simple principle to several cases ; and 
in the first case to a ring revolving uniformly round an 
axis, passing through its centre at right angles to its 
plane. Let c be the centre of the ring, ^^ 

on which it turns, and let its radius be 
denoted by r, its mass by m, and its angular 
velocity by 8; consider a small portion 
of the ring such as p, whose mass is m. 
The energy of this portion is ^rnr't 
consider another portion Q, wh< 
is m,, its energy is ^m.^ r* 6\ Consequently the joint 
energy of the two is ^(m. + m,)r*tf*. If we consider a third 
and a fourth part, we obtain a result differing from that 
already found only in having the sum of three or four 
masses instead of two. Hence if we suppose the sum 
taken for all the parts of the ring, we shall have the total 
energy equai to ^ur^OK In a following article we shall 
see how to extend this method to other bodies ; but 
without going further we will give some applications of 
the result we have already obtained. 

Ex. ]40. — Suppose tie ring to ireigh 12 lbs., to have a ladiua of 
2 ft., and Utmake 100 revolutions a miitute ; its angulaf T^ocitj is 10 t -i-S, 
and its energy | x 12 k 2' it (ll)ir.^3)', or 2632 (the units being feet and 
absolntfi units of force). Assuming tie force of gravity to be 32, this energy 
would be snfficisnt to raise a pojmd of matter 4o a hejght of S2 ft.; it might 
be applied to do in any otlier way 2632 units -of wiitk (er aboat 82 toot- 
pounds). 

Ex. 141. — A fly-wheel weighs 5 toaa ; its mass nay be considered to be 
distributed along the circumference of a circle 40 ft. in circumference; it 
turns OQ an axle 3 ft. in circmnference, the coefficient of friction between 
wUch and its bearing is 0-05. At a given instant it ia moving at the rate 
of 24 revolutions a minute. Find how many turns it will take before being 
brought to rest by the friction of the axle, 

Eadh point of the circumference moves at the late of 24 k 40 ft. a minute. 
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and therefore at the rate of 16 ft. a second. The mass is 11,200 ibs. ; there- 
fore the energy is 6600 x (18)'. Again, the friction of the asle is 
0'05 X 11,200 jr, and this is oyereome through 8 ft. on each turn of the wheel ; 
conaequenilj if the wheel makes x turns in coming to rest, O'Oo x 11,200 y.g 
X 3 it unils of work most be done against friction. Hence, 

0'05 X 11,200 X 5 X 3 1 = 5600 X (16)'; 
therefore, i=26§ turns. 

Ke. 1 42. — In the last case suppoee a weight of 1 ton to he fastened to the 
end of aband which pBBsea round theoiiCHmference of the wheel ; the weiglit 
falls, and bo moves the wheel from a state of rest Pind the Telocity coni- 
ronnicatfid to the wheel at the end of the first complete turn— all passive re- 
sistance being neglected. 

Here the work done is2240srx 40; if w iathe velodiy of a point on the 
circumference of the wheel, B will be also the velocity of the falling mass ; 
hence (Art. 105) the energy of the system is | x 11,200 t^ 4-1 k 22i0iJ=. As 
there ia no resistance, we must have, 

\ X 11,200 b" + 1 X 2210 s* = 2240ff x 40. 
Hence v = 20-66 ft. per second, i. e. the wheel ia moving at the rate of about 

Ex. 14S. — In Ex. 142 determine t^e mutual action between the £y-wheel 
and the descending mass. 

In this case, as the sjstflin undergoes a uniform acceleration, b must he a 
constant force. The work done by n in one complete turn of the wheel is 
40 b, while the energy of the wheel is l x 11,200 k'. Hence, 

40e = 5600ii». 
By similET reasoning the motion of the falling weight gives the equation 
40(2240^-a) = n20.«'. 



130. Moment of inertia. — Let several rigidly con- 
nected points whose masses are respectively 7n, m,, m^, . . . 
rotate about an axis from which their distances are 
r, r^,r^. . . . Their common angular velocity being &, 

their several velocities are r 6, r,6|, r^d^ and 

consequently the energy of the whole system is 
i(m?-*+m,r,» + m3rj,»+ .)&". The quantity between tlie 
brackets is called the moTnent of inertia of the system 
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of pointB with respect to the axis of rotation. As the 
moment of inertia is formed by adding together the 
products obtained by multiplying the mass of each point 
by the square of its distance from the given axis, it is 
plain that it will equal the product formed by multiplying 
the total mass of the system by the square of some line, 
i.e. if k denote the length of the line in question, and a 
the sum of the masses of the points, it is possible to take 
k of such a length that 

MP=mr^ + TOirj' + mjr/+ .... 

The line whose length is k is called the radius of gyration, 
with respect to the axis from which the distances 
r, rp r^, . . . . are measured. It follows from what was 
stated at the beginning of the article that the energy of 
the system equals J u i' 0^. 

If we supposed a point whose mass is M to revolve about 
the axis at distance h, and with the same angular velocity 
as the body, its velocity would be k$, and its energy 
^ M P 6^. We see therefore that the radius of gyration is 
the distance from the axis at which the mass of a rotating 
body may be supposed to be concentrated without changing 
its energy. 

131. Determination of 'moment of inertia. — As the 
number of points considered in the last article may be 
as large as we please, the definition of the moment of 
inertia applies to that of any BoHd body whatever. There 
are methods by which the moment of inertia of any body 
of given form can be determined. Thus, the moment of 
inertia of a straight line or rod with reference to an axis 
passing through one end at right angles to its length can 
be shown to equal ^ m l\ where M and I denote the mass 
and length of the rod.' When a rod is spoken of without 

' In &ct, conceive the rod to te diTidad into a large number (») 
o£ equal parta, and consider the case in wEieh n points of equal moss 
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qualification, it is assumed to be of uniform density, and 
to have a small uniform cross-section. Of course in the 
case of the rod the radius of gyration equals l-i- ^/3. 
The two following facts about the moment of inertia 
deserve notice : — 

(«) If any body can be conceived to be divided into 
two or more parts, such that the moment of inertia of 
each part is known with regard to a given axis, the 
moment of inertia of the whole with regard to the same 
axis is the sum of the moments of inertia of the several 
parts. This is, in fact, plain from the definition, e.g. 
there is a rod 12 ft. long whose mass is 6; required its 
moment of inertia about an axis at right angles to its 
length drawn through a point 3 ft. from one end. Here 
we have two rods whose masses are 1^ and 4^ respectively, 
and lengths 3 ft. and 9 ft. Consequently their respective 
moments of inertia are ^ x I ^ x (3)'' and ^ x 4^ x (9)*, or 
the required moment is 126, and the radius of gyration 
(being given by the equation 6 i*= 126) is ^21, or 4*582 
ft. in length. 

(b) When the moment of inertia of a body is required 



© 



the end. The momeat of inertia of these points will be, 

Now it 16 well known that 1 + 4 + 9 + ... +«' = i» (» + 1) (3 n+ l),coa- 
seqaently the moment of inertia of the points equals 



*-(-:) {-i> 



le iniiefinitely great, we pass from the ease of the points 
and wB eee that this formula gives for the raliie of the 
: up, aa stated in the test. 
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with respect to an axis whose distance from the body is 
several times as long as the greatest dimension of the 
body, the error is very small which results from treating 
the body as a point whose mass is collected at its centre 
of gravity, and consequently its moment of inertia with 
respect to the axis is vii^, where to is the mass of the 
body and r the distance of the centre of gravity from the 
axis, e.g. the radius of a sphere is 1 in. and mass wt, the 
exact value of its moment of inertia about an axis distant 
loin, from its centre can be shown — by a method that 
need not detain m — to equal m{lfl^ + |-x 1'), or 100-4 to. 
If treated as a point, according to the above remark, 
the moment of inertia would be taken to equal 100 m, 
which only differs from the true value by the 1— 250th 
part. In the same case the approsinaate value of the 
radius of gyration is 10 in., the true value •v'ioO'4, or 
10'02 in. If the distance of the ball from the axis had 
been 20 in., the exact value of the moment of inertia 
would have been 400*4 th, instead of 400 to, and the radius 
of gyration 20*01, instead of 20. 

Ee. 144.— If a recUnguIac lamina' whose sides are a and 6 is consi- 
sidpred, it will be seen that it can be divided into a number of rods whose 
lengths are equal to the edge h \ conseqaenUj it can be easily deduced from 
section (n) of the last article that its moment of inertia with respect to the 
edge a 19 ^ (mass) >: i=, i. e. if ira denote the mass of each unit of area, 
the moment with regard to a eqnala | ™ a J*. Of course its moment of 
inertia Trith respect to the edge h will equal | raa'i. 

El. 146. — The moment of iBertin of a rectangular lamina with respect 
to an axis parallel to the edge a, and passing throngh its centre of grarity, 
will be T^ m a ft". 

Er. 148.— The moment of inertia of a thin hollow drum with reference 
to its axfe is C™^'^^) x (radins)'. 

Et. 147.— A rectangular door is poshed from rest through an angle of 

' A lamina is, of course, a slice of any substance. The rectangle in the 
question is supposed to be heavy, and its thickness nnifbrm, but so amall 
that it can be neglected in comparison with its length and breadth. 
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90° by a force of 160 absolute units, acting at right angles to Jta face at n 
distancB of 4 ft. from the aiis of rotation. Tbodoor is 7 ft. liigh and 6 ft. 
wide, and weiglie 120 lbs. What angular velocity has tha door acqaiced at 
the inBtant the 90° are completed 7 

The angle in circular meaaure is -, and consoquentlythe work done by 

tha force is ^ x 4 x 1 80, or 320 » r the moment of i nertia of the door with 

2 
respect to the axis— the door being reckoned ns a rectangular lamina — is 
^ X 120x6'^ 1000; hence if fl is tlio angular velocity acquired, we bave 

500 fl" = 320 », 
or e-1-42. 

In other wDttis, if the door were hung in such a WBy that it could turn 
round and round on its asis quite freely, it would turn at the rate of about 
13^ times a minute after tha force had ceased to act. 

Tha pressure on the hinges, so far as it is due to tJie rotation, would bo 
120xjxfl2, i.e. 603 Bbaolate units, or about 188 gravitation units. 

Ex. I4S. — A trapdoor turns freely on a horizontal spindle; its width at 
right angles to the spindle is 3 ft., and it weighs 40 lbs. It falls tlirougli 
an angle of 180° from its highest verticfil to its lowest vertical position ; 
find its Telocity as it passes it lowest position, and the pressure it eiarts 
at that instant ou its points of support. 

As the centre ofgraTityfoUs iJirough 3 ft-, gravity does 8 x 40 1? units of 
wort, while the body falls fi'oni its highest position to its lowest. As it 
falls quite freely, this work mtist equal the energy of the body as it passes 
through the lowest position ; but if fl is tha required angular velocity, the 
energy is ^ x J x 40 x 3' x fl = 60 fl*, and therefore 

eO F=120jr; 
or, if^ = 33, e = 8; 

in other words, the body is moving at such a rate that it would make 1-273 
turns a second, ot about 76^ tnms a minute, if it continued to revolve uni- 
formly. The centrifugal force as the body passes the lowest point is 
40x§xe'=120 ? absolute units; and this added to the weight of the body 
(40 jl gives the whole pressure at the instant as 160y absolute units, or 
about 160 gravitation units. If we suppose the motion to take place in 
London, or in any place where the force of gravitation is the same as in 
London, the pressure as the body passes the lowest point is, of course, 160 
gravitation units eiaclly. 

Ex. 149. — A body of any shape tarns on a horizontal spindle ; it is Set in 
motion by a weight which unwinds from a concentric circle— as a wheel and 
aile might be set in motion by the descending bucket— determine the an- 
gular velocity communicated to the body by the weight, in felling from 
rest through a height k. 
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Let H k' denote ths moment of inertia of the bod;, m the ma 
falling weight, and r the radias of tha circle ou which the weight a 
denotes the angular relodty of tiia body, r fl is the velocity of the di 
weight, and cousequeatly we. hav e 

mgh= I M A'S' + 1 m J-'B*, 
an equation in which every quantity ia known but fl, which it sen 



^l. 



132. CompouTid pendalum. — Suppose a body of any 
shape to be fiimiahed with a steel wedge ( 
passiag through it at one end, as shown 
at s, 30 that it could be supported on the 
edge ofthe wedge and made to oscillate — 
the edge is called the centre of suspen- 
sion. Now if the time of a small oscil- ■ 
lation be observed, it is easy to determine 
the length of a simple pendulum which 
makes a small oscillation in the same 
time as the compound pendulum (Art. 
128). Suppose the length of the simple 
pendulum thus determined to be L Take 
o the centre of gravity of the pendulum, 
join s G and produce it to o, making s o 
equal to l; the point o is called the centre 
of oscillation. These three points, s, G, 
o, are always in the same liae, and a 
is intermediate to s and o. Suppose 
the body to be furnished with a second wedge or ' knife- 
edge,' capable of being placed in different positions, it 
is plain that the second wedge can by successive trials 
be brought into such a position that its edge passes 
through o. When this is done it will be found that the 
Ixidy will make its small oscillations in equal times, 
whether it be suspended by s or by o. In other words, if 
8 is the centre of suspension, o is the centre of oscillation, 
and if is the centre of suspension, s will be the centre of 
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oscillatioD. A fact which is generally stated thus — the 
centres of oscillation and suspension are reciprocal. 

If k tie the radius of gyration of the pendulum with 
respect to the axia of suspension, it admits of proof that 
the following relation holds good : — 
8 . sc=i*. 
133. The relation stated in the last article can he 
tttc IIS. proved as follows: — Draw the vertical 

line SK, and let SG be the position of 
the line so (in fig. 112) at the begin- 
ning of the motion ; let s g' he the posi- 
tion of 8 G at any subsequent time. Draw 
the horizontal lines q h, g' h', b K, o' k'; 
let denote the angular velocity of the 
body when sa comes into the position 
so'; the energy of the body is ^ M fc' 5', 
which is wholly due to the action of gravity, viz. m 5 x h n", 
and therefore 

If a point were placed at o, and allowed to swing freely 
round s, and if its angular velocity when at 0' were 6', its 
velocity would be s o x ^, and therefore (Ait. 1 25) 

8o8x^*=2yxKK'. 
Now if the angular velocity of at o' is the same as that 
of the body when at sg', for all positions of sg', the time 
of an oscillation of o is the same as that of the body, i. e. if 
d=ff, o will be the centre of oscillation. The condition, 
therefore, of o being the centre of oscillation is that 

K k' X fc'^ = H E* X s o'. 
But, as the figures are plainly similar, we have 

K e' : H h' : : s o : s Q ; 
therefore, fc*=ao . SG, 
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It of course follows from this that the time of oscillation 
of the compound pendulum, being the same as that of a 
simple pendulum, who'se length is s o, will eq^ual 

Ex. 150.— Let a b (fig. 114, a) be a rod whose mass and lengtt are de- 
noted by m and i ; let it be suspended fnim a, and 
allowed to oeeillate. We Itnow that i^ equals IT, Fio. 114. 

and that a a equals ^ ' ; consequently Jixso = l^, 
BO that so = | I; this giyes the position of o, and 
of course the time of a small oscillation is given 

bj the formula ir a / -- , e- g. if we assume g to 

equal 32, and suppose the rod to be 12 ft. long, 
the time of an osciUatioa is 15708 sec., i. o. it 
makes about 38 oscillations a minute. 

Now suppose the rod io be suspended by o (fig. 
Ill, b), and let it be required to determine the 
corresponding centre of oscillation o'. Since tte 
lengths and masses of o B and o a are | /, § i, J m and | w respectively, the mo- 
ment of inertia of the rod about o is | . ^ x f-V + ' . ?^ x f-Y.ocimP, 

and therefore in this case H'^^l', also go = i ^. Now the distance o o' is 
determined by the relation o q x o o' <=< &', whence o o' ^ ^ I, i. e. the point 
o' coincides with s, which accords with the rule that the centres of suspett- 
sion and oscillation are reciprocal. 

Ex, ISl. — A rod 12 ft. long has a small heavy sphere placed on it 
capable of being shifted up and down ; the mass of the sphere is four times 
that of the rod ; the rod is set to oscillate upon an axis passing through one 
end. Find the number of osdllations it makes per minute when the 
sphere is pla,ced at the other end of the rod, assuming that the sphere can 
be treated as a point (y = 32). 

Here, if we denote by s the centre of suspension, we have the moment 
of inertia of the rod and ball with respect to s equally ^m x 12* + 4 m x 12', 
where H and IM are the masses of the rod and ball ; consequently ^ = -?-. 
If o is the centre of gravity of tha whole body made np of rod and ball, we 
have SHxso = 6M + 12x4jt, or so=~it. Hence J' ^ s o equals 1 1| ft. 
and consequently the time of one oscillation is l'S88 sec. 

Ex. 152. — In tie last ease, if we suppose the sphere shifted to the 



middle of the rod, the time of one oscillation is 



L-40& m 
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134. Motion of a pendulum prod/uced by vmpact. — 

Let the annexed 6gure represent a body suspended from 

fjg. 115. ^° ^^^ passing through s at right angles to 

the plane of the paper, and let us suppose the 

^ r~ ^ g body to be symmetrical with reference to that 

I plane. Let g be the centime of gravity ; draw 

the line SG, take a any point in so or its 

] ^ prolongation, and draw R A at right angles 

B. / to s A. Suppose the body to be struck along 

K,_/ the line a a, the body with its axis will then 

turn on the bearings,and theaxis willgenerally 

be impelled against the bearings ; consequently there will 

generally be a reaction of the bearings against the body, 

which will be exerted along a line parallel to a K. Let R 

and X denote the blow and the consequent reaction, the 

latter being supposed to act as shown in the figure; then it 

admits of proof that the following relations bold good : — 

B + x=ii . SG . ^ and M^'flcsB . sa, 
where M denotes the mass of the body, m i° its moment of 
inertia with respect to the axis, and ff the angular velocity 
generated by the blow, which is determined by the latter 
equation. When $ is known, the former equation gives 3, 
the reaction of the bearings against the body. In any 
example, if x comes out negative, the reaction is in a 
direction opposite to that shown in the figure. 

Ex, ISS. — A rod IB ft. long whose masB is 18 Ibt. is suspended bj one 
end and is struck at Che other (in a direction at right angles to its length) 
a blow measured bj a momentoni 90. Find the angular velodty with 
which tiie rod begins to turn round the point of Bupport, and the iropulBe of 
the rod against the point of support. 

A blow ' meaEuced by a momentum 90 ' may be conceived thus :— A very 
lai^ force acts for an exceedingly short time, such that if we suppose it to 
act for an equal time on a mass of 1 lb. (perfectly free to move), it would 
communicate to the mass a velocity of 90 ft. a second. 

In this rase the moment of inertia equals ix 18x12'. 
TheiefoM, ixUx 12=0=^90 x 12 ; 
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so that e = |, i.e. if ths body continued to revolve nniformlj with the 
Telocity imparted by the blow, it would make one revolution in 2 »■ j-|. oc 
5 OS sec., or it would revolve ratJier less tlian 12 times a minute. Next, as 
s o equals 6 ft. 

i. e. K — 15, which is the Teaction against the body at the point of suppott; 
it is in the same direction as the blow and of half tba amount, so that the 
lod, in consequence of tbe blow at one end, is instantaneouBlf struck at the 
other by a parallel force ia the same direction, and of half the amount. 
The point of sapport is struck by the rod in tbe opposite direction with a 
force equal to x or IS, 

Ex. l&l.^upposB the trapdoor in Ex.148 to strikeagainst an obstacle 
distant 3 ft.from thespjndle when it reaches its lowest position. Determine 
the magnitude of the blow and of tbe impulse on tbe axis, assuming that 
there is no rebound. 

The reaction of the obstacle must be such as to geiiern.te in the opposite 
direction an angular velointy equal to that with which tbe body reaches its 
lowest position; consequenily, using the data of Ex. 148, we have 

or R = S20 (i. e. tbe blow is such as would communicate to a pound of 
matter a velodty of 320 ft. a second). Also, 

320+x = i0it|x8 = 480, 
i. e. x= leO; or the bearing reacts on the spindle with a force equal to half 
that with which the body strikes against tbe obstacle. If it were asked, 
could a point be found such that if tbis body strikeagainst it, there will be 
no impulse on the bearing? we may proceed thus: — Suppose f to be the 
distance from the spindle of suci a point then, since s = 0, We have 
B=40x|x6and|x40x 3'xS = B3', 

i.e. R = 480 and i = 2; in other words, if the obstacle is 2 ft. from the 
spindle, it takes the whole forc« of the blow, and there is no impulsive pres- 
sure of the spindle ag^nst its bearings. Tbe obstacle must, of course, be 
in the line drawn at ligbt angles to the spindle through the centre of 
gravity. 

135. To illustrate the reasoning by wliich the results 
in Art. 134 are obtained, we will consider the following 
case : — Let p and q be two forces acting at H and K, 
X and K two other forces acting at s and a ; all at right 
angles to s k ; now suppose that the resultant of x and a 
is identical with that of p and g ; we must then have the 
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following relations : the resultant must equal x + E, and 

likewise f-Vq (Art, 46) ; 

*^-""- therefore, x + E=p + 5. 

Also the sum of the moments oip and q with 
regard to any point must equal the moment of 
the resultant with regard to the same point, 
and the like is true of x and K (Art. 48); 
hence if we take moments with respect to s we 
must have 

s A . R=SH ■ j? + SK . q. 

We may suppose the forces measured by the momenta 
they would produce in an exceedingly short time ; this 
would introduce no change into the above relations. 
Now suppose that s K is a rigid rod without inertia, 
capable of turning round the point s, and that H and K 
are two points whose masses are -m and n respectively ; 
and suppose that a and s. axe such as, acting for a very 
short time, will cause the body to move round s with an 
angular velocity d. Let us denote sh and sk by a and h ; 
then the velocities of n and k are a 6 and b 8, and their 
momenta ma 6 and nh6; as these are the actual eifects of 
X and R at H and K, they must he equal to p and q. 
Consequently the above equations become 

s. + -B. = mad-{-nh6 and e . SK=ma^6 + 'n,h^8. 
If K is given, we find 8 and x from these equations ; x is 
the force which must be exerted at s simultaneously with 
K, if the body is constrained to turn round s ; it is tliere- 
fore the reaction of the bearing against the body. That 
these equations are only a particular case of those given 
in the last article can be shown thus ; — Let & be the 
centre of gravity of H and k, and m their joint mass. 
Then we have (Art. 15) 

M . sG—ma + n-i. 
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Also if M P is the moment of inertia of tlie two points 
with reference to s, we must have (Art, 130) 

and consequently the above equations can be written 

x + R=M . SG • ^ and b . S!i=nk^9, 

i.e. they are a particular case of the equations given in 
All;. 134. Similar reasoning can be applied to three, 
four, or any number of rigidly connected points. ^\Tien, 
however, this is done, it will appear that the impact 
against the point of support will be represented by a 
single force x, whenever th« body is syniinetrical with 
relerence to a plane passing through g at right angles to 
the axis (the plane of the paper in fig. 115) and not 
generally in other cases. The body is said to be sym- 
metrical with regard to a plane when it would be divided 
into two parts exactly alike if it were cut by the plane } 
in other words, when the body is such, that if any point 
whatever of it is considered, there will always be a second 
point such that the line joining them will be at right 
angles to the plane, and will be bisected by it, e.g. a 
sphere is symmetrical with regard to any plane con- 
taining a diameter; a cylinder or cone with regard to 
any plane containing its asis ; a cube with regard to a 
plane bisecting any torn' parallel edges ; a hammer with 
regard to a plane containing the axes of head and handle, 
136. Centre of pereuesion. — In Art. 134 let us assume 
that the point a has been so chosen that x is equal to zero, 
we then have two equations : — 

K=M . SG . ^ and MPff=R . 8A, 
which give fc^ = s G . s A ; 

and this equation tells us where A must be taken in the 
body that x may equal zero. In all cases in which the 
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whole reaction of the heaiing against the body would be 
X, there will be no impulse against the bearing when the 
point A is thus determined. This will be the case when- 
ever the body is symmetrical with regard to the plane of 
the paper. The point thus determined is called the 
centre of fercusmon. It is evident from Art. 132 that 
the centre of percussion (when there is onej with regard 
to s coincides with the centre of oscillation. 

Ex. Ids. — If a rodlOft-long whose 10118816 20 lbs. has a point weighing 
20 lbs. Grialy Gxed to one end and hangs by the otlier, its moment of iueitia 
is J X 20 X 10' + 20 X 10'; also if jt JsthediBtanceof itscentreof grarityfrom 
the point of suspension, 40jzi^20 x S + 20 x 10, The distance of tJie centre of 
percoEsion from the same point is therefore 80-r9 fL Suppose now, tiat a 
hcrizoDtal bJow lE Etruck tlljongh the centre of pen^useion Euch as to make 
the body just rise to a horizontal position, und let it be asked what is the 
magnitude of the blow f We can reason thus : — Let fl be the angular Telo- 
city communicated by the blow; tlieii,as the body learee its first position, ita 
energy (| u J/ftP) is l x 4000 P ; and tbiB is jost snfiicient to raise the body 
to a horizontal position, i.e. todo 20^x5 + 20^ x 10 units of work, so that 
fl' equals Oj-i-lO, or fl equals 2'683. Hence if B denotes the momentum of 
the blow ae 

hF« = b. 3 a, 

wehave . « x 1"^^" x 2-683, 

or ■ a = 402'5, 

i.e. I^e blow must be nearly as great as one which gives to a weight 10 lbs. 
a velocity of 40 fU a second. 

137. JTeiDdHi'* lavii of ■motiiyii, and proof of ike faraUdogram of f ones. 
— Newton states and illustrates the laws of motion as follows :— ' 

1. Every body continues in its state of rest or of uniform motion in a 
straight, line, except so far as it iscompelled by impreeited iorces to change 

Projectiles continue in their state of motion, eacept so far as they are 
retarded by the resistance of the air, and urged downward by the force of 
gravity. The parts of a hoop by their eohesion continually draw one 
another back from their rectilinear motions; the hoop, however, does not 
cease totnm, except sofkres it is retaided by the air. Moreover the greater 
bodies of planete and eomets, which more in spaces oaring less resistance 
than the air, preserve fOT a longer time their motions of translation and ro- 

' Pritmipu, p. 13 {3rd edition). 
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2, Change of momeEtum ia pcoportioDal to tie impcaEBed moring force, 
and takes place along the straight line in which that force is impressed. 

If a force produce any motnentum whatorep, twice Iha force will produce 
twice the momentum, thrice the force will produce thrice ^he momentum, 
whether the forces are impressed at the same time and instarttaneaualj, ol; 
graduaJlj and Baccessively. This momentum is always commuEiiat«d in the 
same direction as the force producing it ; so that, when the body was 
preyiously moving, it is added to the body's momentum if the directions 
are the same, subtracted from it if the directions are opposite ; it is added 
obliquely if the directions are inclined ; and the momenta are compounded 
in accordance with their sereral directions. 

3. Beaction is always contrary and equal to action ; or the mutual 
actions of two bodies on each other are always eqaal and exerted in contrary 
directions. 

If anyhody presses or draws another, it is just as much pressed or drawn 
hy the second body. If anyone presses a stone with his finger, the finger 
is also pressed by the stone. If a horse is drawing a stone tied to a tope, 
the horse is (so to speak) equally drawn back towards the stone ; for the 
rope being stretched both ways will, in the same endeavour to slacken 
itself, urge the horse towards the stone, and the stone towards the horse ; 
and it will impede the progress of the one as much as it advances the pro- 
gress of the other. If a body strike on anotJier body, and by its force change 
the momentum of the latter body in any way whatever, its own momentum 
will in turn undergo an equal change in a contrary direction from the force 
of the latter body, inconsequence of the equality of tjie mutual pressure. By 
these actions equal changes are produced, not in the velocities, hut in the 
momenta, i. e. in bodies otherwise free to move. The changes of velocities 
which also take place in opposite directJouB are reciprocally proportional to 
the masses ; because the momenta are changed equally. 

Newton gives as a corollurj- to the laws of motion the foUowi ng proof of 
the parallelogram of forces r- -Suppose that a force M, iropreESed separately 
ou a body when at the point J, would cause it to move pjg_ ]jj_ 

in a given time from i to B with a unifoim velocity; 
and suppose that a force y, impressed separately on the t\~ 1 
same body when at the point a, would cause it to move \ \.,_^ \ 
in the same time &om 4 to c with a uniform velocitj. \ \. \ 

Let tlie parallelogiam a b » c be completed. Then, if p' ^^^ 

the forces are supposed to be imprtssed simultaneously, 
thebody will move in the same time with a nniform velocity from * to D. For 
since the force u acta along a c parallel to b D, this force by the second Jaw 
willnot change the velocitj of approach to b n, generated by the other force. 
Therefore the body approaches the line bd in the same time, whether the 
force N he impressed or not ; and at the end of the given time it will be 
fonnd somewhere in b"d. In the same way, it can be proved that at the 
end of the same time it will be fonnd somewhere in the line c»; and 
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therefore it must ba found at their point of intereection b. But by the first 
law, it, will proceed by a rectilinaac motion irora i to d. [Now bearing in 
mind that faroBB impreSBed instantaneonalj ou equal niassea are proportional 
to the veloeitieB they generate, it follows that the forces n, », and their re- 
Bultmit are proportional ta the lines ab. &c, and ad.} 

(138. Neailon'aesrperimentson eniiis(on,'— Let a pendulum, hnngon apoint 

c, swing from an extjeme posilion e, and let Abe the lowest point of the arc 

of vibration. The velocity of a is pco- 

Fia.lIS. portional to the chord ak (Art 126). 

C and the momentum to Ihe product of 

the weight of a, and the length of the 

chord. This nould bo true in vacuo ; 

the resistance of the air however, has 

a sensible ^ect, and may be taken ac- 

fount of thus Let a, EiJter leaving e, 

r<jtum at the end ot tho first double 

oscillation to v. Tate s T a quarter of 

BV, and putitinthe middle of RT, i.e. make s k and t v each a ot k v. Now, 

if the body were allowed to fell from s, it would reach A with very nearly 

the same velocity as if it had fallen in vwuo from t, and accordingly ita 

momentum at A is proportional to the product of the weight and the chord 

AT. In a like manner, if a body leaving i with a certain velocity is found 





,0 find tl 






the body would have risen but for 
of tlie air ; t and t 
called the corrected posi- 
i and s respectively. Take 
C and D, two points in the same hori- 
zontal line, and let two balls be 
hung from c and D in such a manner 
that their centres A and E are in the 
horizontal line, and on the 
wall, in Iront of which they ace sup- 
posed to hang, describe eemi-circlcs 
E A F and o B H, with c and u for centres. I*t the body a be allowed to fall 
from s, and to strike B ; after the impact let a rise to 3 and b to i. 'fake 
T, I and I the corrediod positions of s, * and A. Then the momentum of a 
before impact and the momenta of A and B after impact are measured by 
weight of A xehd . Ai, weight of AxeAi^ . Ai, and weight of a x c A iJ . b(. 
If the principle laid down in Art, i 1 2 be true, the former product ought undei 
oil circumstances to equal the sum of the two latter. Or, if the body a hat 
rebonaded, so that a ware found in the are ae, the former product wouli 
equal the difference between the latter products. Now this was verified bi 



' Prineipia, pp. 22-3-i (3rd edition). 
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Newton's eiperirasnta whether the Lodies ware equit or unequal, hard or eoft, 
whpther oqIj one were moving, or botJi were moving in the S!ime or in op- 
posite directions. His eipwiments were made with pendulums 10 fL long, 
which were allowed to awing 8, 12, or 16 ft. Under these circumstancee, 
he found that with care he could determine the chords without an error of 
as much as 3 in. He Engeeats that these errors were dne: (1) To the 
difficulty of letting the body fall, so that the impact ahoald take plnee 
eiactly at the lowest points of Uie aiee ; (2) to the difficulty of marking 
eiBotly two points s audi to which the bodies cameaffcerimpact; (3) to irre- 
gularity of testure in the iwdies themselTes, 

He also determined the ratio of the relative velocity with which the 
bodies approached each other before impact to the relative velocity with 
which thej separated from each other after impact, and found it to be 
constant for given substances ; e. g. when the balls were of wool firmly com- 
pressed this ratio was 5 to 9 ; when they were of iron the ratio was found 
to be Tery nearly the same ; when of cork, a little less, and when of glass it 
was found to be 1 5 to 16. 

139, Determination of the accelerative e^ect of gramii/.— An especHnental 
Terificatjon has already been given of tte fact that at a given place the 
force of gravity ou bodies is proportional to their masses (Art. 101). The 
significance of this fact may be eiemplifled thus :~Suppofie two bodies to be 
taken one of which has double the weight of the other as ascertained by a 
balance, then if tbese two bodies were allowed to fall freely from rest at a 
given place for a given time, the momentum imparted by Rravity to the 
one would be double that imparted by gravity to the other ; and the 
like would be true in other cases. And accordingly at any given place 
gravity will generate in all falling bodies equal velocities in eqnal times, 
quite irrespectively of their beinc; of one kind of matter or another. In 
order to verify this point with the greater accuracy, Newton made a series of 
experiments which maybe briefly described thus: — He took two equal 
round wooden boxes, and filled the one with wood, and in the other he 
placed an equal weight of gold as nearly as possible in the centre of oscil- 
lation. The bosee hanging from threads 11 ft. long were pendulums 
exactly equal in regard to weight, form, and resistance of air. When placed 
near eaeh other, they continned. to go backward and forward for a very 
long time in equal oscillations ; he repeated the experiments with silver, 
lead, glass, sand, common salt, water, corn, and always with the same resnlt, 
though an error less than the one-thousandth part could have been detected," 

The amount of the acceleratjve effect of gravity (g) at a given place 
can also be determined by the pendulum. It can easily be found with some 

* Principia, p. 400 (3rd edit.). The form in which Kewton states the 
principle verified by these experiments is that the weights of bodies at 
equal distances from the centre of a planet are proportional to the quantities 
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degree of exactness thus :— Take a ball of load or brass and fasten it to on 
end of a rery fine silk thread, suspend it i)j means of a loop at the othe 
end passnl orer a needle stuck into a wall ; set it swic^ng, and count th 
number of Small oscillations made in two or three minutea ; measure th 
distance from the centre »f the ball to the point of support ; as the pendu 
lum very nearly realises the condition of a simple pendulum, the value o: 
g can be found from the formula ffP^ir'l {Art. 1 2S), e. g. such a pendulum 
6 ft, 4| in. long was found to niijte a hundred oscillations in 2 min. 20 sec. ; 
this gave j = 32-20e in feet and seconds, the correct value of ff in London 
being 32-1912. The student should try this with several 
FIH. 120. different lengths ; he will easily satisfy himself that tlie value 
of jj is certainly between 31 and 33. and does not differ much 
from 32. He will also find that the difficulty in making an 
exact determination chieSy lies in measnring the eiact length 
of the penduluni, and ascertaining the exact time of a vibra- 

One very eiact method of determining the ralue of jf may be 
briefly described thus ; — so isahrass plate 1^ in. broad, J in. 
thick ; c, a large fiat bob ; F, a weight capable of adjustment, 
and a a smaller weight capable of eiact adjustment hy means 
of a screw ; at a is a knife-edge ; the position of the centre 
of oscillation of the pendulum with regard to s can be calcu- 
lated, and thus a knife-edge can be placed at o, so that a is 
ry nearly the centre of oscillation with regard to s. By 
ca th pe d I m t vibrate first on s and then on o, any 

; b d tected and then by adjusting f and after- 

w rd tl pe d I m can be made to oscillate in exactly 
tt m t m wh th suspended from s or O, and now s o 
th lact 1 'th f the simple penduium, oscillating ia 
the sain t m th mpoond p dnlum. Moreover, as fi and o are two 
rigidly ted po ts, th d t ee between them can be measured with 

In order to ascertain with eiaetness the time of an oscillation, the means 
adopted were as follows ; — Place the pendalum, which we will call i, in 
front of a clock pendulum, which we will call u, and suppose the i>endulums 
to oscillate in nearly the same time, bnt * rather (aster than B ; at any 
instant let them pass the lowest points of their arc of vibration together; the 
next time A passes a little before n and still more the third time, until, 
after a considerable number of oscillations, they both pass the lowest point 
together, moving in the same direcfJon. When this happens A has made 
eiaotly One oscillation more than B ; the number of osciilatione made by B 
can be read on the dial-plate, and thus any error in counting ia avoided. 
Suppose that B makes 600 oscillations between the two successive coinci- 
dences ; it follows that in the same time a makes 601 oscillations. The 
clock being kept right by means of astronomical observations, the time in 
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whEeh the 601 oscillations ai 



a made is known exactly. And thus we have 
a verj acoorata dpternjiDatioii of the time it one oscillation. Corceftiona 
hare now to be applied, e. g. for length of arc of vibration, buoyancy of at- 
mosphere, temperatnre, &c. ; and thus, in the above formnla., I and ( ace 
known with the utmost exactness, and g cau be found. The following Table 
gives a number offiret-rate determinations' of tbe lengtli of the simple pen- 
dulum beating seconds at different stations, and the inferred values of the 
accelerative effect of gravity at those stations. 

Table of Acchlbeativb Effects of GflAvn-r. 






Svanberg , . . 

Ressel . . , . 

Sabine . . . . 

Bnrda and Biot . 



ineandDuperrej 
Freycinet and Pal-"\ 



Spitzhargen 

Hammeifeet 

Stoeliholm 

Konigeberg 

Greenwich 

Barcelona . 
Men* Leone 
St. Thomas 
Ascension . 
Cape of Good 



7S 50 t 
70 40 
59 21 



39-21469 
39-19470 
39-16541 
39-15072 
39-13983 
39-12891 
39-10432 
39-0199 r 
3902074 
3g'023S3 
30-07800 



82-2528 
32-2364 
82-2122 
32-2002 
32-1912 
32-1819 
82-162U 



32-0933 
32'C9S7 
32-1404 



It will be observed on inspecting the above Table that, in proceeding 
from the north Mi the equator, the force of gravity eontjnually diminishes, 
■ and that it incwases in proceeding from the equator southward. This is 
chiefly due to two causes : (1) As the eartJi dififers sensibly in form from a 
sphere, it exercises a sensibly different attraolion at different points of its 
surface ; (2) the dinrnal revolution of the earth causes bodies on the earth's 
snrft^e to describe circles, and eonsequently some part of the force of the 
earth's attraction is employed in keeping bodies in these circles ; the re- 
mainder is the sensible force of gravity. 

It may be well to remind the student that when the force of a gravity at 
a given station is denoted by^, we may interpret the statement in two ways; 
(1) That the sensible attraction of the earth on a pound of matter at that 
station is y absolute units ; (2) That the accelerative effect of gravity at that 
station is to communicate in each second to a body falling freely an addi- 
tional velocity ofy ft. a second. Thus, at Konigsberg the force cf gravity 
is 32-2002, which shows ihat : (1) At that place thesensible attraction of the 
earthonopeponndof matter is a force of 32-2002 absolute units; (2) theac- 
celerative eSect of gravity at that place is to communicate in each second t* 
a body falling freely an additional velocity of 32-2002 ft, per second. 

' Taken ft«mthe TabU in Airy's Fyure of the EaTth.^. 329. 



bt Google 



THEORETICAL MECHANICS. 



QUESTIONS. 



at tlie r.a 


^e of ri mi 


les an hour ; a man walkn 


due west 


—at the i: 


itBofSSO ft.aminutB; find 


Jn,.l 


2-3 ft- « B. 


icond: 26=3i'W. QfN. 



1. Stnfethe mlp for the composition of velocities, and give 
showing the truth of the rule. 

2. A ship sails ai 

the Telocity and dire. 

3. A body moves from a certnin point o along a line <i a, at the rate of 
2 ft. a. Sfcond ; at the end of the 2nd second a velocity of 3 ft. a second is 
impressed no it, in a direction at right anglps to o A ; find the distsnce of 
the boily from o at the end of two mote seconds? Ans. 10 ft. 

4. Eipl"'" how a body can lie made to desoriTie the sides of a regular 
polygon with a constant velocity by having a certain velocity impressed on 
it at each angular point. 

6. When a bmlj desoribeathe sitlfs of a regular octagon with a constant 
velocity of 2 ft. a aesond, whst must be the magnitude of the velocity 
impressed at each angular point? Ans, r43 ft. a second. 

6. A body moves with a uniform velocity in a circle ; find the compo- 
nents of the velocity at any point parallel, and at right angles to a given 
diameter. 

7. Find the points at which the velocities parallel to the given diameter 
are equal to f , j. and l of the velocity of the body. 

8. When a body describes a circle with a uniform velocity, what mast 
he tha force (or resultant of the forces) acting on the body, and in what 
direction and along what line does it act? 

9. A body weighing lo lbs. istied to the end of a thread 3 ft. long, and 
is whirled round in a circle 80 times a minute with a uniform velocity ; 
what force must acton the body? Aas. 3168 abs. un. 

10. What is the quantity of matter in a body which, tied lo the end of 
a thread, could b* just supported against gravity in London, by a force 
eqnal to that determined in the last question ? Ans, 98' 11 lbs. 

11. Give the reasoning by which it is shown that, when a body moves 
with a uniform velocity in a circle, (1) the force must act along the radius 
towards the centre, <2) and equals Mv'-i-r. 

12. What is me-ant by the centrifugal force of u body moving in a 
circle? On what does it act? Give an example to show the distinction 
between the centrifugal force of the body and the force which- makes the 
body move in the circle. 

13. Imagine a wheel with smooth spote placed with its plane horizontal 
and aile vertical ; a smooth ring weighing 4 lbs. is placed on one of the 
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spokes ; if the wheel is marie to revolve, it will be found that the ring will 
slide along the spoke till it reaches the rim ; why will it do this ? If the 
rim is 3 ft. frnm the centre, and the wheel makes 4 revolutions a second, 
show that the mutual actions of the ring and the rim ajre forces of T580 ab- 
solute units (236-S gravitation units). Of these two actioQS, which ie the 
centrifugal forcf ? 

1 i. What is the eeotrif ugal force of a pound of matter at the equator of 
the earth (see 0. 5, Chap, 6)? Ans.O'lllS abs. un. 

l.i. Given thai the acceierative effect of gravity at the earth's equator 
is 32'l)933, what would it be if the earth had no motion of rotation ? 

Ane. 322(M6. 

16. A body is fastened to the outside of the rim of the wheel in Q. 13, id 
such a way that a force of 12 gravitation units (say 38* absolute units) is 
required to detach it ; how many turns must the wheels mate a minuW that 
the body may lie just detached by its centrifugal force ? Ana. 5*. 

17. A body deMcibes a circle 10 ft. in radins under the action of a 
constant force of 100 absolute units, tending to the centre ; what is the 
enei^j of the body ? and if its mass is 0-2 pounds, what is its velocity ? 

Am. (1) 600 n. w. (2) 707 ft. a second. 

18. A body moves in a circle whose radius is 10 ft., its energy under- 
goes a change of from 320 to 060 u. w., show that its centrifugal force 
changes from 64 to 192 absolute units. 

19. A wheel with smooth spokes 8 ft. long revolves in a vertical plane, 
B smooth ring weighing 7 lbs. is placed on one of the spokes, the end of the 
spoke revolves with a velocity of 16 ft. a second ; what pressure does the 
ring eiert against the rim of the wheel (1) as it passes the highest, (2) as 
it passes the lowest point (j-32)? Ans. (1) 0, (2) 14 lbs. (approi.) 

20. What is meant by the angular velocity of a rotating body ? If a 
body mates three complete revolutions in a second, what is its angular 
velocity? If the rotating body moves with a constunt velocity such that 
the radius of any point describes an angle of 60° a second, what is its 
angular velocity? _^„j ^,j g ,^ ^g) 1^. 

21. If mis the mass of a point moving with an angular velocity fl, at a ■ 
perpendicular distance, r, from the aiis of rotation, wtiat are its velodty, 
momentum, energy, and centrifugal force? 

22. A number of bodies (which can be treated as points) weighing 6 Ibs; 
R piece are placed on a rod (like beads), the rod (sappoaed to continue in 
one plane) turns round one end at the rate of SO turns a minute; detertnina 
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the Telocity, momentum, energy, and eentrifugal force of a point distant i 
3 ft, from that end. 

Ais. (1) 28'3 ft.aeecood; (3) 141-4 lbs. and ft. a second ; 
(3) 1998 6 abs. un. and ft. ; (4) 1332-4 alis. un. 

23. When a thin plate of matter reToWes round an aiie at right angles ■ 
to ita plane, how does it appear that its centrifugal force ie the same as if i 
it3 whole mass were concentrated at its centre of gravity ? Mention some 
other caaeH in which the same ia true. 

2i. Two balls (i anil b), weighing 200 lbs. and 100 lbs., have their centres 
joined bj- a line A B 10 ft. long ; they turn once a second round an aiis i 
passing at rjghtangles through the middle point of iB; find the centrifugal 
force. Alls. 19,739*2 abs. un. 

26, Draw two lines « e and i c inclined at anj angle, and suppose that ' 
A B represents a rod, which is caused to rotate ronnd Acas anajrisiwhy 
does the rotation tend to malce A B come into a position at right angles to 

26. In the last question, suppose ae to be 10 ft. long, and to weigh 
20 IbB. ; also suppose it to be divided at the middle point, and the two parts 
connected by a very short thread ; when ab is at right angles to ac, and 
the rod turns 120 Idmes a miuute, what is the tension of the thread? 

Ana. 11,843-5 abs. un. 

27. If the gate in Ex. 79 were to swing with an angular velocity 3, 
what effect would this produce on the pressures on the hinge and turning 
point, the centre of gravity being supposed to be on a horizontal line mid- 
way between the hinge and turning point (j'=32)? 

Ans. Pressure on turning point, 61^ lbs. ; horizontal pull on hinge, 
21 8| Iba. 

28. In the last question, show that the effect of increasing the angular 
velocity to 4 would be to reduce the pressure on the turning point to zero, 
and increase the horizontal pull on the hinge to 280 lbs. 

29. State what is meant by a permanent Alia of rotation, and the dis- 
tinction that exists between two classea of permanent axes of rotation. 

30. When a body slides down a smooth curve under the action of 
gravity, determine the relation between the velocities at two assigne'l 
points. Would the same relation hold good if the curve were rough? 
Would it in the case of a body tied to a thread and swinging in a circle ? 

31. A body moves in a smooth vertical circle, whose radins is 12 ft.; 
at the highest point it has a velocity of 24 ft. a second ; what will be its 
velodty at the lowest point {y = 32 ) ? Ans. 46 ft. a second. 

82. In the last question, what is the centrifugal force of a body 
weighing ! lb. at the highest and at the lowest point ? 

Am. (1) 48; (2} 176 abs. un. 



by Google 



QUESTIONS. 195 

33. If a body ia tied to a thread and whirled round in a vertioal drele 
under suth cireamBtances that its velocity at the highest point of the circle 
is -/gr ; showthat the tension of the thread equals zero as the bodypaases 
the highest point, and S> itg as it pasnes the lowest point. 

34. Draw two TBrtioal circles, the radius of the one being nine times 
that of the other ; let a and b be the lowest points of the eicclee ; take a 
point pin the former and a in the latter, such that the chord ap is twice the 
chord BQ ; if a bo.-!y slides down the curfe from p to i, show that it will 
only haTe ^rds of the velocity which a body has at B after sliding from 
o to B (the curves are supposed tfi be smooth). 

35. A body is tied tn the end of a string, and swings baetward and 
forward through an arc of 120°; show that its eantcifugal force as it passes 
the lowest point equals its weight (iff)- 

36. In the last question, what will be the tension of the thread at the 
lowest point ? 

37. What is a pendulum? What is the distinction between a rfmple 
and a compound pendulum? What is the arc of vibration of a simple 
pendulum ? What is meant when the arc of vibration is said to be small ? 

38. Give the reasoning by which it can be shown that the time of » 
small oscillation of a simple pendulum equals wVl-i-g. 

30, A pendulum males 60 oscillations a minute at a place where g 
equals 32 ; if it were possible to move it to a place where it would make 60 
oscillations a minute, what would be Che accelerative effect of gravity at 
thuplm? A.. Mi. 

HI. The number of oscillations made in the same time by two pen- 
iluluma (a and e) are as 10 to H ; show that the ratio of a's length to b's 
length ia 121 : 100. 

41. When a ring of matter turns round an aiis passing through ita 
centre in a direction at right angles to its plane, what is its energy ? 

42. In Ex. 140, if the ring were esposed to a constant resistance of 61) 
absolute anits acting tangentialiy on its circumference, show that it would 
make 4t9 turns before being brought to rest, and that at the completion 
(rf the second turn its angular velocity would be 757. 

43. In Ex. 141, show that 1*22 of a horse-power must be used to keep 
the fly-wheel in a state of uniform rotation (assuming, in strictness, that 
the force ot gravity ia the same as at London). 

4*. In Ei. 141, show that the angular velocity at the end of the first 
ten turasis2ir+yi0. 

45. A ring, as in El. 140, weighs 60 lbs., and has a radius of 6 ft. ; 
a weight of iO lbs. is firmly fastened to the highest point of the ring, and 
is then allowed to fall, of course making the ring turn on its axis ; with 
what velocity does the body pass the lovrest point ? If at that point the 
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weight ■were detached, how many turns would the ring make in the nest 
minats (y—82, all paasive resistances neglected) ? 

Am. (1) 17-9 ft. a serond ; (3) 34-2. 

46. What is meant by the moment of inertia of a hoiiy with respect to 
an assigned aiio ? What by the radius of Byration 7 How does it appear 
that the energy of a rotating bo(3y is J m 4' fl^ f 

47- A rotating body has a mass of 50 lbs,, and an energy of 10,000 
units of work when it maltes one reyolntion a second. If the matter in 
this body were distriliuted along the ciceumference of a circle whose centre 
ia in the ajisof reToIntion and plane at nKht»nKlp= to the aiis. what mnst 
be the radius if, with the same angular velocity, the ring has the same energy 
as the body ? What is the radius of the ring called ? Aiis. 3-18 ft. 

48. Give an eipreesion for the moment of inirlia of a rod, witli reference 
to an asis passing at right angles to its length through one end. Mention 
two facts which are often of use in determining the moment of inertia of 
bodies, and pve an example of the use of each. 

49. In Ex. 149. suppose the body to have a moment of inertia with 
respect to the asis of rotation of 8000 (lbs. and ft.), and the falling body 
to have a mass of 100 lbs. and to act on a oitcle whose radius is 1 ft.; if it 
fill fram rest tiirough 49 ft., show that it communicates an angular velocity 
6§ to the rotating body. 

50. In Che last example show that the mntual action between the 
rotating and felling body is a force of 3160-S absolute units, and that the 
latter falls through the 49 ft. in 15| sec. (j = 32). 

81. Define the terms centre of suspension and centre of oeoillation. 
What is meant by the rule that in a compound pendulum these centres are 
reciprocal? What relation exists between the distances of the centres of 
gravity and of osdllation from the centre of snspension, and the radius 
of gyration with tegaid to the ciis of enspeasion ? Give the proof that 
this relation exists. 

S2. If a body makes 20 small osoillationa a minute about a horizontal ■ 
axis, show that the centre of oscillation is 20*18 ft:, below the axis (^ = 32). 

^3. If, in the last question, the centre of gravity is 20 ft. below the 
arisof Buspension, what is the length of the radius of gyra.tion with respect 
to that axis ? And if the mass of the body is 80 lbs., what is its moment 
ofinertia? Ans. (1) 24-16fL; (2) 46,689. 

54. If i denotes the radius of gyration of e. compound pendnlom with 
respect to an axis of snspension (s) and k, that of a body with respect to a 
parallel axis through the centro of oscillation (o), show that f + A,' = (s o)'. 

55. When a hanging body is struck ii 
the relations existing between the u 
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56. A rod whose mass is 20 lbs. and length 10 ft., bangs vertically by 
one end ; it is stcuci at the other end in a horizontal direction a blow which 
tauees it to begin to move with an angular velocity 3 ; what was the mo- 
mentum of the blow ? What ivas the impulse of the body against the 
bearings? Ans. (1) 200, (2) iOO (opposite to direction of blow). 

57. In the last queslion, if a body perfectly free to move, whose mass 
is 3 lbs., were acted on by the same force and for the suoetime as the lower 
end of the rod, with what velocity would it begin to raove ? 

Ans. 66| ft. a sec. 

58. The relations defined in Arts. I34-S-6 are stated to be true when 
the body in question is symmetrical with reference to ft certain pUne ; what 
is meant by symmetry in this sense ? 

68. Verify the rules of Art. 1 3* by reasoning from first principles on 
the case of two heavy points connected with the point of suspeaaioQ by a 
rigid waigbtless rod. Ei.teQd the reasoning to three or more points simi- 
^ly joiaed. 

60. Befine the centre of psrcossiou. How is its position detennined 
when thrae is one? Mention aome cases in which a body will have a centre 



61. Id Bi- 166, if the blow had been stmck tbroagb the heavy point, 
and had been just sufficient to bring the body into a horizontal position, 
what must have been the momentum of the blow, and what the reaction of 
the bearing against the body {g— 32) ? 

Ans. (1) 716; (2) 89'5, both impulses in the same direction. 

62. If a rod with a heavy point on it swings freely about an aiis passing 
through one end, and if the point is made to strike against an obstacle, so 
as to cause no jar on the axis ; show that the point must be placed at a 
distance of tvo-thiids of the length of the rod from the axis, whatever be 
the masses of the rod and the point. 

63. State Newton's laws of motion, and ^ve his illustrations of them. 
Give Newton's proof of the parallelogram of Ibices. 

64. When a body fastened by a thread is allowed to oscillate, how can 
its momentum at the instant of passing the lowest point be deWrmioed, 
and how corrected for resistance of the air ? 

65. Deaeribe briefly Newton's eiperimenls on the impact of balls, and 
state the facts which Ms eiperimenta verified. 

66. Describe briefly Newton's experimental verification of the Bust that 
at a pven place the force of gravity oa bodies is proportional to their 
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67. Desctite a method by which the BUCBleratiFe effect of gravity may 
be found with some degres of eiaetnesa. On tryiag this method, what two 
points are there, the esaet determination of which obviously pcesent diffi- 
culties ? 

68. Describe a method by which an eiact determination of the acce- 
leratjve effect of gravity can be maiie, and point out how by this method 
the two difficulties adverted to in the last question are overcome. 

69. What two principal causei produce the variations in the numerical 
value of ff observed as we pass from one point of the earth's surface to 
another? 

70. When the nnmericjil value of ^ at any place is detenniced, what 
meanings may be assigned to the number ? 

71. If weights were ascertained by a spring-balance, what quantity of 
matter would weigh as much at St. Thomas, as 1000 lbs. of matter weigh at 
Kiinigsherg? Ans. 100333. 

73. If bodies fell freely in vacno for a qi;arter of a minute, how much 
further would they fell at Spitsbergen than at Sierra Leone 7 

Am. 18. ft. 
73. Two pendulnms OECillate in eiactly 2 sec., one at Spitzbergen, the 
othsr at Ascension ; how much longer is the former than the latter f 

Jus. 0-7643* in. 
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CHAPTER Til. 

HYDROSTATICS. 

140. Transmission of force through a fluid. — A fluid 
transmits pressure equally in all directions (Art. 14). To 
bring out the meaning of this statement we will consider 
the following case: — Let bcde be a vessel in which is 
inserted a small cylinder fitted with a p,„ ,„ 

piston A, and for distinctness we will 
suppose the area of a to be one square 
inch. The vessel is supposed to be 
filled with a fluid whose weight we will 
put out of the question. Suppose the 
piston to be pressed down with a force 
P, and to be at rest. Take areas of a 
square inch a^piece on the sides of the *^ tt i» 

vessel, such as u, x, t, z, each of these areas sustains a 
pressure of p units in a perpendicular direction. So that 
if we take any one &iee, as c D or b c, and suppose its 
area to be 100 sq. in., the whole pressure on it wjll be 
100 p, but distributed uniformly over it. We see, then, 
that the pressure transmitted through the fluid to any 
surface is a distributed pressure or stress, and must be 
estimated as a force of so many units per unit of area, 
e.g. of p units per square inch. In the next place, not 
only is pressure transmitted to the sides of the vessel, but 
every portion of the fluid mass is in a state of compresr 
sion. Suppose a plane H K to be drawn across the vessel, 
the force p is transmitted through hk in undiminished 
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intenBity, viz. at the rate of p units per square inch, and 
at right angles to h K, as indicated by the arrow-heads. 
These forces are balanced by equal reactions transmitted 
from the sides of the vessel through h K in the opposite 
direction. Again, let M be any portion of the fluid con- 
tained by an imaginary surface ; let lines be draivn at 
right angles to this surface at every point; M will be 
subjected to pressure at every point of its surface along 
these lines at the rate of p units per square inch. The 
statement that fluids press equally in all directions, as 
now explained, can be shown to depend on the fact that 
fluids offer no sensible resistance to a tangential force,' a 
property enjoyed by all ordinaiy fluids when in a state of 
rest. The manner in which the bubble of a spirit-level 
instantaneously changes its position with the slightest 
change in the inclination of the instrument is, perhaps, 
the most conclusive experimental evidence that can be 
offered of the fact that fluids at rest offer no sensible 
resistance to tangential force. 

141. Farm of surface of a fluid, — Let a bc be any 

vessel of moderate size, containing a fluid whose surface is 

Fib. 12!. ■* ^' '^^^ force on the surface a b must 

V /at each point act at right angles to the 

V,^-' ~^-y surface ; for otherwise there would be a 

\^^ ^y tangential force at one or more points, 

and this would cause motion. If the 

fluid ia under the action of gravity, the force acts along 

parallel lines, and consequently ab will be a horizontal 

plane. If, however, a b were the surface of water in a 

large basin, such as a lake or inland sea — e.g. Lake 

Superior, or the Caspian Sea — the direction of gravity 

near a would not be parallel to its direction near b ; for 

these directions converge very nearly to the centre of the 

earth, and the distance a b has an appreciable magnitude 

' Eaokina's Mantial of Applied Mechanics, p. 100. 
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in comparison with the radius of the earth. Consequently, 
in Buch cases the surface a B is sensibly curved when at 
rest. Such cases, however, are not contemplated iu the 
following articles. We shall, in fact, consider that the 
fluid is contained in vessels of moderate size, and is under 
the action of gravity, unless the contrary is distinctly 
specified. What is true of the surface „,„ ,,, 

of the fluid in a single vessel is 
equally true of a fluid in two vessels 
between which there is a free com- 
munication. Thus, if A B and d c are ^ 
two vessels containing a fluid, and 
connected by a tube B c through which the fluid can pass 
freely, the surfaces * and d will be in the same horizontal 
plane. 

142. Pressure on a horizontal section of a fluid. — 
In fig. 1 23 suppose hde to be a cylinder with its axis 
vertical and section one square inch. As the sides of the 
vessel are vertical, no part of the weight of the fluid a (f e 
can be sustained by them, and consequently the whole is 
borne on d e. If, then, p is the density of the fluid, h 
the height a d and g the accelerative effect of gravity, 
the pressure on (ie is a force of gph imits. Now let us 
produce the horizontal line d e to gf; the fluid below this 
line would be at rest if all the superincumbent fluid were 
removed, and consequently it merely serves as a means 
of transmitting the pressure on de to / g. Hence the 
pressure per square inch on fg upward, transmitted from 
A d,_is gph units ; and as this is balanced by the fluid in 
d/s, the pressure produced by that fluid downward on fg 
rnust, therefore, be at the rate oi g pk units per square 
inch. Now this result is obtained irrespectively of 'the 
foiTa of the vessel T>fg; consequently, whatever be the 
form of the vessel, the pressure on each square unit of a 
horizontal section is gph. Thus, if a b C is a vessel of 
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any shape filled with a fluid whose surface is a b, take 

any horizontal section of the vessel u e, and from U^ny 

j,jg jj^ point in D £, draw the vertical *line 

FG to meet ba produced in-F; then 

^r-'"^i?^m^ the pressure on each square inch of 

'■n"^ V^ DE is that due to a column of the 

*f~ — j E liquid whose height is F q and cross 

" section a square inch. Consequently, 

the whole pressure on D E is that due to a column of the 

liquid whose base is d e and height f g. 

Ex. 156. — Suppose the area of the Eection i> e to be 4 sq. ft., aud fg to 
be 1| ft., the fluid being water. The pressure on db is that due to 6 cubic 
ft, of watar, whether the actual quantity of water above d e be more or less 
tiiin 6 cub. ft. It is frequently coavenient to leave the answer iu theabore 
form ; but it maj he □eFesfiaiy t« express the pressure in other unita ; and 
in a, large number of eases it is sufficient to recion the cubic foot of water 
as containing 1000 oz. ; the pressure on dh would then be 375 lbs., i.e 
graritation units. If greater exactness Is required, the cubic inch of wutei 
may be taken to weigh 252-5 grains. But complete exactness cannot bs 
attained without reference to temperature (see note. Art. 6). This assumes 
that the force of gravity is sensibly the same as in London. If the question 
is such that the rariatiOD of gravity from its force in London enters the 
question, the pressure should be expressed in absolute units, e. g. if the 
force of gravity were 32'1 and the cubic inch of water were exactly 252'5 
grains, thu pressure on the section d a would be 6 x 1728 x 252'o > 32-1 -r- 
7000, or 12,00^ absolute units. 

Ex. 157.— In fig. 121 suppose a to be 2 ft. abovecs, and (ha presHUre 
on A to be 100 absolute units ; suppose also that the f nid is water (each 
cubic foot containing lOOO oz.), and let the pressure on an area of i sq. 
in. forming part of CD he required. The pressure will he that transmitted 
from p together with, that due to the weight of a column of water whose 
height is 2 ft., aud cross section i sq. in. The former pressure is 4 k 4V0 
absoluteunita.thelatter (2x^x1000 + 16) X ^ absolute units ; the sum of 
these divided by 32*1912 will give the pressaru in gravitntiou units. If 
we take g as approximately equal to 32, and also use S2 as a divisor 
instead of 32-1012, we obtain S3^ lbs. as the approximate amount of the 
pressure. 

143. Equilibrium, of two fluids in a tube. — In 
fig. 123 let there be two fluids incapable of mixing, one 
in A B, the other in d c ; let fg be the surface which 
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separates the two fluids ; produce gf if> de; the condition 
of equilibrium is that the heights of a and d ahove dfg 
be such that the pressures per square unit on de and /g 
produced by the two fluids be equal ; in other words, if 
p and <T denote the densities of the fluids in &d and B g, 
we must have 

A6Xp=D/xff. 

In order that the fluids may continue in equilibrium, it is 
necessary that the fluid below be denser than that abova 
fg, the surface which separates them. It is evident that 
fg will be a plane surface. 

144. Pressure at any point of a side of vessel con- 
tainviig fluid. — Referring to tig. 124, we have seen that 
the fluid pressure throughout the section de is gpk per 
square inch ; consequently, the pressure at the point e on 
the side of the vessel will be at the same rate, and exerted 
in the direction of the perpendicular at B, It varies, 
however, from point to point, being less at H and greater 
at K, in proportion to the depths of these points below 
the surface. It admits of proof that when any plane area 
is pressed by a fluid, the whole resultant pressure is found 
thus : — Let a denote the area pressed, and H the depth of 
the centre of gravity of the area below the surface ; then 
the pressure is that due to a column of the fluid whose 
base is a and height h. 

Ex. 1 58. — Suppose a cubical tank to have each edge 4 ft. long, and to be 
fillfld with water. The centre of gravity of each vertical face is 2 tt. below 
the surface, and conaeqnestly the fluid pressure on it is that due to 16 x 2, 
or 32 cub, ft. of water, or about 2000 lbs. (gravitation units). The pres- 
sure on the bottom is, of coarse, that due to 64 cub, ft. of water. So that 
the whole pressure on each side is haif the pressure on the botlom. 

Ex. 159.— Suppose a cylindrical vessel to be filled with water, and placed 
-with its axis horizontal ; what will he the pressure on one end suppodng its 
radius to be 3 ft? 

The surface of the water is in this case at the highest line of the cy- 
linder, and consequently the centre of gravity of the end is S ft. below tha 
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enrface. Also tbe area of one end is i- x 3' eq. ft. Cons^uentl; tlie prea- 
eureon the end is that due to IT X 3= -(3 or 84-823 cub. ft. of water, i.e. about 
6300 IbB. (gravitation units). 

145. Centre of fluid pressures. — When a plane area 
is under tbe pressure of a fluid, the point ia which the 
direction of the resultant pressure meets the area is called 
the centre of fluid pressures. The position of the centre 
depends on the size and form of the area, and on the 
position of the area in the fluid. There are methods by 
which its position can be found in all cases. Let a b c d 
y^ ,^ be a rectangle sustaining the 

pressure of a fluid, and let the 
side A B he on the surface of the 
fluid ; draw the line H K through 
the middle points of a B and c D 
respectively; take ho equal to 
§rds of H K ; tbe point o is the 
centre of fluid pressures on the 
rectangle a B c d. This result is true, whatever be the 
inclination of the plane of a b c d to the vertical. Thus, 
it h'k' represents tbe line hk when the rectangle is 
seen edgewise, the centre of fluid pressures is at o', 
h' o' being §rds of h' k'. The fluid pressure (p) is, of 
course, exerted in a direction at right angles to n' k', 
and, if measurements are in feet, it equals that due to 
^k'nxabcd cubic feet of fluid ; the line k' n being 
drawn vertically to meet the surface of the fluid in N. 
The following eases may also he noticed: — (a) If the 
area pressed is horizontal, the centre of fluid pressures 
coincides with the centre of gravity of the area ; (6) in 
the case of any area wbose dimensions are small compared 
with its depth below the surface, the centre of fluid 
pressures and the centre of gravity very nearly coincide, 
e.g. 'a circle 1 ft. in radius is placed in a fluid, with its 
plane vertical, and its centre 12 ft. below the surface, it 
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can be shown that the centre of fluid pressures is only 
^ in. below the centre of the circle. If the circle were 
only just covered by the fluid, the centre of the fluid 
would be 3 in, below the centre of the circle. 



FIG. IM. 



Ex. 160. — Let S.BPD be a wall of bricliwork (112 lbs. per cubic foot) 
12 ft, high and 3 ft. thick ; the face A D Buetains the pressure 
of water. Find the heifrht a k to which the water may rise 
without oTerthrowing the wall ; It being assumed that the 
wall is supported only by its own weiffht. 

The forces acting are the weight of the wall, and the 
fluid pressure on a u ; as the forc^ are the same on each 
foot of the length of the wall, we may mate our calcula- 
tioQS as if the wall were only 1 foot long. The weight 
of the wall (w) is therefore that of 12 x 3 cub. ft,, or 
4032 lbs. Draw a vertical line oh through e, the centre 
of gravity of a bc d, w will act along a n. The preasuie 
of the water (p) on an is Ihat due to the weight of 
J A jj y AK cnb. ft. of water, or -r— an' lbs. Ifao is taken equal to| ai 
p will act through o in a direction at riglit angles to an; produce Po t 
cnt B c in M. Now. if n is the estrsme height to which the water can risi 
the forces p and w will be in equilibrium on b, as if b were a fulcrum, e 
thai (Art. 45) B H . w=.BM.p, i.e. 



125, 



I X 4032 ; 



If we suppose eretything to be the same, except that the height of tie 
wall is determined by the condition, that the wall will just sustain the 
pressure when Che water rises to the top, we must reason thns : — In 
this case the weight of the wall (supposed to be 1 ft. long) is 336 ad 
lbs., while the pressure of the water when on a level with the t«p of the 
. wallisil^D'lbs.; 

consequently ~— A »■ = 604 a d ; 

therefore, ah = 6-86 ft 

Ex. 161. — A rectangular box whose base is a foot square and height 
12 ft. is filled with water ; a door 4 in. deep and 1 ft. wide is made in ODe 
&ce, tbe centre of the door being S ft. below the surface. If the door is 
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opened, so tliat the water rushea out, what efffect will it have on the box? 
Consider an area equal to that of the door on the opposite side of the Teasel ; 
before thedoor is opened the pressure of the water on the area is balanced bj 
tha pressure of tlie water on the door. When the door !a opened, the pras- 
anreonit is removed, is, in fiict, expended in causing the outflow, so that the 
pressure on the equal opposite area is no longer balanced, and conseqaeutlj 
tenda to overthrow the vessel in a direction opposite to that of the issuing 
stream. To ascertain whetlier this tendency will be sufficient to overthrow 
the vessel, we may proceed thus :— ^The pressure on tie area is that due to 
1x5 cub. ft. ot water, and we may consider the centre of pressure to coin- 
cide with the centre of gravity of the area; consequently the moment of the 
force with regard to the edge of the vessel round which motion tends to taks 
place is Jx6x7. The weight of the fluid is thatof 12cnb. ft. of water, 
and its moment with regard to the same edge is i >. 12, We see that this is 
very much smaller than the former moment, and consequently the opening of 
the door will overthrow the vessel, unless the weight of the vessel itself 
is very great. 

Ex. 163.— In the last ease, if ar were the depth of the centre of the door 
below the surface of the water, the pressure on the area opposite to the door 
would be the weight of ^ x cub, ft. of water, and the moment this pressure 
with respect to the edge round which it tpuds to make the body turn is 
1 1(12— a-). If this is made equal to the moment of the weight of the 

'™'"'''' ^^' ir(12-^) = 6; 

therefore, ir^6*3A/2 = 6± 4-2*9, 

Hence, if the middle of the door is placed either IJ or lOj ft. below the 
surfkce, the pressure of the water will be just suflScient to overthrow the 
box ; in any intermediate position the pressure would be mor& than just 
sufficient, assuming the vessel to be without weight. 

146, Pressure on a body immersed in ajiuid.—Go'a- 
sider any portion ab of the fluid inclosed by an imaginary 
pia. 127. bouDdary. A certain pressure will be ex- 

S^Kss^^*^ erted by the surrounding fluid at each 
V'VX point of A B ; the amount and direction 
j 'Gj-*- of the pressure at any one point, eay 
p, will depend on the depth of p below 
the surface of the fluid, and on the form 
of the boundary at P. Now, as tbe fluid is at rest, these 
pressures must exactly support the weight of the en- 
Glosed fluid, i.e. of ab, and consequently their resultant 
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R must equal the weight of a b, and must act vertically 
upward through its centre of gravity G. Now siippose 
any solid whatever to fill exactly the space previously 
occupied by a b ; the fluid pressures at the different points 
of the boundary will be unchanged ; consequently their 
-resultaut will be the same as before ; in other words, it 
will equal the weight of the displaced fluid, and will act 
vertically upward through the centre of gravity of the 
displaced fluid, i.e. through the point a, determined when 
the space A B is filled with fluid. If both fluid and body 
are of uniform density, the centre of gravity of the fluid 
displaced coincides with that of the body, 

Ex. IflS. — Let 4B be a cube of elra, whose edge ih 1 ft. long. Ihs- 
tenei by the angle b to a string bc, the end of which is tied firmly 
to c, a point in the bottom of the vessel. If the cube is wholly 
immerspd. it displaoos about 1000 oz, of water, while ^^ ^^^ 

ita own weight is about 600 02. Consequently the 
cube is niged upward by a focce of about 400 oa. 
acting through its centre of grarity. As this force is 
balanced by ths reaction of the bottom of the vessel 
transmitted through tbe thrend, the cube will adjust 
itself in such a position that the diagonal in and the 
string BC shall be in the same vertical line. ThiE 
example snggests the following case; — ^ Suppose the 
vessel containing the ouhe t« be put into One pan of a 
pair of scales, and eoimterpoised by weights in the 
other pan. The counterpoise will equal the united 
weights of vessel, water, and wood. The escess of the *" 

upward preaeiire of the water above the weight of the wood (400 oz.) 
figainst the cube causes an equal pressure on the bottom of the vessel, 
but they are iu equilibrium, being transmitted in opposite directions 
through the string; consequently they have no effect on the counterpoisiag 
weights. Now, HuppoBB the String to be cut. So long as the cube is under 
water, it is being forced up by the prpBsnre of 400 oz. The reaction on 
the bott«m is no longer balanced, and the scale-pan will begin to descend. 
The force causing this descent will diminish as the cube rises out of the 
water, and become zero when it floats oa the water, and thus tbe state of 
equilibrium will be restored without change of weights, 

147. Equilibrium of a floating body. — Let ab be a 
body floating in a fluid, let a be its centre of gravity, and 
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let w denote its weight. We know by the last article 
that the resultant of the fluid presaures on the immersed 
Fio. 129. P*^ C D B equals the weight of the dis- 

, A. placed fluid, and acts vertically upward 

,__^' ' yp ^ through (o') the centre of gravity of 
' \ tf " / " ^^ displaced fluid. But, as the fluid 
b" pressures support the body, their re- 

sultant must equal the weight of the 
body, and act vertically upward through its centre of 
gravity. Hence a floating body must fulfil the following 
conditions : — (a) The weight of the body must equal the 
weight of the fluid displaced; (6) the centre of gravity 
of the body and that of the fluid displaced must be in the 
same vertical line. 

Et. 161.— A cube of larch-wood (ep. gr. O'B) will float in water with 
an edge Tertieal, and in such a position that 6-lOthB of the edge are in 

Ec. 166. — A cube of caet-iron, whose edge is 1 in., floats in mercury. 
■When water is poured into the vesael, so as to cover the cube, what change 
is produced in the position of the cube ? 

If I is the portion of the edge immersed in mercury, we nrast have 
(Table of sp. gr.) 1 x Vl^x x 13-6; 

BO that ^, or ^ of an inch are immersect. Suppose water to be poured 
on, and that y is the portion of edge now in the meieury, so that the quantity 
of mercury displaced ia y (cubic inch) and of water 1 —y cub. in. ; 
the joint weight of these is the same as that of a cubic inch ot iron. Hence, 

yxl3-5 + (l-»/) = lx7-2. 

or y equals ^( of an inch. Now, as x—y^^—^"^ in., we see that 
the cnbe rises in the mercury, being in part supported by the water. 

148. A'pplicatityti^ to determination of specific 
gravities, &c. — If we know the weight of a body w, and 
the weight of an equal volume of water ^w^, the specific 
gravity of a body is iv-i-w, (Art. 5). The former quan- 
tity is ascertained directly by weighing, the latter is 
inferred by means of the principle of Art. 147, as will 
appear in sequel. 
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1. Solid heavier than tnater.—Let tho wsiglit of the tiodj in air be w, 
and iU weight in water m, then the weight of an equal volume oT water is 
w— w, and consequently the Bpeeifle gravity is w-)-(w~ki). Thus, a piece 
of iron weighs 1035 gr. in air, and P85 gc. in water; the weight of the 
diapla^^ed water is 1036—885, or ISO gr. ; and consequently the specific 
gravity is 1035+150, or 6'9. 

For making the necessary weighings, the balance may be arranged 
thus :— One of the pans (a) has a hook oa its under side, and is suspended 
from the beam hy shorter threads than the other pan (e). The body is 
first placed in i and weighed ; it is then fastened by a thread to the hook 
and placed ia a cup of water, bo as to be wholly covered hy the water, and 
not to touch the bottom of the vessel. The weights in b will nowpreponde- 
rate. Weights can be placed in * till the equipoise is eiactly restored. 
These give the weight of the displaced water, viz. (w— m), 

3, Solid iighter tkan viaier. — Fasten to the body annier, e.g. a pieoo of 
brass sufHciantly heavy to bring the body completely under water. Ascer- 
tain the following weights : — w, the weight of the body in air ; w,, the joint 
weight of the bodies in water, and s the weight of the sinker in water ; also 
let a; denote the weight of the sinker in air, audio the weight of the water dis- 
placed by the body. Nowthe joint weight of the bodies inair{w + x) equals 
their joint weight in water (w,), together with the weight of water dispUced 
bjBinker(i~s),andthe weight of water displaced by the body (lo), or 

therefore w=w + s— w,, 

and the specific gravity required is w-!-mi. Thus, a piece of cork weighs 
200 gr. ; when fastened to a sinker their joint weight in water ia 450 gr. ; 
the weight of the sinker in water is 1030 gr. Hence weight of water dis- 
placed by cork is 780 gr., and the specific gravityofthe cork is 200-1-780, 
orO'266. 

3. Specific gravity of a jiaid.— Take a, ball of glass or platinum and find 
its loss of weight in water (w), then ita loss of weight in the fluid (w,). As 
these are respectively the weights of equal volumes of water and the fluid, 
the req^uired specific gravity is w, -i-w. There are other methods of finding 
the specific gravity of a fluid ; such are the two that follow. 

4. Th£ speeifio gravity bottle is merely a small glass bottle fitted with a 
glass stopper very accurately ground, so that if the stopper is taken out 
and put in again several times it always returns to eiactly the same place. 
A fine bore is niade through the length of the stopper. Fill the bottle and 
let the fluid rise in the neck into the part which the stopper will fill ; on 
patting in the stopper the surplus of fluid will escape throngh the bore. 
If the same process is repeated with several fluids, their volumes will be 
exactly equal. Now suppose the empty bottle to be eiactly connterpoised 
by a piece of lead or by shot. Let this counterpoise be placed in onescala- 
pan and the bottle full of water in the other, and suppose the additional 
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weight required to 1 ring the H-hola tn a balance to l« 1035 (fr T] t 
water in the bottle weighs 1033 gr Lft the bottle now 1>p filled with 
another liquid (say alcohol) and suppose it to 1 p esaetlv 
balHMed by the counterpoise and 823 gr tlie weight of 
the alcohol is therefore SB'S gr Henee as the lolumts 
are equal the epecilic grantj- ot the alcohol is 823-.-103O or 
7J5 

a The hi/dTometer lon'itts of a glass tnle etnjprd it one 
end, and having a globe at the other, m which so niui.h mercury 
ie placed, that when tlie instrument floats in a liquid the stem 
is vertical. As the weight of the liquid displaced always equals 
weight of the instrument, the depth to which the Bteni is 
inimersed supplies the means of inferring the specific gravity, 
and if the stem is properly graduated, the specific gravity can 
be ascertained by inspection. 

6. SichoUon'a h/dromidcr consists of a small pan n, joined by a stem to 
1 hollow cylinder D, below which is placed another small pan c. The 

instrument is loaded so that it floats with its asis reitical. 
On the stem is a marked point a. It is known that some 
standard weight (say 1000 gr.) will sink the inetmment 
J to i in water, (a) It can be used for weighing a small body, 
thus:— Let such a body be placed in b, and suppose that 
2S0 gr. must also be placed in b, to sink the iustrament 
toi, it is plain that the weight of the body is 1000-2,50 or 
7S0 gr (S) It can be used for determining the spi-ciftc 
gravity of a solid thus — Suppose the body (considered 
above) to be placed in c and that now 350 gr mu«t be 
placed in b to sink the inatrnment to A the weight of the 
body in nater is plainly 1000-3oO, or fioO gr =o that 
Jl the weight of the equal vjlums of water is 100 gr ind the 

"^ specific gravity of the body is 7oO-100 or 7 5 (0 Itcan be 

used for finding the specific gravity of a fluid, thus ; — Sup- 
pose the instrument placed in a fluid and that a weight of 030 gr. Is 
required to siDk it in A, the weights of equal volumes of the liquid and 
water being 930 ana 1000 gr. respectively, the specific gravity of tJie 
liquid must be 0-93. 

7. Setermitiatiim of totvum.- — Suppose the body to weigh w gr. in 
air, and w, in water, the weight of an equal volume of water is w— w,; this 
divided by 262-5 gives the volume of the body in cubic inches, e. g. a piece 
of copper wire 3 in, long weighs 4i gr. in air and 39 in water ; what is 
its diameter? Its volume is 5-^252-5, or ^ cub. in., the area of its cross 
section is ^ sq. in., and hence its diameter is 0'0917 of an inch. 

8. Correction, for buoyancy of air. — In the above articles we have spoken 
of the weight of bodies in water ; when great eiaetne*s is npcessary this 
mast be understood to mean that the weight of the body is compared with 
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when great exactness is neceaaiLry bolJi the budy and the weights ougbt to 
1)8 in vacuo. If the apparent weight of a body in air is w, we may ascertain 
(approiitoatelj) its weight in vacuo, thus : — Suppose m ia the weight of the 
axt displaced by the body, and m that displaced by the weights, the ■weight 
of the body, if taken in vacuo with the weights also in vacuo, would be 
W + 5H— «i. Now at temperature 60° F. and under a preflsore of 30 in. of 
mercury, water is 817 times as liesvy as dry air; ' consequently if s and s 
ars tie specific gravities of the body and of the weights (whieh need not be 
known with extreme exactness) we shall have 817 s m equal the weight of 
the body, and 817 a ju the weight of the weights, and each equal to w. 
Therefore (very nearly) 



m,_!L and k;=-^-. 

8)7 a 817 a 

Thus, a body weighs in ahi 4000 gr. ; the specific gravity of the body is 
la and of the weights 8-4. We have m = 4000-i- 1307- 306, and fiimilarly 
tt' = 0-68; consequently the eorrectad weight is 4002-48 gr. A result 
sufEciently correct for almost every purpse, cveQ supposing that the specific 
gravities (16 and 84) are detarmiaed only approiimately. 

149. Stability of flotation.— Cone&ive a body to be 
placed in a fluid in sucb a manner that tbe conditions of 
equilibrium stated in Art. 147 are fulfilled. It is a 
subject for further inquiry whether or not that position is 
one of stable equilibrium (Art. 25). To ascertain this 
point, suppose the body to be very slightly displaced ; if, 
in this new position, the forces tend to make the body 
move further from its original position, that position was 
one of unstable equilibrium ; if, on the other hand, the 
forces tend to restore the body to its original position, 
that position was one of stable equilibrium (at all events 
with reference to that particular direction of displace- 
mmt). 

Ex. 166.— Let AB be a 1( 
vertical position in the water, 

I At 60' F. a cubic inch of water weighs 252769 gr. ; at 60° F. and 
harometer at 30 in. in London, 100 cub. iu. of dry air weigh 30'940 gr. 
— Stewart, On Heal, p. 70-1. 
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to be so long ttiHt Ihe weight of the water displaced by C n equals the 
weight of the rod; I k o m dd po t ad and q, that of cb; theee 
h n res f gr y of the body and of the 
wa d p a ed and h y are in the se.inB Tertical 
e. Th nd n f Art, 147 are therefore 
h fu G ed and h position ia one of equi- 
n m T sc rt n whether the equilibrittni 
upp se A B to ba slightly in- 
clined to the horizon as in lig. 132 (a) ; the 
relatire positione of g and g, undergo no secEible 
change, and the rod is now acl«d on by two forces, 
as shown in the figure (riK., the weight of the rod 
acting downward through a, and the fluid pressure acting npwnrd through 
Oi). The tendency of these forces is to turn the rod round c, bringing B 
up and i down to the surface of the water. Accordingly i b's position (fig. 
132) is one of unstable equilibrium. 

If now we suppose a heavy point to be fastened to the end e, the 
rod will have less of its length above water, and its centre 
"■ ^' of grflTity (g) will be nearer b than a. If g, is the middle 
point of B c, and if g is below o,. it ou,n be shown as in the 
t last paragraph that the rod will be in stable equilibrium. 
If we denote hy 3 the specific grarity, by w, the weight of 
the tod, and by w the weight of the point festened to b, it 
can be easily shown that w anust be less than W| ( l) 

or the rod wodd not fioat, and greater than w, /— It 

«r tlie rod would not float Tertically. The stndent should 

prove this, bearing in mind w is supposed to be a point. 

Thus, if the rod weighs 100 gr. and has a Bpecifio gravityof 81, it will 

float with its axis vertical, wlien the added weight is between 23 and II 

If we suppose A c (fig. 132) to tie a thin plats seen edgewise, the aama 
reaeiffling will apply, and the plate is in unstable equilibrium. Wo have 
tJierefore, in Ei. 1 66, an eiplanation of the well-known fects, that a rod 
commonly floats lengthwise, that a plate fioats flat on the water, bat 
that, if properly laden, a rod or a plate may float vertically. Other onli- 
nary cases of stability have to be treated with reference to the melacentre, 
a point defiaed In the following article. 

' If the added weight were less than 11 gr., the position of Stable 
equilibrium would be one in which A B is inclined to the vertical ; that posi- 
tion cannot be determined without taking account of the form aud magni- 
tude of the cross section of a b, and Ihe question becomes Doe of some diffi- 
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150. The metae&ntre. — Let acb be a floating body 
very slightly displaced from its position of equilibrium ; 
let G be its centre of gravity, ^^ ^^^ 

and suppose the line c a n to 
have been vertical before dis- 
placement. Let Q, be the centre 
of gravity of the fluid displaced, ^^^ 
draw the vertical line Gj m, cut- 
ting CD in M ; on the supposi- 
tion that the angle c M Gj is 
exceedingly small, m is the 
metacentre. The equilibrium of the body before displace- 
ment was stable if the metacentre is above the centre of 
gravity, unstable if below. The figure shows the case in 
which ir is above o ; in this case the forces act as shown 
in the figure, and manifestly tend to replace on in a 
vertical position. 

Ex. 167.— If wesnppoBBtheeurTeAOBJfig. 134) to be an are of a circle, 
the diractioQ of the fluid pleasure at each point paeaeE through the centre of 
the circle, coneequently tbe metacentre of a sphere is at its centre. Also 
when a cylinder floats with its aiis horiaontal, and is displaced round the 
axis, the metacentre is at the centre of the cross eection. In otber cases 
the determination of the metacenire presents greater difficulties; 

151. Rotaiory 'motion of a Jluid. — The case we shall' 
consider is that of a fluid under the action of gravity in a 
vessel revolving with a uniform angular velocity {6) about 
a vertical asis. The case has this peculiarity, that after 
the motion has been established, the particles pj^ j^^^ 

of fluid are relatively at rest. 

a. Let BAG D be a bent tnbe of uniform bore, the legs 
of which, A B and o Q, are at right angles to * c. There is 
a fluid in the tube, and it is nupposed that the raTolutioQ 
takes place round the line ab. When the fluid ceases 
ta move within the tube, its sucfiices h and K will not bo 
OQ a lerel. Througli H draw the horizontal line hl. 
The qneation is : with a given angular velocity, what is 
the difference of level, k l ? If we denote the cross section of the tube by a 
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and the density of the fluid by p, the centrifugal force of the fluid in a c 
will he JpiB'nic^ (Art. 123).or ^pifl" xhl=. Consequently, in order 
that thu fluid may be at rest in ac, a pressure mnst be exerted on it in 
the direction c to a equal to the centrifugal force. Now as the weights of 
the fluids H 4 nnd t c ate in eqiiilibrinni, this force must be exerted by the 
■weight of the fluid eolunin Ki-or^pixKi.. Hence we have 



•>,H1'.2JX 



,a would be acquired by a point 




>r the Telocity of the point i. is the 
n falling through the height KJ- 

b. SuppoBo the vessel to be a cylinder (a icd) and to reTolve round its 

aiis (e/), the surface of the fluid will be concave, and 

ilQ. 136. the question is : what is the form of the surEiee ? The 

a /• ,i figure represents a section of the vessel made by a plane 

passing through the axis, and pho the section of the 

concave surface of the fluid. Conceive a portion of the 

. fluid to be contained in a tube bac u., the condition of 

relative equilibrium of the fluid within this tube will be 

the same as in the last parngcsph. Draw the horizontal 

line psff, cuttiiig xc in L — the curve pa must be such 

that at any point K the following relation holds good :— 



This relation, as is well known, proves the curve p h q to be a parabolii, 
with its vertai at B, and axis coinciding with e/. The surface of tha fluid 
is therefore tiiat geberated by the revolution of this curve round its axis. 
Join Pfl cutting the axis n. It is a well-known proper^ of the surface 
that the volume of the space pn qh is half the cylindrical space PQjy. 
Hence the quantity of ivater above pgisas much as would half fill the 
space F a jp. 

c. Let abed be ft cylinder with its axis h/ vertical, and suppose the 
cylinder to be exactly flUed with a fluid, and then to be 
closed at top. The cylinder is now caused to revolve round 
its axis. We know that if the top were not closed some of 
the fluid would be thrown out, consequently a pressure 
vrill be exerted by the fluid against the top, tending to 
force it up. The question ia : what is the amount of this 
pressure? If we suppose a part h a ci. of the fluid to 
be inclosed in a tube, as before, and produce cl to K, 



Fio. IJI. 






y^2gx 



in of tie top at i. must equal the weight of k l. The same would 
bo true of other points. Hence if phq is the same curve as that drawn in 
the last article, the whole pressure must equal the weight of a volume 
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of water that ■would half fill the eylioiier vada, i.e. the pressure roust 

igpir . Hd^xda. 
Now e^xKif -ifxiia, 

hence the required pressure equals J ir p fl" n n li', 

152. Motion of water through a small hole m the 
side of a vessel. — Let a b c d be a vessel containing water, 
let a small hole h be made in one of its sides, and let the 
depth of the middle point of the hole below the surface of 
the water, viz. l k, he denoted by h ; this 
height is commonly called the head of 
water. The theoretical velocity of efflux 
can be determined thus : — Consider a por- 
tion of the fluid of exceedingly small thick- 
ness t, which at any instant fills the hole ; 
while it passes through a distance equal to 
t, it is acted on by a force equal to the ' 
pressure due to the bead of water. If, then, A denotes 
the area of the hole, and p the density of the water, we 
have a mass pxt moving through a distance ( under the 
action of a force gp Jt,h. The work done by the force is 
g p kht, and must equal the energy of the mass, viz. 
\p h.tv\ where v denotes the velocity of efflux. 

Hence v^=^gh. 

In other words, the theoretical velocity of efflux is that 
due to the head of water : a result commonly known as 
Torricelli's Theorem, The same result would be obtained 
if we suppose the hole to be made in the bottom of the 
vessel. 

The quantity i.v or k-J-igh is called the (Aeoreiicnj 
outflow. It is the quantity of water which would fiow 
through an area A in one second if every particle moved 
at right angles to the area with a constant velocity v. 
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a. The lesults obtained in the la«t article maj be regarded us approxi- 
mate valuea of the actual velocity and outflow. The correct ralues will 
depend upon the eize of the hole, and tlie tliicknees of the wall. Snppoae. 
for instance, that the hole ia rectangular, witli two of its sides vertical, acd 
that the edges are sharp, as shown in the section in £g. 13S. The fluid will 
move towards the hole in some such manner as that indicated in the figure, 
and the issuing jet will he considerably contracted at a short distajice In 
front of the hole. If we suppose the hole to be a sqimre with its sides 2 
centimetres long (sa; 0'8 of an inch), and the head of water to be about 
3 metres (say 10 ft.), the actual outflow is found to be 6! i v"2ff/i. It is 
supposed that the hole is at least 2 or S in. from the bottom and from the 
nearest adjacent side of the vessel, in order that the contraction may ha 
complete. In other cases a similar formula will apply, but the coefficient 
(0'61} will hare different values according to circumstances. For rec'angtilar 
holes whose heights range between 2 decimetres and 1 centimetre (sny be- 
tween 8 in. and 04 in.), with a head of water ran^nR between 1 decimetre 
and S metres (say between 4 in. and 10 ft.), the coefficient has been found 
to vary in value between the eitrem.e values 0-5S2 and 0'66e.' 

b. It is found that when a short pipe or ajutage is inserted into the 
hole, the outflow is very eonsiderablj increased. LetAsnc be such a pipe, 

whose form is a truncated cone. The 

area of the section c n is a, and the 

I length d & is 2'6 times cd. In this 

_4 1— >^,__^^ case, when the angle of tie cone is 

^^~^~^==t-?^, 13° 24', it has been found that the 

■ a U rrr;i-.,v.5„ o actual outflow is given by the formula 

___^-^^Z:Z::^i ' 0-946A*/2yX When ajutages -were 

I — tried, differing from the above only in 

the size of the angle o. the eoefficieni 
{0'946) was found to change its value. 
Thus, when the angle aob was zero, i.e. when the ajutage was a cylinder, the 
actual outflow was found to bo 0'829i^2^*. When the angle was increased 
to 48° SO", the actual outflow was 0*847 x a ^%gh. And of all '^e angles 
tried 1 3° 24' was found to give the greatest actual outflon-. The velo- 
city of the outflow was found not to follow the same rule, but to increase as 
the angle a o B was increased, being 0'830 -Jig h when the ^"utage was cy- 
lindrical, and 0-984 ^'27* when the angle of the cone was 48° oO'.' It will 
he seen that the last velocity very nearly equals the theoretical velocitj- 
of outflow. Ajutages of other form have been made the subjects of ex- 
periment, but the results obtained need not be given here. 

' Morin, Aide Mtmoire, p. 13. Eiporimenta due to MM, Poucelet and 

' Morin, Aide Mknoire, p. 28. Experiments due to M. Castel. 
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153. Ti/me of emptying a cylmd/ncal vessel. — Let 
A B c D be a vessel filled with water up to the level A D, 
and suppose a hole, o, to be made in ita ^ 

bottom ; if the hole is small iu comparison 
with the cross section of the vessel, the 
surface of the fluid will descend verj 
nearly in parallel planes, and the velocity 
of the descent can thus be determined. 
Draw the vertical line hl, and take lk 
a very small part of h l, and suppose ( is 
the short time in which the surface falls through the dis- 
tance L K.. If 4 denotes the area of the cross section a d, 
the outflow in the time t will be a x l K. If A denote the 
height H L, and a the effective area of the hole, the outflow 
in the time t will be i a \/2(/ A, since the velocity of the 
outflow does not sensibly change. 

Hence, A.xhK=ta^'2g k. 

We see, then, that the area describes the distaJice l e in 
the short time ( ; consequently the velocity of its descent 
(v) will equal LK-i-(. 
Therefore, iv=a-^2gh. 

This equation will be true whatever the form of the 
vesseL We will now assume the vessel to be cylindrical. 
When the surface has fitllen to a d, let the velocity of its 
descent be denoted by «„ and h i by A,, and we have 



W23A,. 



_2ga'' 



ih-ky) ; 



Comparing this result with Art. i 
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the velocity of the descending surface is uniformly re- 
tarded, and that the rate of retardation is '— . 

Assuming the result arrived at to be exactly true, the 
time of emptying the vessel (as is plain from Art. 89) will 
be given by the equation 

a. The following conclusion will also follow :— Take cwo equal eylin- 
diioul veGGek A and B, and let them be filled with water up to tlie samo 
height, Suppoae they have eqoal small holes in their bottoms, but suppose 
the water is allowed to run out of a, while additional water is continually 
ponred into b, so that the level of the water in it is maintained coustanlly at 
tlie original height. Then during the time in which a becomes empty, the 
□utRow from B will be double that from a. The student should prove 
this. 

QUESTIONS. 

1. Describe briefly how pressure is transmitted through a fluid coa- 
tuined in a closed vessel, 

2. Id fig. 12], if A were 1 sq. in.; p, a force of 5 lb«., and Ha cabe, 
each edge of which is 3 in., to what pressures wonld the cnbe be subjected ? 
(Weight of Suid not to be cODsidered,) 

3. How is the pressure of a fluid estimated atanj point? How does it 
appear that a fluid mass offers no sensible tangential resistance ? 

4. When the surface of a fluid is fi^e to move, what consideration deter- 
mines its shape ? How does this apply to [he sarface of a fluid contained 
in a vessel of moderate dimensions under the action of gravity? 

6. State the rule for determining the pressure of a Huid on any horizontal 
section of its mass. 

6. At a depth of 80 ft. of water, what is the pressure ' per square inch? 
Am. 3*13 lbs. 

T. A can is closed at tap ; throHgh the lid goes a pipe which reaches to 
a height <if aO St. ; the lid baa an area of 49 sq. in,, ani! the pipe a cross 
section of 1 sq. in. ; suppose the can and pipe to be full of water, what 
is the force tending to burst open the lid ? Does the cross-section of the 
pipe afl^eet Che answer? Ans. 1041| lbs. 

' Id the following qaestion a cubic foot of water is taken to weigh lUOO 
oz., iinleBB the contraij is expressed. 
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8. In the last qaestioB suppose the can to be 2 ft, high, and t« he of a 
cylindrical form ; show that the downward pressure on to the bottom 
exceeds the upward pressure against the lid by the weight of tha water. 

9. When two floids which do not mii are put into a tube, what is their 
position of equilibriom? 

1 |l. Tate a tube with a uniform cross section of 1 sq. iu. ; let it consist 
of a horizontal part 6 in. long, and two Tertical 1^ (a. and s); when 12 
cnb. in, of mflrEUrj are poured into the tube, there will be (of course) 6 cub. 
in, in the horizontal part, 3 in A and 3 in b; if 4S cub. in. of water are 
ponred gradually into a. show that there will be 1| in. of mercury in A and 
4| in B. Wtiat will happen if 36 mors ouhie inches of water are gradually 
poured into a? and what if.36 more? 

11. State the rule for finding the magnitude of the resultant of tlie fluid 
pressure on any given plane area. 

12. A cylinder, the radius of whose ends is 2 ft. long, lies lengthwise at 
the bottom of a tank 10 ft. deep ; what is the pressure of the water on eaeh 
end? .^Jis. 6283 lbs. 

1 3. A cube, one of whose edges ia 2 ft. long, is filled with water and 
closed; it is tamed round one horizontal edge till the opposite edge is verti- 
cally over it (so that four faces are inclined to the horizon at an angle of 
45°) : find the pressure of the water on the faces of the cube. 

Am. 1767 lbs. 1 363-6 lbs. ; 530 '3 lbs. 

1 4. What is meant by the centre of fluid pressures ? When a rectangle 
has one edge on the surface of the fluid, how is the centre of the fluid 
pressure on one fitce of it determined ? 

15. A rectangle 1 ft. wide and 3 ft. long is placed in vater with one 
edge on the eur&ce, and the parallel edge 3 ft. below the surface ; deflne 
completely the resultant ot the fluid pressures on either face of the rect- 

1 6. Mention circumstances under which the centre of &iid pressures 
coincides with, and others under which it nearly coincides with tlie centre of 
gravity of the area pressed. 

17. Let A BCD be a rectangle divided into two eqnal rectangles by a line 
B F drawn parallel to a b ; let a b be on the surface of water and b c verti- 
caUy downward ; also let A b and e c ba 2 ft. and 6 ft. long respectively ; 
find the pressure of the water on a b c D and a B u c ; and hence find the 
centre of the fluid preasura on efcd, Ans, 4| ft. below ab. 

18. A reservoir is divided into two parts hy a brick wall 12 ft. high and 
3 ft. thick (112 lbs. per cubic foot) ; the water on one side rises to the top, 
but is at a lower level on the other side ; at what differenceof level will the 
wail become unsafe? Ana, 153 ft. 

ID. In Ex. 161, if the door is opened 6 ft. below the surface of th» 
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t be its height (its width b«ing I ft.) if the reagel just 



21. If the cylinder in Q,. 12 were 8 ft. long, what, would be the magni- 
tude of the resultant of all the fluid pressures on it ? If it were of beeidi- 
wood, what would be the whole force urging it upward ? Supposing it to 
move aB a, point movee, how long would it be bsfoce beginniog to emerge 
(j = 32)? Supposing it to be tied to the bottom of the tank by a string 1 ft. 
long festenedto the centre of one end, in what positjon would it come to rest, 
and what would ha the fluid presHute on each end ? 

Jns. (I) diss Ihi.; (3} 1885 lbs. ; (3)0-94aec.; (4) T85 lbs., 7068 Iba, 

22. What conditions must be fulBlled ifa body Soat ? 

23. A reetangnlar vessel, open at top — like a, barge — made of iron 
plates i in. thick, is 30 ft. long, 12 ft. wide, and 6 ft. deep; what load will 
just sink it? .^jw. 117,450 Iba. 

24. The area of Che cross section of a ship at the water-line is 9000 
sq. ft. ; what additional load will sink it 3 in. Jns. 140,62o Iba. 

25. A rod of beech-wood (i-s) 12 ft. long, with a small uniform cross 
section floats on the surface of Stillwater; by means of a thread tied to it, 
the end (i) is lifted to a moderate height out of water, so that the rud 
floats obliquely : Snd how much of the rod will be immersed. Why mubt 
the thread take a vertical position ? Ans. 513 ft. 

26. State the method of finding Che epeciSc gravity of an insoluble 
solid heavier than water. Describe briefly the specifix: gravity balance. 

r and 1640 gr. in water ; what is its 
J«s. 2-76. 

28. How is t}ie specific gravity of a solid lighter than water found ? 

29. A body weighs 590 gr. in air ; the sinker weighs 760 gr. in water ; 
body and sinker weigh 420 gr. in water ; what is the specilic gravity of 
the body ? Arts. 064. 

30. How can tie specific gravity of a finid be found by the balance ? 



A'!S. 0-959. 
32. Describe briefly:— (1) The specific gravity bottle, mentioning the 
precautions taken for making socceasive measmres equal in volume ; (2) the 
common hydrometer ; (3) Nicholson's hydrometer, eiplaining how this in- 
strument can be used for finding the weight and specitic gravity of a small 
body, and the specific gravity of a fiuid. 
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83. In a eommon hydrometer whose stem is of )inifonu section, it is 
found that the iiiBtriiineDt sinks to a point 4 in water, to Bin a fluid whose 
BpPcific gravity is 0'95, and to c in a fluid whose specific gravity is 0'97 ; 
what is ihe ratio of a e : ic ? Ana. 97 : 57. 

34. Ths Btandard weight of a Nicholson's hydrometBr being 2000 gr., 
it is found that when a small liody is in the pun n (fig. 131) 1100 gc. are 
needed to sink the instrument to the mark i ; but when the bodj is at c, AO 
more grains aretequired to sink it to a; what is the specific gravity of the 
body? A«s.lS. 

35. State a simple method of determining the volume of a sniall body 
heavier than wafer. Assuming that a cubic inch of wafer weighs 252'5 
gr.p what is the volume of a hody which weighs 50| gr. leis in water than 
in air? Ajis. 02 cub. in. 

36. Theepedfic gravity of a body is said to be obtained by dividing tlie 
weight of the body in air by its loss of weight in water; in what respect is 
the statement wanting in exactaees ? 

37. If w is the apparent weight of a body in air, and m and w the 
weights of the air displaced by the body and the weights, what is the tme 
weight of the body? 

38. The apparent weight of a sntstsDce (body and weights in air) is 
5040 gr. ; the approximate specific gravities of bodies and weights are 0-75 
and 8-i ; determine a close approxiraation to the tme weight of the body. 

A-nt. 50476 gr. 

39. By what test can it be aBcertained that a position in which a 
floating body fulfils the conditions of equilibrium would also be one of 
stability ? 

*0. A eoromon wine cork is nearly 3 in. long ; ent from it a slice (like a 
wafer) about a quarter of an inch thick; if placed in water, the cork and the 
slice are observed to float in different positions ; eiplain the observed 
difference. 

41, A rod weighs 12 oz., and has a specific gravity of 0'64 ; what must 
be the weight of a heavy point i^tened to one end that will make it float 
vertically? Ans. Between 3 oz. and 6|oz, 

42. When an oneorked bottle is put into water, why does it right itself 
and float nearly vertically when partly filled with water ? 

43., Define the m«i(jcenir». When the position of the me tacentre is known, 
how can the stability or instability of the flotation be inferred ? Mention 
some cases in which the position of the metacentre can be easily fonnd. 

44. A sphere, loaded bj a heavy point being placed anywhere within 
it — not at its centre, floats ; what will be its petition of stable efjuiltbrium? 
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for a man to sit HBtrid* 

46. A tutie with its I^b vertical rotates uniformly abont an itxis coin- 
ciding with one of thenl ; there is water in the tube ; find the differpnce 
between the ierel of the water in the legs. 

47- If the legs arp 3 ft. apart horiiontally. and the tnhe nmkes BO turns 
a minute ; what is the difference between the leyels ( j- 32)? 

Ans. 12-6 ft. 

48. In the Inet question, what would hare been the result had g heen 
eiiuiilto24? Why should 3 affect the answer? Ans. 167 ft- 

49. A cylinder with water in it reTolves nniformly round its asie, 
which is vertical ; how can the form of the surface be determined ? 

fiO. If acylinderis 18 in. in diameter, and the water at the side of the 
vessel a, foot above the watJT at the aiia, what number of turns a minute 
must the vessel make round its axis ? Atis. lOl'd. 

51, In the last question, if the water were a foot deep wten the vessel 
was at rest, what was its depth at the axis when the vessel was in motion ? 
A«s. 6 in. 

53. If the vessel were exactly full and closed at top. show bow to deter- 
mine the pressure at any point of the top. Why should the result be inde- 
pendent of gravity ? 

53. A cylinder 2 ft. in radius is filled with water and closed ; it makes 
80 turns a minute round its axis, which is vertical ; show that the pressure 
on tbe top at a point (1) distant 1 ft. from the axis at the rate of 15-2 
abs. un. per square inch; (2) distant 2 ft. from the axis at the rate of 
60'9 abs. un. per square inch. 

64. How can the pressure at any point of the cylindrical surf ace be deter- 
mined ? In the last question, suppose the cylinder to be 2 ft. deep, find the 
pceasure per squaje inch at a point (1) on the bottom below the axis ; 
(2) on the bottom 12 in. from the axis ; (3) on (he side 1 ft, below the top 
{ij = 32). How would these resnlta be affectad if the rotation occurred at a 
place where gravity did not act ? 

Am. (1) 27-8 abs. un. ; <2) 43 abs. un. ; (3) 74'8 abs, un. 

65. State and prove Torricelli's Theorem. Define the theoretical ont- 

56. A basin has in it a hole an inch sqnare ; water in the basin is kepi 
at a constant level of 9 ft. above tbe hole ; what is the theoretical outfloa 
in one honr ? Am. 600 cub. ft. 
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? presupposed iu tht 
outflow in the last question ? 

58. When a ahocb pipe or HJntaga isapplied to the hole,giTfi Eome par- 
ticulars as to its effect on the outflow. 

59. On considering tha proof of Torricelli's Theorem, do jou see anj 
reasons why it should not give strictly correct results ? 

60. Investigate the time occupied in emptying a cylindrical vessel by 
means of a small hole in its hottom. 

61. A cylinder, the area of whose cioss section is 60 sq. ft., ia filled 
with water to a depth of 12 fl. A hole is made in its bottom, -wlKise effective 
area is 0'3 sq. in.; find after how long a time the depth of the water 
will be (1) 8 ft., (2) 4 ft. Ans. (I) 2746 sec, ; (2) 6325 see. 
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CHAPTER Vlir. 



PNECMATtCS. 



154. The leading ■properties of air, viz. that it is 
heavy, flxud, and elastic, are proved by many well-known 
experiments. We need not do more than mention briefly 
one experimental proof of each point, (a) As to the 
weight of air ; — Take a glass glohe furnished with a stop- 
cock, and weigh it ; exhaust the air, and weigh it again. 
With a moderately sensitive balance the difference in 
weight will he very perceptible. Thus, suppose the glohe 
to weigh 5t500 gr., and to have an internal diameter of 
3 in., the weight of the air withdrawn will, under ordinary 
circumstances, be about 4-2 gr., or about the l-1400th 
part of the whole. The exact determination of the 
weight of a given volume of dry air is a very delicate 
operation. It has been found that 100 cub. in. of dry 
air weigh 30 -9 40 gr., on the suppositions that the 
pressure equals that due to 30 in. of mercury in London, 
and that the temperature of both air and mercury is 
60° F.' Without going into details, it is plain that as 
the atmosphere extends to a height of several nailes, the 
pressure of the air on the surfece of the earth must be 
very considerable, and, indeed, it is well known to he not 
much less than 15 lbs. per square inch. (6) As to the 

' B. Stevart, On Stat, p. 70- ThsabOTB determinHtJon is equivalent W 
the following : a litre of dry air at 0" C, and reduced to a pressure of 760 
millimetres of mercuij at Faiis, is I '29318 grammes. 
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elasticity and fluidity of air : — Let a be a vessel of glass or 
earthenware whose mouth is covered air-tight with apiece 
of bladder. The atmosphere ^^^ ^,^ 

presses downward on the blad- 
der with a considerable force, | T j - -~^ 
andtbispressureisbalancedby j' ' '( | [ 1 

the reaction of the air within, I I I I I I 

as shown in the diagi'am a. 

Withdraw some of the air, and the existence of the external 
pressure at once becomes apparent, for the bladder is 
pressed in, as shown at b; and that the pressure of the 
external air is that of a fluid, and is exerted equally in 
all directions, is shown by the fact that the bulge is 
unaffected when the vessel is held in a horizontal or in 
an inclined position. The existence of the reaction of 
' the internal air is shown pretty plainly in B, but it is 
shown still more distinctly if the vessel is placed under 
the receiver of an air-pump, and the air partially with- 
drawn feom aroxind it. The result ia shown at c ; the 
external pressure being reduced, the bladder is bulged 
out by the pressure of the internal air. That these forces 
^re very considerable is shown by exhausting still further 
the air from within B, and from around c — ia either ease 
the bladder is burst with explosive violence. The student 
must bear in mind that when air is enclosed ^^^ ,j, 
in an air-tight vessel, it is as if a spring were 
shut up in it, and a spring which exerts its 
elastic force equally in all directions. 

155. The baro-meter. — Let CD, a glass tube 
34 in. or 35 in. long, closed at D, and open at 
c, be taken and filled with mercury ; let the y1_|..L|E 
open .end be stopped with a finger, and the I I 
tube placed in a vessel, E f a, containing ® 
mercury, as shown in the figure. On removing the finger 
some of the mercury will flow out of the tube into .the 
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vessel, but a column of mercury about 30 in. high will 
remain in the tube, and above it a vacuum. The height 
is reckoned by the difference between the levels of the 
mercury in the tube and in the vessel, as indicated by the 
dotted line a b, and we will suppose it to be denoted in 
inches by h. Now, as the mercury in the tube com- 
municates freely with the mercury in the vessel, the 
pressure at every point of the mercury along the line E F 
must be the same ; but at some points this pressure is 
produced by the weight of the atmosphere, and at other 
points, viz. within the tube, it is produced by a column 
of mercury whose height is a b or A inches. We arrive, 
therefore, at the following conclusion : — Conceive a 
column of the atmosphere one square inch in cross 
section, the weight of the quantity of air in that column 
is equal to the weight of K cub. in. of mercury. We 
can further infer that if the height a B is observed to 
vary, there must be a corresponding variation in the 
weight of the superincumbent column of air. If we 
suppose any small quantity of air in the neighbourhood 
of the barometer to be enclosed without either rarefaction 
or condensation, it is said to exist under a pressure of 
h in. of mercury ; and when h is about 30 in., it is said 
to be under a pressure of one atmosphere, 

In order that the height A B (or A) may be an exact 
measure of the pressure of the air, several points have to 
be attended to : — {a) The space above the mercury, bd, 
must be entirely free from air or aqueous vapour. 
(6) The mercury must be pure, (c) It will be observed 
that when the height of the mercury in c D changes, the 
level of the mercury in b f will change too, though in a 
much less degree ; consequently it is a point to be noticed 
that the measurement is to be made from the one surface 
to the other, (d) The height of the colunm a b is slightly 
less than it would he but for capillarity, and a small 
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addition has to be made to the measured height on this 
account. The quantity to be added is less as the diameter 
of the tube ia larger, and is insensibly small when the 
diameter exceeds about | of an inch, (e) The height 
must be reckoned with reference to a certain temperature 
of the mercury; the standard temperature being com- 
monly taken to be 32° F, It is in fact plain that, since 
mercury expands and contracts as it becomes hotter and 
colder, the quantity of mercury above the level B p may 
be unchanged, and therefore the pressure on b F may be 
unchanged, and yet the height ab may vary solely in 
consequence of a change of temperature. 

If, instead of mercury, water were used, we should have 
what is called a water barometer. As mercury has a 
specific gravity of about I3'6, the height of the cohimn 
of water producing the same pressure as 30 in. of merctu-y 
is 408 in., or 34 ft. It may be remarked that the space 
above the mercury, though called the Torricellian vacuum, 
really contains vapour of mercury ; but its elastic force is 
so small that it does not sensibly affect the height of the 
barometer. In the same manner the space above the 
water in a water barometer would contain vapour of water, 
which wordd have an elastic force depending on the tempe- 
rature, and sufficient to lower the height of the column. 

156. Elasticity of air. — Suppose a certain quantity of 
air to be enclosed in a vessel ; let its volume be denoted 
by T, and let its elastic force, or the pressure which it 
exerts against each square unit of the surface of the con- 
taining vessel, be denoted by p. Now suppose that in 
any way, without changing its quantity, the volume is 
changed to v, and its pressure to p ; then, assuming that 
the temperature is the same before and after the change 
of volume, the following relation will hold good : — 
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In other words, when a given quantity of air is at a 
constant temperature, its volume is inversely proportional 
to its pressure. This statement is sometimes called 
Boyle's and sometimes Mariotte's Law. Its truth may 
be verified by a series of experiments made as follows : — 
We will suppose that the barometer, at the time the 
experiments are made, stands at a height of h in. Let 
Fin us. ABC be a bent tube of uniform bore, the 
shorter leg of which, a b, is closed, and the 
longer, B c, open. Let mercury be poured 
in at c, and let it stand at equal heights 
in either leg, as at a 6. A definite volume 
of air is thus enclosed in a a under a pres- 
sure equal to that of the external air, i.e. 
of k in. of mei^cury. Let more mercury be 
poured in at c ; the level of the mercury will 
rise in both legs, but much more in b c than 
in B A. Suppose the surfaces to be at c and e. 
Through c draw the horizontal line c d. The air which 
formerly occupied the space a a now occupies the space 
A c ; in the former ease the pressure was equal to that due 
to k in. of mercury, it is now equal to that due to 
the weight of atmosphere and the column of merciuy 
e d 5 or if 6 d is i in. high, it is under a pressure equal 
to that of k + k in. of mercury. The instrument is pro- 
vided with a scale by which the lengths of a «., a c, e d, 
can he read off. It will be found that 

Aa : AC :: h-\-k : k. 

Now, as the tube is of uniform bore, the spaces occupied 
by the air are in the same ratio as the volumes, and thus 
the verification of the law is complete. 

It must be added that Boyle's Law is sensibly true for 
air and some other gases, unless the pressure to which it 
is subjected is very great, and even then the departure 
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from the law is but small. With gases which undergo 
liquefaction at moderate pressures, the departure from the 
law is greater, and increases as the state of liquefaction is 
approached. In what follows we shall assume that Boyle's 
Law is true without modification. 

Er. 168. — SnpposB the barometer to stand at 30 in,, und that A fl was 
8 in. long ; suppose more raereury to be poured in till it reaches c,ic being 
6 in,, it would now be found tlmt the msMurj in b o is 10 in. above the 
level of the msreuiy in ao ; conBeqaantly the pressure is now that due to 
40 in. of mercury, and we see that 

8 : 6::4o : 3o. 

Ex. 189, — A piston 12 sq.in. in area works air-tight in a cylinder ; there 
is a spring between the pistoD and the base of the cylinder, which is just in 
contact with the piston when it is 6 in. above the base. If half the air is 
withdrawn from the cylinder, and the piston ialls only 2 in,, what is the 
force with which tie spring is now compressed ? Barometer supposed to 
stand at 30 in. 

The original quantity of air was 12x6 cub. in,, and as half is withdrawn, 
there is now a quantity of air snch as would occupy 12 x 3 cub. in,, under 
a pressure of 30 in, of mercury; it however occupies 12 « 4 cub. in,, and 
therefore its pressure is |ths of the atmospheric pressure ; the remaining 
j-th of the atmospheric pressure must be borne by the spring, which there- 
fore is under a compressing force equal to that of Jx 30 x 12 cub. in. of 
mercury, or about M lbs. 

Ex. 170.— -In flg, 142 suppose that ab is 29| in,, and that bd is 5 in., 
tie internal section of the tube being 1 sq. in. ; a cubic inch of the external 
air is allowed to get into the tube; find the amount by which the sirfuce of 
the mercury in the tube falls. 

It is to be remarked that if any point P be taken in the column, the 
pressure at the point p is the pressure of the eiternal air reduced by the 
pressure due to the column of mercury of the height a p. Bearing this in 
mind, suppose tie sorface of the mercury to fall x in,, then the ^r that 
has been let in occupies S-f^ cub, in. of space, and is under a pjessnre of 
29J — (29j — jt), or a io. of mercury. The question, then, comas to this:^ 
A cubic inch of air under apreesoreof 29f in, of mercury ocenpies 5 -fa cub. 
in. ; under a pressure of x in. of mercury, what is a ? Boyle's Law gives ns 

1 ; 6 + j'::jr: 29}; 
whence x^^SJ in., or tie meicury &11s SJ in. 

157. Relation between detialty and elastic force of 
air. — If we take any quantity of air under a certain 
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pressure, and if we suppose its volume to be halved, its 
density is, of course, doubled ; if we suppose its volume 
to be reduced to one-third of its original volume, its 
density is trebled. But we see from Boyle's Law that 
in the former case its pressure is doubled and in the 
latter trebled. Now, the same would be true in any 
proportion ; consequently we can infer that the pressure of 
a gas is directly proportioned to its density, provided its 
temperature continues constant. 

158. The height of the homogeneoua atmosphere. — 
We have seen that the density of air is proportional to its 
elastic force, which is, of course, equal to the force that 
compresses it. We may, therefore, ask this question : — 
When air has a certain density (p), what must be the 
height of a column of air supposed to be of the same 
density (p) throughout, which would produce a pressure 
equal to the elastic force of the air ? If we denote the 
height of this column by h, the pressure produced by its 
weight per unit of area will be H pg, and this equals the 
elastic force of air whose density is p. Suppose that, 
under these circumstances, the height of the barometer 
is h, then if the density of mercury is denoted by cr, the 
pressure due to the mercury per unit of area is hag; 
this also equals the elastic force of the air. We have, 
therefore, 

, ha 

spg = h<rg, or H= 

P 
If we had supposed the density of the air to be p,, and 
the height of the barometer to be A„ we should have 
found the height of the column of air to be h, ff-r-p,. 
But we know from Boyle's Law that (Art. 157) 
ha- La- 



and consequently that the height denoted by h has the 
same value in the latter case as in the former. The 
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Btiident must bear in mind that this reasoning goes upon 
the supposition that the temperatures of air and mercury 
and the force of gravity are the same in both cases. If 
we suppose the temperature both of air and mercury to 
be 32° F., and the force of gravity the same as at Paris 
(viz. 3=32-1819), it can be shown that h equals 26,215ft. 
This is called the height of the homogeneous atmosphere, 
and for this reason : whatever may be the density of the 
air, the pressure of the superincumbent air is the same as 
if the atmosphere extended upward with the same uniform 
density to a height of 26,215 ft., supposing temperatiire 
and force of gravity to be as stated. 

The eiperimental detecminationa ' from wMch the numbei; 26,21S is 
inferred are as followa : — 

1. One deeimitre equals 3*93708 in., and a cubic decimitra of water at 
4° C. weigliH 1000 grammas, 

2. Specific gravitj, reckoned as in France, ie the ratio of tiie mass of a. 
given Tolunie of solid or liquid at U" C. to that of an equal volums of water 
at 4° C. The specific graTitj of mercury is foand to bs 13*596. So that 
a cufcdc decimfetre of meronrj at 0" C. weighs 13,596 grammes. 

3. At Paris, under a, pressure of 7*6 decimtees of mercury at 0° C, 
one decimitra of dry air at 0° C. weighs 1-29818 grammes. 

Henea s in decimetres equals 7"6 n 13.596 + 1*29318. which is the same 
as 314,581 in. or 26,215 ft. 

El. 171.— From the result giren in tile last article calculate the height 
of the homogeneous atmosphere at Greenwich, where g equals 32'1912. 

If H is the height of tlie homogeneous atmosphere where the force of 
gravity is^, and if p is the density of the air, we have the compresHng force 
due to the density equal to h pg. Similarly if h' is the height of the homo- 
geneous atmosphere where the force of gravity is ff', if p' is the density of 
the air, the compresaing force is n' g' f'. Now if the temperatures are the 
same, the densities have the same ratio as the compressing force (Art. 157); 

P ■.fi::ugp:-B!g'^. 
Therefore, sg^-B.'g'. 

Hence h = 26,215 x 321819 + 32-1912- 26,207. 

159. Determination- of heights by the baroTneter. — It 
will be supposed tliat the temperature of air and mercury 



' Bftlftmr Stewart, On Beat, pp. 68-71. 
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is 32° F. Let a and b be the stations, and let A, be the 
height of the barometer at a, and Aj its height at b ; the 
Fig h*. observations being, if possible, made simul- 
taneously. Let the air be divided into a 
i" number of horizontal strata an inch thick, as 

I — ■ shown in the figure ; it is plain that, if we 

, can find tlie number of these strata, we shall 

_^____ know the height of B above A in inches. Let 
p, pi, pj, pj . . . . denote the density of the 
air in the successive strata beginning at a, 
~~~p and let H denote the height of the homo- 

■*'~~S — " geneous atmosphere in inches. The pressure 
per square inch of the superincmnbent atmo- 
sphere will he gs p&tx, and ^Hp, at y. Now the pres- 
sure at a; must exceed that at y by the weight of a cubic 
inch of the air composing that stratum, i.e. by grp, 

Hence, ff^p—9P=ff^pt) 

or {B-l)p=sp^. 

In just the same way it can be shown that 

(H-l)/), = Hpj, 

(H-l)p,=Hp,; 

and if we multiply these equations together we obtain 

(h-1)V=hVj. 
A similar result would be obtained if 4 or 5, or any other 
number of strata, had been considered ; and hence if there 
are n strata between a and b, we have 

(H-ir/>=H"p,. 
Now, as the densities are proportional to the pressures, 

p:p,.::h:f,; 
and therefore, (tl^ 1 )" 6, = ii" Aj. 
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DETEEMINATION OF HEIGHTS BY BAEOMETEB. 

We know (Art. 158) that the height of the hooi' 
atmosphere in inches is 3X4,584, and therefore the equa- 
tion hecomes 

' 314,5837 A,' 

where n is the required height in inches. To find n take 
the logarithms on hoth sides, and we have 

■n{log. 314,584-log. 314,583} = log. A,-log. \\ 

Now log. 314,584-log. 314,583 = 0-0000013806. 

Hence n.= 724,350{log. ^.j-log. \} ; 

or in feet, ab=60,360 (log. A,-log. h^. 

Ex. 172.— On the sappositions of the last article let the height of the 
barometer at the lower Etation he 29-936 in., and at the upper station 
37'875 in. What is the veitical height of the upper aboTe the lower 



Hence the required height is 60,360 x 0-030964*, or 1869 fl. 

EemarJc 1. — To obtain a fairly exact value of the height it is neoesBOry 
to applj B correction for the temperature of the air; thia iedone a* follows : — 
Let T|' and Tj° be the temperatures on Fabrenheit's scale at the upper and 
lower station ; take ( = J(T|-*Tj), and calculate the Talue of 1 + 0002036 
((—32). Multiply the height obtained in the last article by this factor 
and the result is the corrected height required. Thus, in the example ot 
the last article, suppose the temperature of the air At the lower station to 
be 62° v., and at the upper station to be 48" F., the average temperature 
ot the air is J (62-f 48), or 55° F. ; hence the required factor is 1 + 0002036 
X 23, or 1-04683, and therefore the corrected height is 1889 r. 104683, or 
1957 ft. 

Remark 2.— The result obtained in the last article was arrived at by the 
use of a 10-figure logarithm ; the use of such a logarithm can be easily 
avoided by a slight variation in the method ; thus :^It is well known that 

log. (ji+l)-log.y-log.^ii=log. fl-t- J = --4-^ + ■ - ' ■ 
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0*000001)0000045, and consequently caa be neglected if only the first ten 
places of decimalii ace required. Cnder tbese eirouinsWncee, 

log.(p+l)-log.p = ^. 
P 
This supposes that the logarithms are of the kind called hyperbolic or 
Napierian ; hut in the case of common logarithms we have 

loe.(p+l)-log,p = ", 

where u denotes the number 0-43429418. So far We have merely stated 
well-known facts about logacitJims, and we see therefore that 

tog. 31«84-l.g. S145!3._"_, 

and consequently that the difference between the heights of the stations in 

(log. *,-log. h,), or 724350 (log. k, -log. *,). 

This way of looking at the matter is also useful for the following reason ; 
we see that if B denotes, as before, the height of th.6 homogeneous atmo- 
sphere, the required height of the upper station above the lower is 

-{log. h,-\os.ki), 

and therefore that every cause which produces a change in valne of h will 
produce a proportional* change in the calculated differences of the heights 
of the stations. These causes are variations in the temperature of the air 
from 32° F., variations in the force of gravity from 33-1819, and the pre- 
sence of moisture in the air. The inost important is variation of tempe- 
rature, and we have already seen how to correct for that ; the others are of 
less importance and need not detain ns. 

160, There are several simple machines whose action 
depends on the properties of air and water which we have 
heen engaged in studying ; we will now describe some of 
them, quite briefly, but sufficiently to exhibit the prin- 
ciples involved in their construction and use. The 
student should refer to Art. 155, where he will find an 
explanation of what ia meant by the ' water barometer.' 

161. The siphon. — Band c are two vessels containing a fluid, say water, 
c being on the lower level ; b a c, a bent tube with lege of unequal length 
filled with the fluid. If we suppose the ends of the tube bc to be open, 
the water will flow out of b through the tube into c. To explain this, draw 



bt Google 



THE SUCTION-PDMF. 



235 



e level a 



o 



tif 



m 



a vertijal line a J e, and mart on it the points o, h, c. oi 

i, and the surface of the water in b and c, also let h denote the hi 

the water barometer. Consider a small portion of 

the fluid at the point i ; the pressure of the atmo- 

aphete on the surface of the water in B ie trans- 

joitted to A, but ie diminished bj the weight of 

the column of water in the tube ; eonsaquently the 

portion of the fluid under consideration is urged in 

the direction A o bj a force equal to the weight of 

a column of water having an equal eroas section, 

and whose height is h~ab. For a like reason it 

will be acted on. in the direction a a by a similar 

column whose height is k — ac. On the whole, 

therefore, it is acted on in the direction aq by a 

force equal to the weight of a similar column whose height is the excess of 

the former over the latter, i.e. ie, consequently it will begin to move in the 

direction a a. The atmospheric pressure on the surface of the water in b 

will prevent the formatioa of a Tacumn at a and there will be a continuona 

flow of the water in the direction bag. It will be observed (1) that the 

direction of the flow is wholly due to the fact that the level of the water in 

c is below thB,t of the water in B ; (2) that it is not necessary thsit the end 

of the tube at c should dip into the water ; in that case the point c must 

be taken on a level with the end of th.e tube. 

162. The auction-pamp. — * is a piston attached Fco. U6, 

by a rod a c to the end of a handle f b c, capable c -^ 

of turning on a fulcrum k, and thereby of working I 

the piston up and down within the barrel. There ^—^ 
is a valve in the piston which can open upwards, 
and at the top of the suction-tube b d there is a 
second valve which likewise opens upwards. To 
explain the action of the suction-pump, suppose 
the maehine to be fllled with water to the height 
K, on a level with the spout, and suppose the force 
applied at f and transmitted along the piston-rod 
to be in the act of raising the piston. The pres- 
sure on the top of A keeps its valve dosed, and 
a vacuum would be formed below the piston were 
it not for the atmospheric presauie on the water 
in the well at d, which forces the water up the 
suction-tube, opens the valve at b, and keeps the 
■barrel full. In consequence, the water 
will be raised and come out at the spout. Now ' 



suppose tl 



n to be reversed 
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escape out of the barrel liadk into the suction-pipe ; conseqnentlj the valve 
in the piston opens and the piston returns to the bottom of the barrel, while 
r does not fall below the level k. The alternate 
upward and downward motion of the handle will thus cause 
a nearly continuous stream of water Ui come out of the spout. 
To ralcnlate the force which must aet along the piet«n-rod to 

1 raise the piston we may proceed thus ; — Draw the verljcal line 
iad (fig. 146) and let the points i.a,d be on the same level 
as X, A, D respectively. The upper side of the piston sustains 
the weight of the water above it, and the pressure of tlie atmo- 
■^'~>J sphere. The pressure of the atmosphere on the surJace of the 
'I I well sustains the weight of ihecolumn AD.aod eonsequentlj the 
I I pressure transmitted to the under side of the piston is the atmo- 
I I spheric pressure diminished by the weight of a column ofwat«r 
whose height is a d. Let k denote the height of the water 
baiometer, a the area of the piston, and unity the weight of a cubic unit 
of water. Then, neglecting the thickness of the piston, the pressure down- 
ward on the top of the piston is 

ih + i.ka, 
and the pressure upward on the under side of the piston is 



The resiatanEe to be overcome is the eieess of the former force over ihe 
latter, i.e. *. kd, so that a force equal to this must act along the rod in 
order to raise the piston, e.g. if the area of the piston is 12 sq. in. and the 
height of the apont abore the surface of the water in the well 20 ft., the 
required force is the weight of 12 x 240 Cnh. in. of water, say 104 lbs., 
supposing ali frictions and resistances put out of the question. 

j,^ It will be observed that if the piston is at a height 

above D greater than the height of the water barometer, 

^ . a vacuum will be formed below it. The pump thi 

_| IL fore will not work when the piston is placed moi 

I than about 30 ft. above the surface of the 

a iQ^_ The fnreinff-pump. — t.hoh n»i.oi uan uu ut, 
raised to a height exceeding about 30 ft., the ar- 
rangement is commonly changed to that shown in the 
figure (148). A pipe cb is carried from the barrel to 
any required height ; at c there is a valve which opens 
into the pipe ; there is also a suction-pipe b d closed 
by a valve at b as before. The piston has no valve 
in it, and is often replaced by a solid cylinder a, 
called a plunger, which is worked by a handle as 
before. Suppose the whole to he full of water. If the 

the pressure of the water in c b closes the vaive ate; the 
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pressnte of the atmospliere on the water in the well forcee the water up the 

auction-pipe, opens the valve at B, and fills the barrel. When the plunger 

is forceil down, the valve at, e is closed, and the water. 

unable to escape into the suction-pipe,, forces open the 

valve c, and escapes upward along ce (as shown in fig. 149), 

To ascertain the force required to work the pump, draw a 

yerljcal line and mark on it points e, a, d, on the levels , 

respectively of the height to which the water is to be rai 

the under side of piston or plunger, and t}ie surface of water | 

in well. Then, if a denotes the area of the cross-seci 

of the plunger, i. ,ad and * . a e give the number of cubic V 

units of water, whose weight equals the forces which will 

lift and force down the piston respectively. Thus let the 

cross section of the piston be 12 sq. in., and let it work at 

a height of 24 ft. above the surface of the water in the well, 

and 66 ft. below the point to which the water is to be raised ; then to lift and 

to force down the plunger will require respectively forces equal to the 

weight of 12 X 288 and 12 x 792 cub. in. of water, i. e. about 125 lbs. and 

343} lbs. 

164. JTie air-pump.—A glass veseelor receiver iffig. 150) fits air-tight on 
a smooth table ; a pipe e p passes through the body of tha table into a cy- 
linder E, within which worts a piston c ; the end f of the pipe is clt^ed hy a 
.valve at the end of the rod f a, which passes through the piston ; the friction 
between the rod and the piston lifts the rod when the piston is raised, but a 
etop at a keeps the rod from rising through more than a very gmull space. 

Fio. 161. 
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In the piston is a second valve n capable of opening upwards, but kept 
down by a delicate string. Suppose the piston to be in the act of being 
raised, the valve f is raised by the friction between the I'od and the piston ; 
a partial vacuum is formed below the piston, the air in the receiver filling 
the whole space, while the presBnre of the external air keeps down the 
valve D. Now suppose the piston lo be forced downward (fig. 15l), The 
valve F is shut, so that the air in a continues in its rarefied state, while tJie 
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air ID the cylinder below the piston is eompreased uotil it opene the v«lre d, 
aad Escapes inta the atmosphere ; on the piston being raised a second time, 
the air in the receiver undergoes a further rarefaction ; after a considerable 
number of up and down strokes a considerable degree of rare&ctjon is at- 
tained, and vhax is called a vacuum produced. 

The air-pump is sometimea made in the form above described, but is 
then subject to the great inconvenience that in the upward motion the 
pietonhasapartial vaeuum. below it and above it the pressure of the atmo- 
sphere, so that great force is required to wort the piston ; there are wajs 
in which, this inconvenience can be avoided. 

The degree of rarefaction produced bj any given number of double, or up 
and down, strokes may be calculated thus; — Let * denote the volume of 
the receiver, including that of the pipe, aad b that of the cylinder ; let p, p„ 
pp Pi . . . . denote the densities of the air in the receiver, ori^nally and 
after the first second, third .... double stroke. Now as the quanti^ ot 
air which originally had the volume a has the volume 4+ R, at the end of 
the first double stroke we muEt hare (Art. 156) 

p: ft-A + s: A. 



e for any number of the 



Thus, suppose that i ia 
eity of the air in the n 

p,i=P'H^y''-0-l}S52yp. 

If the air originally had an elastic force equal to the pressure of 30 ii. of 
mercury, this would give the elastic force of the air remaining in Uie receiver 
as equal to a, pressure of 1066 in. of mercury. Under the circnmstances, 
it is frequently said that the vaczmm pret^urs is one of 1036 iu. of 
mercury. 

In order to measure the vacuum pressure a gauge is used, which in one 
of its forms may be described as foUows: — Ascrt in a glass tube with a 
double bend, closed at a and open at d ; each leg is a few (say 6) inches 
long; at the open end d is a screw by which it may be fitted into a 
properly prepared opening (atx, Gg. 150) in thepipe between the receiver and 
piston of the u>pump ; it is thereby put into connection with the receiver. 
The leg A B is IHill of msccury, whiri is supported by the pressure of tie 
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air on b. When the inetmment is fitted into x, and the machine a 
motion, no change is observed till the pressnre is reduced to an amoun 
than that of the mercoiial column a b, and then the 
mercuiy aastiniee the position seen at a*^; the Tacnum 
presBure ia now measured fay the height x above y. 

Bebides giving an accurate maasure of the degree 
of eihaubtiuB actually obtained, the g.iiige supplies a 
means of ascertuining whether the machine ia in 
good working order, and when the actual limit of the 
exhaustion has been reached. 

It will be obaervd that if the machine acted 
with theoretical perfection, by taking n sufficiently 
large, p„ could be made less than any asnignable 
magnitude. Practically, however, when a certain 
dogcee of eshauation has been reached, no flirther 
effect ia produced by working the iD&trument. It is 
Sciid that with the beat instruments the vacuum 
pretaure can be reduced as low as 0'(I3 in, of mer- 
cury. There are other means by which the vacuum 
prtsBure can be reduced to as little aa O'OOOOS in. of 
mercury. 

16fl. The h^drauiio press.— A handle e worts a force-pump a, by which 
water ia drawn from a reservoir c. and forced through a pipe u u into a cy^ 
linder e ; a piece F F works as a plunger in the cylinder and under the guid- 





ance of a framework o s a o. The ntacbiae may be employed iu ieveral 
ways ; let UB suppose it t« be used for compressing a mass h placed between 
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t and the framework. Suppose a fores applied sufBcient to mate the handle 
move downward, tte snotion-pipe will ba closed by its ralve; the valve at 
D will be forced open, and water will be forced out of * into e. causing the 
plungsF F to rise, and overcoming to a certain extent tlie resistance which 
the mass h: o9*ers Co compression . If the pressure is taken off the handle, 
the valve at D falls, and the tendency ofp tofkll will CHuae apr^sure against 
D, which will keep it closed, and thua none of the water can flow bade ont 
of E into A, When tlie handle is raised d is stjll closed, and water rises 
through the snetion-pipe to Ell the space that would be left void by the 
lifting of the plunger. This action may be contiuuL'd until m has under- 
gone a very great compression. 

To calculate the pressure which may be brought to bear upon m, con- 
sider the following case ;— Let xy and i b eq^oal 6 in. and 4 ft, respectively ; 
the cross sect ona of the plungers in i. and k be 1 sq. in. and 84 sq. in. 
respectively and suppose the force at b to be 30 lbs. Then the force 
transmitted along the plunger from y is 30 » 48^6, or 240 lbs. As this is 
exertfii on an area of a square inch, the whole of the water in the 
cylinders anlthe pipe is in a state of stress at the rate of 340 lbs. 
per squire inch, and consequently the pressure on the end of t is 
240x84 Us or S tflas; in other words, one man by pressing on the 
handle can easily bring to bear on k a crushing force of 9 tons, supposing 
the machine to act perfectly. It will be observed, however, that at each 
stroke f is raised through an eseeedingly small space. Thus, if (he end of 
the handle B works through 16 in., die point y will wort through 2 in., and 
F will be raised i-42nd of an inch 

It is plain that there is great Iiabihti to escape of water between the 
cyhnders and the plungers, and particularly when 
considerable f )rce is applied. Tbe escape is pre- 
vented by the use of the clipped leather collar. 
A nng shaped space is cat in the thickness of the 
I Cyhnder surrounding the plunger, as shown at a H 
1 commnmoating with the space within the 
cylinder by a few holes, so that the wal«r would 
It only fill the space b, but also the space a H. 
i A piece of leather is taken, saturated with grease, 
and then squeezed into this place so as to line 
three sides of it as indicated. The original form 
of this piece of leather is a tnrcle with a circular 
hole clit in the middle, but after it is squeezed 
into its place, it takes tJie form shown by £ K, 
which represents half of it. It will be observed 
^ that the collar is one continuous piece of leather 
without a seam. The end answered by the collar 
r within the space g being in the same state of stress 
:, the greater the stress the more closely the leather 
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gtaspn the plunger, and the greater the resUtaQce offeied to the escape of 
the water. 

It will be observed fliat when the plunger f ia being forced up, all the 
wiLter in A, a, and d □ is In a Et^t« of stress, and each equaFe inch of the iii- 
tarior aurfaee of the cylinder and pipe ia espoaedto the same preBsure, e.g. 
in the above example each square inch is under a pressure of 240 lbs., 
tending to burst these vessels. As the diameter of e is large, this cylinder 
must be made very strong to sustain the force tending to burst it ; on the 
other hand, the diameter of dd may be very amall, and coasequently a 
comparatively weat pipe is strong enough to transiuit the atress from a 



QUESTIONS. 

1. What esperimental proofs may be given of the fact that air ia a 
heavy, elastic flaid? 

2. AsEumJEg that the pressure of the atmosphere is at the rate of 15 lbs. 
to the square inch, what is the pressure of the atmosphere on each face of a 
cubical bos whoae edges are a foot long? Atis. 2160 lbs. 

3. If the lid of a bai were 4 in. square, and fitted so iightly that do air 
could get out without Hiding the lid, what weight must be put on it to keep 
it down when the box is put under the receiver of an air-pump, and the es- 
torna! air withdrawn? Jns. 240 lbs. 

4. UeBerJbe the common baiometei. What points have to be attended 
to in measuring the height of the colmnn? What ia meant by a water 
barometer, and what is its ordinary height? In what way do the vacuum 
spaces difTcr in the mercurial and water barometers? 

5. State Boyle'a Law, and deecribe its experimental verification. 

6. State and prove the relation between the pressure and density of a 
gas — temperature being consta,iit. 

7. The mercurial column stands at 2* in., and has above it a vacnnm 
space of 9 in., in which ia some air; a barometer in perfect order reads 
30 in. If the roercory in the latter instrament falls 1 in., what will the 
former instrument read ? Jne. 23-384 in. 

mthu 

9. If a cnbie foot of air were enclosed in a cubical vpebeI whoao edge ia 
1 ft. long, when the barometer reads 30 in., and if it ware possible for the 
force of gravity to change from 32 to 24, why should the pressnre of the 
enclosed air on any face of the cube exceed that of the external air? What 
would be the excess? Ans. 16,829 aba, un. 



by Google 



243 THEORETICAL MECHANICS. 

10. There are tivo barometers on the sea-level, one in perfect order in 
which the mercury stands at n heifjht of SO in., the other with an 
imperfect vacnum of 9 in, above 25 in. of niercory. If it were possible for 
the force of gravity to change from 32 to 24, esplaic wliy the reading of 
the formoF barometer would undergo no change, while that of the latter 
would be changed from 25 in. to 24 In. 

11. What is meant by the homogeneons atmospheru? When its height 
is eaid to be 2S,215 1^. at Paris, what circumstances are supposed to exist? 
What are the esperimental data liom which this is infeirod ? 

12. If H is the height of the homogeneous atmosphere when the force of 
gravity is y, and a' its height vrhaa the force of gravity is f, show that 

13. If*, and i^are the heights of the barometer simultaneously at two 
atiLtions A and B, give the reasoning by which it is ahown that the vertical 
height of B above a is 

60,360 X {log. A,-log . A,} feet. 
Wlmt suppositions as to the tempeiaturoa ofair and mercurjandthe force of 
gravity are implied in this formula ? 

n for the temperature of air is applied to 

lo. The height of the barometer at a is 29'S36 in., an 
71° F. ; at B the height of the barometer is 25-897 in., 
air 43° F. ; find the vertical height of b above a after correction for tempe- 
rature of ail. Aas. 3900 ft. 

16. Change the form of the reasoning in Art. 159, so as to show that 
the number which multiplies (log. Si — log. Aj) is the height of the homo- 
geneous atmosphere divided by a certain constant number. 

1 7. Enumerate the oircumstaaces which will affect the numerical deter- 
mination of heights by the barometer. 

18. Describe and esplaia the action of a common siphon. Wby cannot 
water bo raised from a lower to a higher level by a siphon ? Why would 
the outflow be very slow if the levels of B and c (fig. 145) were nearly the 

18. Describe and explain the action of the suction-pump. Calculate the 
force necessaiy to work the piston. If the diameter of the piston is 6 in. 
and the height of the spout above the well 25 ft., what force muetact along 
the piston-rod to work the pump ? Jits. 307 lbs. 

iO. Describe and esplain the action of the forcing-pump. Explain the 
results stated in Art. 163 as to the force required to work the pump. 

1 of the air-pump. Explain the 
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28. Calculate the vacuum preBSUce in the receirec of an air-pump, after 
a, given number of strokes, supposing the inetrument to be in perfect 
Older. 
. 33. Describe and explain the aetion of the hydraulic press. What 
means are used to prevent the escape of watei at the spaces In which the 
plungers work? 

21. Whjmay thepipeDo(fig, 153) be comparatively weak, though the 
water it contains transmits a force which causes an enonuooB preaaqre 
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